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PREFACE 



This book arose from some lectures given in Cambridge in 1973 at a 
Summer School organised by the Neutron Scattering Group of the 
Institute of Physics and the Faraday Society. It is intended for experi- 
menters in the field of thermal neutron scattering who wish to see the 
theoretical ideas developed in a not too formal manner. But I hope it 
may be of interest to students and research workers in related fields. 

I assume no previous knowledge of the theory of thermal neutron 
scattering, but a familiarity with the basic concepts of quantum 
mechanics and solid state physics is necessary for a proper under- 
standing of the text. The required results in these subjects are sum- 
marised in appendices. The latter also contain proofs of some of the 
mathematical results. 

Some problem examples have been given at the ends of chapters. 
They are intended to illustrate the text, and the reader is advised to 
glance at them even if he is not inclined to try to solve them. Their 
purpose is partly, as with some of the appendices', to remove some 
mathematical material from the main body of the text, and partly to 
stimulate the reader to a more active understanding of the subject. 

Thermal neutron scattering is being applied in more and more 
areas of science. But this book does not attempt to cover the theory 
of all the applications. Instead I have confined myself to the basic 
ideas of the theory. My aim is to bring the reader to the point where 
he can tackle the theoretical expositions of the specialised branches 
given in more advanced textbooks and in theoretical papers. 

It is a pleasure to thank Mr Cole, Dr Dore, Dr Howie, Professor 
Joannopoulos, Dr de Vallera, and Dr Zeilinger for reading parts of the 
manuscript and making useful comments. 



Cambridge, July 1977 



G. L. S.QUIRES 



Introduction 



1.1 Basic properties of the neutron 

With the advent of nuclear reactors, thermal neutrons have become a 
valuable tool for investigating many important features of matter - 
particularly condensed matter. The usefulness of thermal neutrons 
arises from the basic properties of the neutron. These are listed in 
Table 1.1. 

The value of the mass of the neutron results in the de Broglie 
wavelength of thermal neutrons being of the order of interatomic 
distances in solids and liquids. Thus, interference effects occur which 
yield information on the structure of the scattering system. 

Secondly, the fact that the neutron is uncharged means, not only 
that it can penetrate deeply into the target, but also that it comes 
close to the nuclei - there is no Coulomb barrier to be overcome. 
Neutrons are thus scattered by nuclear forces, and for certain 
nuclides the scattering is large. An important example is light hydro- 
gen which is virtually transparent to X-rays but which scatters neu- 
trons strongly. 

Thirdly, the energy of thermal neutrons is of the same order as that 
of many excitations in condensed matter. So when the neutron is 
inelastically scattered by the creation or annihilation of an excitation, 
the change in the energy of the neutron is a large fraction of its initial 
energy. Measurement of the neutron energies thus provides accurate 
information on the energies of the excitations, and hence on the 
interatomic forces. 

Fourthly, the neutron has a magnetic moment, which means that 
neutrons interact with the unpaired electrons in magnetic atoms. 
Elastic scattering from this interaction gives information on the 
arrangement of electron spins and the density distribution of 
unpaired electrons. Inelastic magnetic scattering gives the energies of 
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1.2 Numerical values for velocity, energy, wavelength 



Table 1.1 Basic properties of the neutron and values of physical 
constants 



Basic properties of neutron 

mass m = 1.675 x 1(T 27 kg 

charge 

i 

spin 2 

magnetic dipole moment /x n =- 1.913 ^n 



Values of physical constants 



elementary charge 
mass of electron 
mass of proton 
Planck constant 
Boltzmann constant 
Avogadro constant 
Bohr magneton 
nuclear magneton 



e = l. 
m e = 9, 
m p = 1 

/i=6 

Wa = 6 
<"b = 9 



602xlO" 19 C 

109xl0~ 31 kg 

673xl0 -27 kg 

,626xlO" 34 Js 

.381xlO~ 23 JK 

.022xl0 23 mol~ 

.274 x 10 

.051x10 



-24 j T 

JT 



.-i 



magnetic excitations, and in general permits a study of time-depen- 
dent spin correlations in the scattering system. 

It is convenient to develop the theories of nuclear and magnetic 
scattering separately. Thus Chapters 1 to 6 of the book are concerned 
mainly with nuclear scattering, though the definitions in Chapter 1 
and the theoretical development in Chapter 2 give basic results that 
apply to both types of scattering. Chapters 7 and 8 are devoted to 
magnetic scattering. Chapter 9 deals with polarisation effects and 
includes both nuclear and magnetic scattering. 



1.2 Numerical values for velocity, energy, wavelength 

At present the source of thermal neutrons in most scattering experi- 
ments is a nuclear reactor. In the thermal region, the velocity spec- 
trum of the neutrons emerging from the reactor is close to Max- 
wellian, with the temperature T that of the moderator. 
The Maxwellian distribution for flux is 

<,!,(t;)oci; 3 exp(-2W/fcBn C 1 - 1 ) 

where <t>(v) dv is the number of neutrons through unit area per second 






with velocities between v and v+dv, m is the mass of the neutron, 
and kn is the Boltzmann constant. The maximum of the function <f>(v) 
occurs at 



V m I 



(1.2) 



which corresponds to a kinetic energy 

E-im» a -3*»'r. (1.3) 

It is conventional to say that a neutron with energy E corresponds to 
a temperature T, given by 

E = fc B T. (1.4) 

The de Broglie wavelength of a neutron with velocity v is 

h 



A = 



(1.5) 



where h is the Planck constant. The wavevector k is defined to have 
magnitude 



* A' 



(1.6) 



its direction being that of v. The momentum of the neutron is 

p = hk. (1.7) 

We thus have 

h 2 h 2 k 2 



E = k B T = hmv = 



2mA 2 2m 



(1.8) 



Inserting the values of the constants m, e, h, k B in Table 1.1 in (1.8) 
gives the following relations between the wavelength, wavevector, 
velocity, energy, and temperature for thermal neutrons: 



A = 6.283-^ = 3.956-= 9.045^= = 30.81—, 
k v sE v/ 

E = 0.08617T = 5.227u 2 = 81.81p = 2.072fc 2 



(1.9) 



In these equations, A is in A, k in 10 10 m \ uinkms \E in meV, 
and T in kelvin. 

The value u =2.20 km s -1 is conventionally taken as a standard 
velocity for thermal neutrons. For example, the absorption cross- 
section is usually proportional to 1/v, and its value is then quoted 
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for this value of v. For the standard velocity 

v =2.20 km s" 1 , - = 455 (ism" 1 , 
v 

E = 25.3meV, T = 293K, 



(1.10) 



A =1.798 A, 



fc = 3.49xl0 lu rrf 



For most reactors designed to produce high thermal neutron flux, 
the temperature of the moderator is about 300 to 350 K, and the 
resulting velocity spectrum of the neutrons is suitable for many 
experiments. However, in some experiments the velocities required 
for the incident neutrons lie on the low-energy tail of the thermal 
spectrum, while in other experiments neutrons on the high-energy 
side are required. It is therefore desirable to be able to change the 
temperature of the velocity distribution. This is done by placing in the 
reactor a small amount of moderating material at a different 

Fig. 1.1 Maxwellian flux distribution 0(t))oct) 3 exp(-mD 2 /2/c B T) for T = 25, 
300, 2000 K. The curves are normalised to have the same area. 
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temperature. In the high-flux reactor at the Laue-Langevin Institute 
in Grenoble, a vessel containing 25 litres of liquid deuterium acts as a 
cold moderating source, providing a velocity distribution with T~ 
25 K, while a block of hot graphite of about half this volume provides 
a distribution with T ~ 2000 K. Curves of the velocity distribution for 
T = 25, 300, and 2000 K are shown in Fig. 1.1. The approximate 
ranges for energy, temperature, and wavelength of the neutrons for 
the three types of source are given in Table 1.2. 

Table 1.2 Approximate values for the range of energy, temperature, 
and wavelength for three types of source in a reactor 



Source 


Energy 


Temperature 


Wavelength 




£/meV 


T/K 


A/10~ 10 m 


cold 


0.1- 10 


1- 120 


30-3 


thermal 


5-100 


60-1000 


4-1 


hot 


100-500 


1000-6000 


1-0.4 



1.3 Definitions of scattering cross-sections 

Consider a beam of thermal neutrons, all with the same energy E, 
incident on a target (Fig. 1.2). The target is a general collection of 

Fig. 1.2 Geometry for scattering experiment. 
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atoms - it may be a crystal, an amorphous solid, a liquid, or a gas We 
shall call ,t the scattering system. Various types of measurement can 
be made on the neutrons after they have interacted with the scatter- 
ing system. The results in each case can be expressed in terms of a 
quantity known as a cross -section. 

Suppose we set up a neutron counter and measure the number of 
neutrons scattered in a given direction as a function of their energy 
E . The distance of the counter from the target is assumed to be large 
compared to the dimensions of the counter and the target so the 
small angle dfl subtended by the counter at the target is well defined 
To specify the geometry of the scattering process we use polar coor- 
dinates, taking the direction of the incident neutrons as the polar axis 
Let the direction of the scattered neutrons be 6, <t>. The partial 
differential cross -section is defined by the equation 

d 2 o- (" umber of neutrons scattered per second into a 
dO dE' ' Sma " S0lid angle dfl in the direction 6, <f> with final (1.11) 
energy between E' and E' + dE')/® dfl dE', 

where <D is the flux of the incident neutrons, i.e. the number through 
unit area per second, the area being perpendicular to the direction of 
the neutron beam. Note that the dimensions of the numerator on the 
right-hand side of the equation are [time" 1 energy]. The dimensions 
of flux are [area" time" 1 ]. Thus the dimensions of the cross-section 
are [area], as we would expect from the name. 

Suppose we do not analyse the energy of the scattered neutrons 
but simply count all the neutrons scattered into the solid angle dfl in 
the direction 6, <f>. The cross-section corresponding to these 
measurements, known as the differential cross -section, is defined by 

da = (number of neutrons scattered per second into dfl in 

dfl the direction 0, <£)/ <J> dfl. (1-12) 

The total scattering cross -section is defined by the equation 
tr tot = (total number of neutrons scattered per second)/ <f>. 

(1.13) 
By 'total number' we mean the number scattered in all directions 

From their definitions the three cross-sections are related by the 
following equations 

do- f 00 / d 2 a \ 

dfl" Jo ldfTdFJ di? '' a-") 
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a W andirectjo jS da d-15) 

If the scattering is axially symmetric, i.e. if do-/dfl depends only on 9 
and not on <f>, the last equation becomes 



_f dcr 

'"Jo dn 2 " 



sin 6 d6. 



(1.16) 



The cross-sections are the quantities actually measured in a scat- 
tering experiment. The basic problem, with which this whole book is 
concerned, is to derive theoretical expressions for these quantities. 
Experimental cross-sections are quoted per atom or per molecule, i.e 
the cross-sections defined above are divided by the number of atoms 
or molecules in the scattering system. 

The present cross-sections do not take account of the initial and 
final spin states of the neutron. The definitions are extended to do this 
in Chapter 9 when we consider polarisation experiments. 



1.4 Scattering of neutrons by a single fixed nucleus 

The definitions of cross-sections apply to any kind of scattering. We 
now consider a simple case - nuclear scattering by a single nucleus 
fixed in position. The nuclear forces which, cause the scattering have a 
range of about l(T 14 jo 1(T 15 m. The wavelength of thermal neutrons 
is of the order of 10 10 m, and is thus much larger than the range of 
the forces. In these circumstances the scattering, analysed in terms of 
partial waves, comes entirely from the S waves (/ = 0). The angular 
distribution for S-wave scattering is spherically symmetric. We do not 
need the theory of partial waves to see that the angular distribution 
has this form. It is abasic result from diffraction theory that if waves 
of any kind are scattered- by an object small compared to the 
wavelength of the waves, then the scattered wave is spherically 
symmetric. 

We take the origin to be at the position of the nucleus, and the z 
axis to be along the direction of *, the wavevector of the incident 
neutrons (Fig. 1.2). Then the incident neutrons can be represented by 
the wavefunction 



iAinc = exp(ifcz). 



(1.17) 
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As the scattering is spherically symmetric, the wavefunction of the 
scattered neutrons at the point r can be written in the form 



ipse— — exp(ifcr), 



(1.18) 



where ft is a constant, independent of the angles 6, <f>. The minus sign 
in the equation is arbitrary and corresponds to a positive value of b 
for a repulsive potential (see Section 2.3). 

Note that the magnitude of the wavevector is the same for the 
scattered and incident neutrons. The energy of thermal neutrons is 
too small to change the internal energy of the nucleus. And since we 
are taking the position of the nucleus to be fixed, the neutron cannot 
give the nucleus kinetic energy. Thus the scattering is elastic. The 
energy of the neutron, and hence the magnitude of k, is unchanged. 

The quantity b in i/^ is known as the scattering length. We may 
distinguish two types of nucleus. In the first type the scattering length 
is complex and varies rapidly with the energy of the neutron. The 
scattering for such nuclei is a resonance phenomenon and is asso- 
ciated with the formation of a compound nucleus (original nucleus 
plus neutron) with energy close to an excited state. Examples of 
nuclei which show this behaviour are 103 Rh, 113 Cd, 157 Gd, and 176 Lu. 
Since the imaginary part of the scattering length corresponds to 
absorption, such nuclei strongly absorb neutrons. The majority of 
nuclei are of the second type, in which the compound nucleus is not 
formed near an excited state. The imaginary part of the scattering 
length is small, and the scattering length is independent of the energy 
of the neutron. We shall confine the discussion to such nuclei and 
take the scattering length to be a real quantity. 

The value of the scattering length depends on the particular 
nucleus (i.e. nuclide), and the spin state of the nucleus-neutron 
system. The neutron has spin §. Suppose the nucleus has spin / (not 
zero). Then the spin of the nucleus-neutron system is either I + 2, or 
I — 2. Each spin state has its own value of b. So every nucleus with 
non-zero spin has two values of the scattering length. If the spin of 
the nucleus is zero, the nucleus-neutron system can only have spin |, 
and there is only one value of the scattering length. 

If we had a proper theory of nuclear forces we would be able to 
calculate or predict the values of b from other properties of the 
nucleus. But we do not have such a theory, so we have to treat the 
scattering lengths as parameters to be determined experimentally. If 
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the nuclides are arranged according to their Z, N values the values of 
b vary erratically from one nuclide to its neighbour. The actual values 
have important practical consequences, which we shall see later. A 
selection of values is given in Table 1.3. 

Table 1.3 Values of scattering lengths 



Nuclide 


Combined 
spin 


b/fm 


Nuclide 


Combined 
spin 


b/fm 


*H 


1 


10.85 


23 Na 


2 


6.3 







-47.50 




1 


-0.9 


2 H 


1 
2 


9.53 


59 Co 


4 


-2.78 




X 

2 


0.98 




3 


9.91 



The values for H, Na, and Co are from Koester (1977), Abragam et 
al. (1975), and Koester et al. (1974) respectively. The spin values 
refer to the nucleus-neutron system. 



We can readily calculate the cross-section dcr/dfi for scattering 
from a single fixed nucleus, using the expressions for il/ in<: and \li K in 
(1.17) and (1.18). If v is the velocity of the neutrons (the same before 
and after scattering), the number of neutrons passing through the 
area dS per second is 



i;dS|(A sc | 2 = tJd5— =vb 2 dil 
(see Fig. 1.2). The flux of incident neutrons is 

0=f|lAinc| 2 = U- 

From the definition of the cross-section 
da_ vb 2 dil 

dH~ $dn 
and in this simple case 



■ = b* 



0", ot = 4wft 



(1.19) 



(1.20) 



(1.21) 



(1.22) 
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2.1 Introduction 

We now start on the theory proper and consider the nuclear scatter- 
ing by a general system of particles. We first derive a general expres- 
sion for the cross-section d 2 cr/dn dE' for a specific transition of the 
scattering system from one of its quantum states to another. 
Although the calculation relates to nuclear scattering there will be no 
difficulty in applying the basic formula (2.15) to the magnetic case. 
We start by ignoring the spin of the neutron. This means that the state 
of the neutron is specified entirely by its momentum, i.e. by its 
wavevector. 

Suppose we have a neutron with wavevector k incident on a 
scattering system in a state characterised by an index A. Denote the 
wavefunction of the neutron by i/» k and of the scattering system by X\- 
Suppose the neutron interacts with the system via a potential V, and 
is scattered so that its final wavevector is k'. The final state of the 
scattering system is A'. 

We set up a coordinate system with the origin at some arbitrary 
point in the scattering system. Denote the number of nuclei in the 
scattering system by JV. Let R, (/ = 1, . . . N) be the position vector of 
the /th nucleus, and r that of the neutron (Fig. 2.1). 



2.2 Fermi's golden rule 

Consider the differential scattering cross-section (do-/dO) A ^', 
representing the sum of all processes in which the state of the scatter- 
ing system changes from A to A', and the state of the neutron changes 
from k to k'. The sum is taken over all values of k' that lie in the small 
solid angle dft in the direction 6, <f>, the values of k, A, and A' 
remaining constant (Fig. 2.2). From the definition of dcr/dQ given in 

10 



2.2 Fermi's golden rule 
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(1.12) we have 



VdnA-.; 






w k ,^ 



(2.1) 



where Wiu-»tv is the number of transitions per second from the state 
k, A to the state k', A', and 4> is the flux of incident neutrons. 

To evaluate the expression on the right-hand side of (2.1) we use a 
fundamental result in quantum mechanics, known as Fermi's golden 



Fig. 2.1 Coordinates of nucleus and neutron. 

Neutron 



/'th nucleus 



Origin 




Fig. 2.2 Calculation of p k : The points represent k' values permitted by box 
normalisation. The spheres corresponding to neutron energies E' and E' + 
dE' are shown. 
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I W k 



^ k ;y =^\(k'y\V\k\)\ 2 
n 



(2.2) 



In this expression p t * is the number of momentum states in dfl per 
unit energy range for neutrons in the state k' . The matrix element is 
given explicitly by 

<*'A'JV1*A>- J itxlVihX* d* dr, (2.3) 

where dR = dfli dR 2 ... dR N . (2.4) 

dRj is an element of volume for the /th nucleus, and dr is an element 
of volume for the neutron. The integral is taken over all space for 
each of the N + 1 variables. 

It may be noted that although the sum on the left-hand side of (2.2) 
is over a range of neutron states, the expression on the right-hand 
side is evaluated at a particular state k'. In the quantum mechanical 
derivation of the golden rule, a summation is made over all values of 
|fc'|. The derivation shows that, for fixed k, A, and A', the probability 
of a transition k, A to k', A' is negligible except for a narrow range of 
\k'\ values. The centre of this range is the value of |fc'| corresponding 
to conservation of energy for the overall system of neutron plus 
scattering system, and it is this particular k' which must be inserted on 
the right-hand side of (2.2). 

We adopt a standard device in quantum mechanics, known as box 
normalisation, which is to imagine the neutron and scattering system 
to be in a large box. This enables us to calculate p*-, and it also fixes 
the normalisation constant of the neutron wavefunctions. The only 
allowed neutron states are those whose de Broglie waves are periodic 
in the box. The wavevectors of such states form a lattice in * space. 
The volume of the unit cell of the lattice is 

_ (2ir) 3 

v k y , 

where Y is the volume of the box. 
The final energy of the neutron is 



(2.5) 



2m 



(2.6) 



t The rule is derived in most textbooks on quantum mechanics. See for example 
Merzbacher (1970), Chapter 18. 






with 



2.3 Expression for dV/dfld£' 



dE' =— k'dk'. 
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(2.7) 



By definition p k dE' is the number of states in dfl with energy 
between E' and E' + dE', which is the number of wavevector points in 
the element of volume k' 2 dk' dfl (Fig. 2.2). Thus 



1 2 
Pi,' dE' = — k' dk' dfl. 
v k 



Eqs. (2.5) to (2.8) give 



Pk' 



(2^ k 'W dil - 



(2.8) 



(2.9) 



We now consider the wavefunction 4> k . It is a plane wave and has 
the form exp(ifc . r). There is one neutron in the box of volume Y. So 
the neutron density is l/Y. Thus 

<A*=7^exp(i*.r). (2.10) 

The matrix element in (2.3) is 

<*'A'|V|*A>-J*f*J-V*itod*dr 

= 7 { expH*' ■ r)xtV exp(ifc . rkx d* dr. (2.11) 

We shall write the last line as (k'\'\V\k\)/Y, so from now on the 
neutron wavefunction in the matrix element is exp(i& . r). 

The flux of the incident neutrons is the product of their density and 
velocity, i.e. 



<D = — — k. 
Y m 



(2.12) 



2.3 Expression for d V/dfl dE' 

We now derive a basic expression for the cross-section d cr/dfl dE'. 
We start by substituting (2.2), (2.9), (2.11), and (2.12) into (2.1), 
which gives 

(S)„.-^a>)V«'W- <2 - I3) 

All the Ys have cancelled out in (2.13), as they must do since the 
volume of the normalisation box is arbitrary. 






Nuclear scattering - basic theory 



2.1 Introduction 

We now start on the theory proper and consider the nuclear scatter- 
ing by a general system of particles. We first derive a general expres- 
sion for the cross-section d 2 o-/dO d£" for a specific transition of the 
scattering system from one of its quantum states to another. 
Although the calculation relates to nuclear scattering there will be no 
difficulty in applying the basic formula (2.15) to the magnetic case. 
We start by ignoring the spin of the neutron. This means that the state 
of the neutron is specified entirely by its momentum, i.e. by its 
wavevector. 

Suppose we have a neutron with wavevector k incident on a 
scattering system in a state characterised by an index A. Denote the 
wavef unction of the neutron by i/r k and of the scattering system by x*- 
Suppose the neutron interacts with the system via a potential V, and 
is scattered so that its final wavevector is k' . The final state of the 
scattering system is A'. 

We set up a coordinate system with the origin at some arbitrary 
point in the scattering system. Denote the number of nuclei in the 
scattering system by N. Let /?,(/' = 1, .. . N) be the position vector of 
the /th nucleus, and r that of the neutron (Fig. 2.1). 



2.2 Fermi's golden rule 

Consider the differential scattering cross-section (do-/dQ) A -.A', 
representing the sum of all processes in which the state of the scatter- 
ing system changes from A to A', and the state of the neutron changes 
from k to k'. The sum is taken over all values of k' that lie in the small 
solid angle dQ in the direction 6, 4>, the values of k, A, and A' 
remaining constant (Fig. 2.2). From the definition of da/dfl given in 

10 



2.2 Fermi's golden rule 



11 



(1.12) we have 



VdnA-. A ' odfi v 



« 



Wi 



(2.1) 



where WfcA-**'* 1 is the number of transitions per second from the state 
k, A to the state k', A', and <I> is the flux of incident neutrons. 

To evaluate the expression on the right-hand side of (2.1) we use a 
fundamental result in quantum mechanics, known as Fermi's golden 



Fig. 2.1 Coordinates of nucleus and neutron. 
Neutron 



/th nucleus 



Origin 




Fig. 2.2 Calculation of p*. The points represent k' values permitted by box 
normalisation. The spheres corresponding to neutron energies E' and E' + 
d£' are shown. 




£' + d£" 
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rw/e.t This is 






(2.2) 



In this expression pv is the number of momentum states in dfl per 
unit energy range for neutrons in the state k'. The matrix element is 
given explicitly by 

(fc'A'l V|*A>= J ftxt-VihXA dR dr, (2.3) 

where dR = dR, dR 2 ... dR N . (2.4) 

dRj is an element of volume for the /th nucleus, and dr is an element 
of volume for the neutron. The integral is taken over all space for 
each of the N + 1 variables. 

It may be noted that although the sum on the left-hand side of (2.2) 
is over a range of neutron states, the expression on the right-hand 
side is evaluated at a particular state Jfc'. In the quantum mechanical 
derivation of the golden rule, a summation is made over all values of 
|*'|. The derivation shows that, for fixed k, A, and A', the probability 
of a transition k, A to k', A' is negligible except for a narrow range of 
|fc'| values. The centre of this range is the value of \k'\ corresponding 
to conservation of energy for the overall system of neutron plus 
scattering system, and it is this particular k' which must be inserted on 
the right-hand side of (2.2). 

We adopt a standard device in quantum mechanics, known as box 
normalisation, which is to imagine the neutron and scattering system 
to be in a large box. This enables us to calculate p k ; and it also fixes 
the normalisation constant of the neutron wavef unctions. The only 
allowed neutron states are those whose de Broglie waves are periodic 
in the box. The wavevectors of such states form a lattice in k space. 
The volume of the unit cell of the lattice is 

(27T) 3 

*" Y ' 
where Y is the volume of the box. 
The final energy of the neutron is 



(2.5) 



E' =—k' 2 
2m 



(2.6) 



t The rule is derived in most textbooks on quantum mechanics. See for example 
Merzbacher (1970), Chapter 18. 






with 



d£" = — k'dk'. 



(2.7) 



By definition pu-dE' is the number of states in dO with energy 
between E' and E' + d£", which is the number of wavevector points in 
the element of volume k' 2 dk' dfl (Fig. 2.2). Thus 



1 

p k dE' = —k' 2 dk'dn. 
v k 



Eqs. (2.5) to (2.8) give 



Pw 



J2^ k '¥ dn - 



(2.8) 



(2.9) 



We now consider the wavefunction i/f t . It is a plane wave and has 
the form exp(/Jt . r). There is one neutron in the box of volume Y. So 
the neutron density is l/Y. Thus 

<A*=7pexp(ifc.r). (2.10) 

The matrix element in (2.3) is 

(Jfc'A'l V|fcA>= j fcfof.Vfcfc dRdr 

= Y\ «pH*' • r)xtV exp(i* . r)* A d* dr. (2.11) 

We shall write the last line as {k'\'\V\k\)/Y, so from now on the 
neutron wavefunction in the matrix element is exp(i/c . r). 

The flux of the incident neutrons is the product of their density and 
velocity, i.e. 



* 1 h t, 
d> = — — k. 

Y m 



(2.12) 



2.3 Expression for d 2 cr/dft d£" 

We now derive a basic expression for the cross-section d cr/dfld£". 
We start by substituting (2.2), (2.9), (2.11), and (2.12) into (2.1), 
which gives 



(dcr\ k' I m V 



\dW> 



|<ft'A'|V|*A) 



(2.13) 



kXlTrh 2 ) 

All the Y% have cancelled out in (2.13), as they must do since the 
volume of the normalisation box is arbitrary. 
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(do-/dn) A -.A' is the cross-section for neutrons scattered into dft in 
the direction of k'. However, as already mentioned, since k, A, and A' 
are fixed, the scattered neutrons all have the same energy, deter- 
mined by conservation of energy. If E and E' are the initial and final 
energies of the neutron, and E k and Ey are the initial and final 
energies of the scattering system, then 

E + E,=E' + E K : (2.14) 

In mathematical terms the energy distribution of the scattered neu- 
trons is a 5-function (see Appendix A). So the expression for the partial 
differential cross-section is 

(^7*) =r(^)VAlV|lU>| 2 S(£*-Ev + E-i?'). (2.15) 

This follows from (1.14) and the result 



S(E X -E k - +E-E') dE' = l. 



(2.16) 



Fourier transform of the potential function 

The first step in evaluating the matrix element is to integrate with 
respect to r, the neutron coordinate. The potential of the neutron due 
to the /th nucleus has the form V}(r-Jt/). So the potential for the 
whole scattering system is 

V-EWr-ffy). (2.17) 



Put 

Now 

<*'A'|V|fcA> 



Xi = r-Rj. 



(2.18) 



-if*?' exp(-ift' . r)Vy(r-*ykA exp(i* . r)dR dr (2.19) 

= I j X* exp{-iJt' . (x, + *,)} V/(r/)» exp{ifc . (x, + «,)} dfl d*y 

(2.20) 
-IVy(«XA'|exp(iK.Jry)|A), (2.21) 

where Vy(*c)= j Vy(*,) exp(iK . *>) d*y, (2.22) 

(A'l exp(i« . *y)|A > = J AT* exp(i* . *,)^ <W, (2.23) 






and K = k-k'. (2.24) 

#c is known as the scattering vector. The logic in going from (2.19) to 
(2.20) is that, for each / term in the sum, integrating with respect to r 
and to Xj give the same result, because both integrations are done at 
fixed Rj over all space. We see from (2.22) that V}(ie) is the Fourier 
transform of the potential function for the y'th nucleus. 

Fermi pseudopotential 

The next step is to insert a specific function for Vy(*y). To find a 
suitable mathematical function we make an apparent digression and 
calculate do-/dfl for a single fixed nucleus using the present formal- 
ism. Consider (2.19). There is only one term, / = 1, in the sum over /. 
Since the nucleus is fixed at the origin, Hi = 0, and A ' = A. Thus 

(fc'A'l V|*A> = j xtxK d*i } V(r)exp(iK. r)dr 



= V(r) exp(i#c . r) dr, 



(2.25) 



H^rV)!! V '( r ) ex P( i *- r ) d 'j 2 - < 2 - 26 ) 



since x\ is normalised. Inserting this result in (2.13), together with 
k' = k, gives 

da 
dil 

Now we know that V(r) is short range. Let us make it really short 
range and put 

V(r) = aS(r), (2.27) 

where a is a real constant. 8(r) is a three-dimensional Dirac delta 
function, i.e. 



I- 



S(r)dr=l. 



(2.28) 



Then 



Therefore 

But from Section 1.4 



j V(r) exp(i« .r)dr = a\ S(r) exp(i« . r) dr = a. (2.29) 
do- l m \ 2 2 

dn=(2^) a - (2 - 30) 



da 

dn 



= b 2 , 



(2.31) 
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where b is the scattering length. Therefore 



2«4f . 

a = b. 



Inserting this value in (2.27) gives 

2-nti 



V(r) = - 



bS(r). 



(2.32) 



(2.33) 



This potential, known as the Fermi pseudopotential, is the one we shall 
adopt. The positive sign in (2.32) comes from the definition of b in 
(1.18), which implies a positive scattering length for a repulsive 
potential. 

We recall that our entire derivation of the cross-section is based on 
Fermi's golden rule, which, for scattering processes, is equivalent to 
the Born approximation; both are based on first-order perturbation 
theory. Now the conditions for this theory to apply do not hold for 
the nuclear scattering of thermal neutrons. The justification for the 
use of the golden rule in these circumstances is that, when combined 
with the pseudopotential, it gives the required result of isotropic 
scattering for a single fixed nucleus.t 

It may be noted that the pseudopotential does not correspond even 
approximately to the actual potential. Equation (2.33) shows that a 
repulsive pseudopotential gives a positive, and an attractive pseudo- 
potential a negative scattering length. However, a positive scattering 
length does not imply that the actual potential is repulsive. If we 
simulate the actual potential by a hypothetical 'square-well' (or 
square-barrier) of range r and depth or height V, we can solve the 
Schrodinger equation without approximation. The relation between 
the scattering length and the parameter x = (2mV) l/2 r /h is shown in 
Fig. 2.3. For a repulsive potential b is positive for all values of x. For 
an attractive potential it may be negative or positive. The actual 
potential is basically attractive. The details of its shape, depth, and 
range determine the magnitude and sign of the scattering length. 

The scattering length defined in (1.18) relates to a fixed nucleus 
and is sometimes known as the bound scattering length. If the nucleus 
is free, the scattering must be treated in the centre-of-mass system. 
The result is the same as if the nucleus were fixed, but the mass m of 
the neutron must be replaced by the reduced mass n of the nucleus- 

t For further discussion of this point see Fermi (1936) and Breit (1947). 






neutron system. This is given by 



M~- 



mM 



(2.34) 



m+M' 

where M is the mass of the nucleus. The scattering length for this 
process is called the free scattering length. Denote it by b f . Since the 
potential is the same whether the nucleus is fixed or free, the expres- 
sion for the pseudopotential (2.33) shows that 
bt = b_ 
H m' 
M , 



(2.35) 



b f = - 



(2.36) 



m+M 

For most nuclei the free scattering length is only slightly less than the 
bound one. But in the extreme case of light hydrogen 

b t = \b. (2.37) 

We return to the expression for the cross-section for a general 

scattering system. If the /th nucleus has scattering length b h its poten- 



tial is 



V,(*,)=— VK*,). 



(2.38) 



Fig. 2.3 Relation between scattering length b and the parameter x = 
(2m V) in r /h for a square-well potential. r is the range of the potential and 
V its depth (or height). 




Repulsive 
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Inserting this in (2.22) gives 
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(2.39) 



From (2.15), (2.21), and (2.39) 

(~?rnr) =rkMA'|ex P (iK.Ji,)|A>| 2 s(E A -e^+e-e'). 

\dftd£/ A '-.A k I / I 



(2.40) 



(2.41) 
(2.42) 



Integral representation of the S-f unction for energy 

We now express the 5-function for energy as an integral with respect 
to time. The reason for doing this will become apparent later in the 
section. 

8(E x -E x +E-E') = -^-r f exp{\(Ey-E x )t/h}expH<ot)dt, 

where u> is denned by 

ha) = E - E'. 

Eq. (2.41) is derived in Appendix A.2. 

We also need the following results. Let H be the Hamiltonian of 
the scattering system. The states A and A' are eigenfunctions of H 
with eigenvalues E k and fv, i.e. 

H\X) = E K \k), and H\k') = Ey\\'). (2.43) 

Then H n \k) = El\K), (2.44) 

a result obtained from (2.43) by operating n times on |A) with H. 
Further 

exp(-iflif/ft)|A ) = exp(-i£ A f/ft)|A >. 
This result is obtained by expanding the exponential 



exp(-i//f/ft) - 1 - iHt/h + ^(-iHt/hf + . . 



(2.45) 
(2.46) 



and using (2.44). 

The matrix element in (2.40) is the sum of N terms (/ = 1, . . . N). 
So the square of the matrix element is the sum of N 2 terms, of which 
a typical member is 

bfbM'l exp(iK . U/')|A>*<A'| exp(iK . fl,)|A> 

= b r bj(k\ exp(-iK . H/0|A'XA'| exp(iK . JKV)|A >. (2.47) 






In this equation we have used the fact that the scattering length is 
real, and also the relation (C.3). From (2.40), (2.41), and (2.47) 

d 2 



(_££U 

XdadE'J, 



— 7-S bfb,{k I exp(-iK . JT,0|A '><A 1 exp(iK . tf ,)|A > 



k 2 



-i-f exp{i(£ A -E A )r/ft}exp(-ia>Od/ (2.48) 

^-rZM/f <A|exp(-iif.J?,.)|A'> 



x(A '| exp(iM//t) exp(iK . R,) exp(-iHt/h)\\ ) exp(-iwf ) dr. 

(2.49) 
The last step follows from (2.45). 

Sum over A', average over A 

In an actual experiment we do not measure the cross-section for a 
process in which the scattering system goes from a specific state A to 
another state A'. Instead we measure d 2 <x/dndZ?', the cross-section 
defined in (1.11). To obtain this quantity we must first sum 
(d 2 o-/dOd£") A -. A ' over all final states A', keeping the initial state A 
fixed, and then average over all A. 

To carry out the first step we use the closure relation proved in 
Appendix C. For a pair of operators A and B 

I(A|A|A'XA'|5|A) = (A|AS|A>. (2.50) 

A ' 

To average the last quantity over A, we multiply by p K , the probability 
that the scattering system is in the state A, and then sum over A. p A is 
given by the Boltzmann distribution. If the temperature of the scat- 
tering system is T 

PA=4 ex P(- £ A/3), (2.51) 



where 



and 



Z = Iexp(-£ Aj 3), 

A 



(2.52) 



(2.53) 



Z is known as the partition function and is inserted to ensure that 
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From (2.49) and (2.50) we have 
d 2 cr / dV \ 

dCldE' h-- x \dfidE') x ^ 



= — — — I Ayfty. exp(-i<uO dt I p A 
fe 2-n-n //• J-oo a 



x (A | exp(-i#f . Rf) exp(iHt/h) exp(i#< . R,) exp(-iHt/h)\\ ). 

(2.54) 
The last expression may be written in terms of the time-dependent 
Heisenberg operator Rj(t), defined by 

11,(0 = exp(ifl//ft)K, exp(-iffr/ft). (2-55) 

It follows from the definition that 

exp{i* . R,(t)} = exp(iflif/*) exp(iic . H,) exp(-iflir/ft). (2.56) 
Heisenberg operators are discussed in Appendix D, and (2.56) is 
justified there. Note that 

R i (0) = R i . (2-57) 

We denote the thermal average of the operator A at temperature T 
by (A), i.e. 

<A> = EPa<A|A|A). (2.58) 

A 

From (2.54), (2.56), and (2.58) we have 

-^— = £ JLj bJbf f (exp{-iK . R r (0)} exp{i k. *,(*)}> 
dfi dE' k 2-nh „- J-<x> 

xexp(-iw/)dr. (2.59) 

This is our basic expression for the partial differential cross-section 
for nuclear scattering. It is a compact expression and may appear 
simple, but its evaluation, except for the most elementary scattering 
systems, is not a simple matter. The properties of the scattering system 
are contained in the Hamiltonian H. They are therefore contained in 
the Heisenberg operators, and the eigenstates |A). In the next three 
chapters we shall be concerned with evaluating the cross-section for 
specific physical systems. 

We can see at this stage the purpose of expressing the S -function 
for conservation of energy as an integral with respect to time in 
(2.41). The E k > term in the argument of the 5-function prevents us 
from using (2.50) to sum over A'. By means of (2.41) we are able to 
bring the E y term inside one of the matrix elements, where it reap- 
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pears as an operator depending on the Hamiltonian. There is now no 
term in A ' outside the two matrix elements, and the sum over A ' can 
be carried out immediately. 



2.4 Coherent and incoherent scattering 

Consider a scattering system consisting of a single element where the 
scattering length b varies from one nucleus to another owing to nuclear 
spin or the presence of isotopes or both. Let the value b t occur with 
relative frequency /), i.e. 



I/i-l. 



(2.60) 



Then the average value of b for the system is 



(2.61) 



and the average value of b 2 is 



b=Ifibf. 



(2.62) 



We assume there is no correlation between the values of b for any two 
nuclei, that is to say, whatever the value of b for one nucleus, the 
probability that another nucleus has the value bi is simply f,. 

Imagine that we have a large number of scattering systems. They 
are identical in every way as regards the positions and motions of the 
nuclei. Also the total number of each b { is the same for all the 
systems. But each system has a different distribution of the is among 
the nuclei, every possible distribution being represented once. Now, 
provided the system contains a large number of nuclei - a condition 
usually well satisfied - the cross-section we measure is very close to 
the cross-section averaged over all the systems. This is given by 



dV 
dO dE' ' 



k 2 



-T I bfb, I </", /) exp(-iwr) dt, (2.63) 

TTfl /," J 



where 



<;", /> = <exp{-i#c . Rj(0)} exp{i*c . R,(t)}). 



(2.64) 



(We use this notation for the moment, because only the /", / values of 
the matrix element are relevant to the discussion.) 
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(2.65) 



On the assumption of no correlation between the b values of 

different nuclei 

b r bj=(bf, /"#/, 

~b7bi=~F, j'=j. 

So 

dV 
dildE 



(2.66) 



- = £ J- (if I f (/', ;> exp(-i*f ) df 

fc 27TH /;' J 

j"*;' 

+ ^J-Fl[a;>exp(-W)dr 
fc 277-n ,• J 

= T ^t(*) 2 I f 0". /) «p(-i«f ) df 

+ K- ^rtf-ibf} I f </, /■> exp(-i»f) df. (2.67) 

In going from (2.66) to (2.67) we have added and subtracted 
(fc7fc)(l/27rn)(ft) 2 JX,<A/> ex PH<°')df. The first term in (2.67) is 
known as the coherent and the second term as the incoherent scatter- 
ing cross-section. We' write 

l-^-) -ShS^Ai f (exp{-iK.JJ,(0)}exp{iK.l?,(f)}) 
\dfl dE'/coh 4tt fc 27rn £ Leo 

xexp(-iwf ) df, (2.68) 

( dV \ = 2=S £ J-£ f (exp{-iK . 11,(0)} exp{iK . R,(t)}) 
\dnd£"/inc 4tt fc 2irh , J-oo 

xexp(-iwf)df, ( 2 - 69 ) 

where ^ = 4n(bf, a inc = 4n{V-(bf}. (2.70) 

We see from the equations that the coherent scattering depends on 
the correlation between the positions of the same nucleus at different 
times, and on the correlation between the positions of different nuclei 
at different times. It therefore gives interference effects. The inco- 
herent scattering depends only on the correlation between the posi- 
tions of the same nucleus at different times. It does not give inter- 
ference effects. 

The physical interpretation of (2.67) is as follows. The actual 
scattering system has different scattering lengths associated with 
different nuclei. The coherent scattering is the scattering the same 
system (same nuclei with the same positions and motions) would give 
if all the scattering lengths were equal to b. The incoherent scattering 






is the term we must add to this to obtain the scattering due to the 
actual system. Physically the incoherent scattering arises from the 
random distribution of the deviations of the scattering lengths from 
their mean value. 

We now derive expressions for the frequencies / ( and for b and 'b 1 . 
The simplest case is when the scattering system consists of a single 
isotope with zero nuclear spin. Then all the b% are equal, and the 
scattering is entirely coherent. 

Suppose the system consists of a single isotope with nuclear spin /. 
The spin of the nucleus-neutron system has the values I + k or l-\. 
Denote the scattering lengths for the two spin values by b + and b~ . 
The number of states associated with spin I+\ is 

2(/ + i)+ 1 = 27 + 2, (2.71) 

and the number of states associated with spin I-\ is 

2(7 -£)+ 1 = 27. (2.72) 

If the neutrons are unpolarised and the nuclear spins are randomly 
oriented, each spin state has the same a priori probability. So the 
scattering length b + occurs with frequency 

^ = 27 + 2 7 + 1 



47 + 2 27+1' 
and the scattering length b~ occurs with frequency 
27 7 



r= 



47 + 2 27 + 1' 



Thus 



b = 



1 



27 + 1 



{(I + l)b + + Ib~}. 



(2.73) 



(2.74) 



(2.75) 



If the neutrons are polarised or the nuclear spins are aligned, the 
47 + 2 spin states of the nucleus-neutron system are not equally 
probable. But unless both conditions apply, /"*" and/" have the values 
shown in (2.73) and (2.74). 

If there are several isotopes in the scattering system, then for each 
isotope the quantities f~ and /" must be multiplied by the relative 
abundance of the isotope to obtain the relative frequency of the 
scattering length. So, in general, 



~b*=Z^-7{a ( +i)(b + ( ?+r ( (b- ( f}, (2 

£ llf + 1 



(2.76) 



77) 
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where c ( is the relative abundance of the £h isotope, I_ ( its nuclear 
spin, and b^ and b' € its scattering lengths. The quantity b is known as 
the coherent scattering length of the element or nuclide. It is con- 
ventional to quote the values of b and b 1 in terms of the two quantities 
cr coh and a mc defined in (2.70). A list of the values of o- coh and o- inc for 
the elements, together with a description of the methods of measuring 
these quantities, has been given by Koester (1977). A few of the values 
are given in Table 2.1. 

Table 2.1 Values of o- CO h and cr mc 



Element 














or 














nuclide 


Z 


Ccoh 


Cine 


Element 


Z 


O"coh 0"inc 


*H 


1 


1.8 


80.2 


V 


23 


0.02 5.0 


2 H 


1 


5.6 


2.0 


Fe 


26 


11.5 0.4 


C 


6 


5.6 


0.0 


Co 


27 


1.0 5.2 


O 


8 


4.2 


0.0 


Ni 


28 


13.4 5.0 


Mg 


12 


3.6 


0.1 


Cu 


29 


7.5 0.5 


Al 


13 


1.5 


0.0 


Zn 


30 


4.1 0.1 


The units of o- coh and 


o-inc are 10~ 28 m 2 . The values 


are taken from 


Koester (1977). 













The extension of the theory to scattering systems containing more 
than one element is readily made. If for example the scattering system 
is a crystal of NaCl, the coherent scattering is that due to a hypothetical^ 
crystal in which all the sodium nuclei have scattering lengths equal to b 
for sodium, and all the chlorine nuclei have scattering lengths equal to 
b for chlorine. The incoherent scattering is the sum of the incoherent 
scattering from the sodium nuclei and the incoherent scattering from 
the chlorine nuclei. 
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3.1 Introduction 

In the present chapter we evaluate the cross-sections when the scat- 
tering system is a single crystal. We start by considering a Bravais 
crystal, i.e. a crystal with one atom per unit cell. Denote the sides of 
the unit cell by a\, a 2 , <>3 (see Fig. 3.1). Then a lattice vector is given 
by 

l = hai + l 2 a 2 + l 3 a 3 , (3.1) 

where l\, l 2 , h are integers. The volume of the unit cell is 

v = ai. [a 2 xa 3 ]. (3.2) 

We define the reciprocal lattice to be a lattice with unit-cell vectors 
Ti, t 2 , t 3 , where 



Ti= — [a 2 xa 3 ], 



T 3 = [ffliXfl 2 ]. 

Vo 



2tt. . 



The volume of the unit cell in the reciprocal lattice is 

( 2tt) 3 
Vo 



Ti.[t 2 xt 3 ] = - 



(3.3) 



(3.4) 



Fig. 3.1 Unit cell of crystal. 




Origin 
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From (3.3) * . T/ - 2rr8 v , (3-5) 

Owing to thermal motion the nucleus / is displaced from its equili- 
brium position I. Its instantaneous position is 

R, = l + m, ( 3 - 6 ) 

where u, is the displacement from the equilibrium position (Fig. 3.2). 
The index / with which we previously labelled a nucleus now becomes 

/. 

For a Bravais crystal the correlation between the positions of the 
nuclei / and /' depends only on / - /'. So in (2.68), for each value of /', 
the sum over / is the same. We may thus put /' = 0. Similarly in (2.69) 
each term in / is the same and equal to the term / = 0. Therefore 
X <exp{-i#< . *«■(<))} exp{i« . «,(')}> 

IV 

= N I exp(iic . /)(exp{-iic . n (0)} exp{iic . ■,(*)}>, (3.7) 
i 

I (exp{-i*c . Ui(0)} exp{i#c . *,(*)}> 

i 

= N(exp{-iK . uo(0)} exp{iic . « (f )}>, < 3 - 8 ) 

where N is the number of nuclei in the crystal. n,(0 is the Heisenberg 
operator for m. In these equations we have used the relation 

R,(t)=l + u,{t), (3-9) 

which follows from (3.6), since / is a constant. 

3.2 Normal modes 

We assume that the interatomic forces in the crystal are harmonic, i.e. 
that the forces are linear functions of the displacements. For such 
forces the displacements « ( can be expressed as the sum of displace- 

Fig. 3.2 Position of nucleus /: • equilibrium position, O actual (instan- 
taneous) position. 



Origin 
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ments due to a set of normal modes. Thus 



\2MNI 



."7 — 
vol. 



{a s exp(iq.l) + at exp(-iq . /)}, (3.10) 



where q is the wavevector of the mode, and /' is its polarisation index 
(/ = 1, 2, 3). s stands for the double index q,j. a> s is the angular 
frequency of mode s, and e„ is its polarisation vector. The sum over s 
is over the N values of q in the 1st Brillouin zone, and over the three 
values of /. M is the mass of an atom - assumed to be the same for all 
the atoms. a s is the annihilation operator for the mode s, and at, its 
Hermitian conjugate, is the creation operator. These operators are 
discussed in Appendix E. Normal modes are discussed in Appendix 
G, where (3.10) is derived. 

ui(t) is obtained from (3.10) by replacing a s and at by their 
Heisenberg operators, a s (t) and at(t). It is shown in Appendix E.l 
that 

a s (t) = exp(iHt/h)a s exp(-iHt/h) = a s exp(-io) s r), (3.1 1) 

at(t) = exp(iHt/h)at exp(-\Ht/h)=a + s exp(iw,0. (3.12) 



Thus 



*.«,(')=( 



2MNJ 



l-r^[a s exp{i(q.l-co s t)} 



+ a + s &xp{-\{q .l-aj))]. (3.13) 



3.3 Probability function for a harmonic oscillator 

The theory of the scattering of thermal neutrons by crystals is much 
simplified by the use of a result, first derived by Bloch (1932), for the 
probability function of a harmonic oscillator. 

We first define the probability function for a single bound particle - 
not necessarily a harmonic oscillator - moving in one dimension. 
Denote the displacement or position variable by Q. Denote the 
Hamiltonian by H, and its normalised eigenfunctions and eigenvalues 
by i/f„ and E„. Then 

m„=E n ili n . (3.14) 

If the particle is in an energy eigenstate n, the probability of finding 
the displacement between Q and Q + dC? is |</<„(0)| 2 dQ. Suppose the 
particle is not in a single state n, but in an incoherent mixture of 
states. If the particle is a member of an ensemble of similar particles 
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at temperature T, the probability of its being in the state n is 



p n =-^exp(-£^8), 



Z=Xexp(- J E„/3), = 



fc B r 



We define the probability function f(0) by 
/(Q) = Ip n |<MQ)l 2 . 



(3.15) 



(3.16) 



/(O)dO is the probability of finding the displacement between Q 
and O + dQ. Since the i)/„ are normalised, and L,p„ = l, it follows 
from (3.16) that 

f°/(Q)dQ = l, (3.17) 

a necessary result in view of the probability significance of f(Q). 

We can express (A(Q)), the thermal average of a function A(Q), in 
terms of /(Q). From (2.58) 

<A(Q)) = lpn\ A(0)|^(0)| 2 dO 
A(Q)Ip„|<MQ)| 2 dQ 



-L 



A(Q)/(0)dO. 



(3.18) 



Bloch showed that, for a one-dimensional harmonic oscillator, the 
probability function is a Gaussian, given by 

/(Q) = Cexp(-Q 2 /2o- 2 ), (3.19) 



where 



<r 2 = -£-coth(iM?). 
2Mo) 



(3.20) 



M is the mass of the particle, and <o the angular frequency. C is a 
normalising constant obtained from (3.17). It follows from (3.18) and 
(3.19) that the thermal averages of exp Q and Q 2 are related by 

<ex P Q> = exp&Q 2 >}. (3.21) 

The results (3.19) to (3.21) are derived in Appendix E.2. 

3.4 Development of (exp V exp V) 

We first evaluate the coherent cross-section. From (2.68) and (3.7) 

tj^_\ = ^^JL Zex p( iK . r<expL/expV> 
VdHdE'/coh Ait k 2-rrhi KV ■!-« 

xexp(-uof) dt, (3.22) 






where 



3.4 Development of (exp U exp V) 

U = -IK . Wo(0) = -i I g s a s + g s at, 
V = ik . u,(t) = iY h s a s + hfat, 



_/ h \ l ' 2 K.e s 
8s ~\2MNJ 7^7' 



"(: 



'exp{i(q.l-a) s tj\. 
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(3.23) 
(3.24) 

(3.25) 

(3.26) 



VLMNJ 
Eqs. (3.23) to (3.26) follow from (3.13). 

We now develop the expression (exp U exp V). In addition to the 
result that the probability function for a harmonic oscillator is a 
Gaussian, we need the following results: 

(i) The a and a + operators for different oscillators commute. For 
the same oscillator, the commutation relation for a and a + is given by 
(E.8). The two results are combined in the equation 

[a s ,a$] = 8 ss : (3.27) 

(ii) If A and B are any two operators whose commutator is a 
c-number (i.e. a number as opposed to an operator), then 

exp A exp B = exp(A +B) exp{j(AB - BA)}. (3.28) 

This result is proved in Appendix 1.1. 

We first prove that UV-VU is a c-number. From (3.23) and 
(3.24) 

UV - VU - 1 (g s a s + g s a t ) I (hja,- + h$a$) 

-I(W+/tfa?)I(gA+&«!"). (3.29) 

Eq. (3.27) shows that all the terms on the right-hand side of (3.29) 
give zero, except those with s' = s. Thus 

UV - VU = I (g s h f - g s h s )(a s a t~ata s ) 

= Z(gshf-g s h s ), (3.30) 

which is a c-number. 

We next use (3.28) for the operators U and V, and take the 
thermal average 

(exp {/exp V) = (exp(£/+ V)>exp{|(f7V- VU)}. (3.31) 
Note that the second term on the right-hand side is a number that 
does not depend on T. The quantity U + V is a linear combination of 
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harmonic displacements. Each displacement has a Gaussian prob- 
ability function. The probability function for a linear combination of 
Gaussians is itself a Gaussian. We can therefore apply (3.21) to 

U+V. 

<exp(C/ + V)> = exp{k((U + V) 2 )}. (3.32) 

From (3.31,) and' (3.32) 

(exp U exp V) = exp{|((L/ + V) 2 )} exp&C/V- VU)} 

= exp{|< U 2 + V 2 + UV + VU + U V - VU)} 
= exp£(U 2 +V 2 )}exp(UV). (3.33) 



Now 



(U 2 ) = (V 2 ). 



(3.34) 



This can be proved formally, but it can be seen on physical grounds. 
U is proportional to the component in the direction of k of the 
displacement of the origin atom at time zero. V is the corresponding 
quantity - apart from a change of sign - for the atom / at time t. But 
the zero of time is arbitrary, and for a Bravais crystal all the atoms are 
equivalent. So the average values of U 2 and V 2 are equal. 
From (3.33) and (3.34) 

(exp U exp V) = exp<£/ 2 > exp(UV). (3.35) 

This completes the development of (exp U exp V). Substituting 
(3.35) in (3.22) gives 

dV_\ o-coh fe' N 
j'/coh 47T k 2irh 



[-77^] =^=-^Texp(L/ 2 >Zexp(iK./) 



xf exp<I/V)exp(-uoOdf. (3.36) 



3.5 Phonon expansion 

A crystal of N atoms has 3N normal modes. The initial state A of the 
crystal is given by specifying n u n 2 --- n 3N , the quantum numbers of 
the 3/V oscillators corresponding to the normal modes. In a general 
scattering process, the state of the crystal changes to A ', which is given 
by another set of quantum numbers n[, n' 2 . . . n' 3N . The scattering 
process may be classified according to the changes in the quantum 
numbers. 



3.5 Phonon expansion 
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Elastic process. All the quantum numbers remain unchanged, i.e. 

n' t = ^ (3.37) 

for all i from 1 to 37V*. 



One -phonon process. All the quantum numbers remain unchanged 
except for one, that of oscillator a, which changes by unity, i.e. 

nl = n„ all ;' except a. 

n' a = n a ±l. 



(3.38) 



(3.39) 



Two -phonon process. All the quantum numbers remain unchanged 
except for two, those of oscillators a and (3, which change by unity, 
i.e. 

nl =n t all / except a and /3, 

n' a = n a ±l, n'p = n e ±l. 
Similarly for three, four, etc. phonon processes. 
If we expand the term exp(UV) in (3.36) 

exp< [/"/)= l+{UV) + ^-(UVf + . . .+—(UV)" + . . . , (3.40) 

2! pi 

then the pth term gives the cross-section for all p -phonon processes. 
Thus the first term, 1, gives the elastic cross-section. The next term 
(UV) gives the cross-section for all one-phonon processes in which « 
is in turn each of the numbers 1 to 37V, and, for each a, n a either 
increases or decreases by unity. The term (1/2\)(UV) 2 gives the 
cross-section for all two-phonon processes in which the combination 
a, j8 is in turn each of the 3N(3N- 1)/2 combinations of two oscil- 
lators selected from 3A", and, for each combination, n a and n$ 
increase or decrease by unity. And so on. 

The statement that the pth term in the expansion of exp(UV) 
corresponds to a p-phonon process can be justified in two ways. One 
way is to go back to expression (2.49) for the cross-section for a 
specific A ->A' transition. Instead of summing over all A', sum only 
over those A' which, for a fixed A, correspond to a p-phonon process. 
Then average over A as before. The result, after a somewhat lengthy 
calculation, is the expression in (3.36) with exp(UV) replaced by 
(l/p\)(UV) p . The second way is simply to inspect the expressions for 
each term. They contain 5-functions which show that the process is 
elastic, one-phonon, two-phonon, and so on. This is the line we shall 
follow. 
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3.6 Coherent elastic scattering 

Bragg's law 

Replace exp(£/V> by 1 in (3.36) 

i^k?) -?tA exp<t/ 2 > I exp(i* . /) f exrf-irt) dr. 

(3.41) 
The integral with respect to f is 

[ exp(-i(ot)dt = 2nSM = 2nhS(hw) (3.42) 

(see Appendix A. 2). Since hat is the change in the energy of the 
neutron we see that the scattering is elastic. Thus 

|*'|-|*|, (3.43) 

and (3.41) becomes 

\dfidfj /„,!,,., 47T I 

We can immediately integrate with respect to E' to obtain the 
differential scattering cross-section dcr/dO. The energy E of the 
incident neutrons is fixed. Therefore 

dE' = -d(fcw), (3.45) 

and we have 

(*$ = f"(-^U dF 
ie i Jo \dnd£"/ cohe i 



\dW c 



= ^Nexp(t/ 2 )Iexp(iK.O- 

47T 1 



(3.46) 



(3.47) 



The lattice sum can be written in the form (see Appendix A.4) 

Iexp(iK./) = — IS(k-t), 
/ Vo T 

where v is the volume of the unit cell of the crystal, and t is a vector 
in the reciprocal lattice. Thus 

/dcr\ = ^* N Vll exp{ _ 2W)ls(K _ TX (348) 

VdO/cohel 47T Vo 

where 2W = -(U 2 ) = <{* . « (0)} 2 ). (3 .49) 

Eq. (3.48) tells us that the scattering occurs only when 

K = k-k' = r. (3.50) 
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This condition is the same as Bragg's law for X-ray scattering. So 
coherent elastic scattering of neutrons is simply Bragg scattering. 

We can represent (3.50) by a diagram in reciprocal space. Fig. 3.3 
shows the reciprocal lattice with the origin at O. AO represents the 
wavevector of the incident neutrons, and AB that of the scattered 
neutrons. Since the scattering is elastic, AO = AB. In general the 
point B does not coincide with a reciprocal lattice point, and there is 
no coherent elastic scattering (Fig. 3.3a). But for special orientations 
of k with respect to the crystal lattice (and hence to the reciprocal 
lattice), and for special scattering angles 0, B can coincide with a 
reciprocal lattice point (Fig. 3.3b). Coherent scattering then occurs. 
In Fig. 3.3b, OAB is an isosceles triangle with BO = r. Thus 

T = 2fcsin|ft (3.51) 

The vector r is perpendicular to a set of crystal planes. Its magnitude 
is 

r = n^, (3.52) 

a 

where d is the spacing of the planes, and n is an integer. Also 

k= — , (3.53) 



where A is the wavelength of the neutrons. Substituting these rela- 
tions in (3.51) gives 

n\=2dsinjd, (3.54) 

which is the familiar form of Bragg's law. 



Fig. 3.3 Bragg's law in reciprocal space, (a) k^t; no coherent elastic 
scattering, (b) k = t; coherent elastic scattering occurs. 
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Fig. 3.3b is more usually drawn as in Fig. 3.4, which shows the 
crystal planes acting as a mirror for the incident and reflected neu- 
trons. It can be seen that \d is the angle between k and the crystal 
planes. 



Debye-Waller factor 

The exponential term in (3.48) is known as the Debye-Waller factor. 
From (3.23) 



= 1 Pa I gl{\\a s a + s + at a s \\). 



(3.55) 



The last step follows because the matrix elements are zero except for 
terms with a s at and a^a s (see Appendix E.l). From (E.13) 

{\\a s at+aUs\*) = 2n s + l, (3.56) 

where n s is the quantum number of the sth oscillator for the state A. 
The form of p k in (2.51) shows that, in averaging over A, each term in 
the sum over s may be averaged independently. Thus from (3.25) 



2^ = ^X^Wl>. 
2MN s (o s 

It is shown in Appendix E.3 that 

<2n s + l) = coth(5ftw si 8), 



whence 



2MN 5 oj s 



(3.57) 

(3.58) 
(3.59) 



Cubic crystal. For a cubic crystal this expression can be developed 
further. If, for the same polarisation branch, we sum over all the q 
points related by symmetry, w s remains the same, and the mean value 



Fig. 3.4 Relation of k and k' to the planes of atoms (dashed lines) in Bragg 
scattering. 
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of (k. e s ) 2 is \k 2 . Thus 
2W = 



'■ i 

■I — coth(jftw s 0). 



(3.60) 



2MN 3 

This result may be expressed another way. For a Bravais crystal the 
mean-square displacement of an atom is independent of the lattice 
site. We may therefore write 

2W = ((k.u) 2 ) = k 2 (uI), (3.61) 

where u K is the component of u in the direction of k. This equation is 
true for any crystal. In general the quantity {u 2 K ) depends on the 
direction of k, but we can see from (3.60) that for a cubic crystal it is 
independent of direction. If u x , u y , u z are the components of u along 
three orthogonal directions, it follows that for a cubic crystal 

(u 2 x ) = (u 2 y ) = (u 2 z ) = h(u\ (3.62) 

where (u 2 ) is the mean value of u . Thus 

2W = W(u 2 ). (3.63) 

Since, for a cubic crystal, the Debye-Waller factor depends only on 
the frequencies of the normal modes and not on the polarisation 
vectors, it can be expressed in terms of Z(a>), the phonon density of 
states. The definition of this function is that Z(w) dw is the fraction of 
the normal modes whose frequencies lie in the range wtow + dco. So 



Z(w) do> = 1, 



(3.64) 



where a> m is the maximum frequency of the normal modes. The total 
number of normal modes is 3JV. We can therefore put 



I — coth$h<o s 0) = 3N 
Thus from (3.60) 



r-i 

Jo o> 



coth(M«>/3)Z(a>)dw. (3.65) 



-coth(!ft<u/3)Z(w)da). 



and from (3.63) 



<« 2 > = 



3ft 

2Af 



Jo o) 



coth(2ha>P)Z(a>)dw. 



(3.66) 



(3.67) 



Even for a non-cubic crystal the value of (k . e s f, averaged over the 
normal modes with the same value of a> s , is often close to 3K , in 
which case the above formulae for 2W and (u 2 ) are still approxi- 
mately correct. 
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Non-Bravais crystals 

We consider coherent elastic scattering from a non-Bravais crystal, 
i.e. a crystal with more than one atom per unit cell. Let the equili- 
brium position of the dth atom in the unit cell be d. The position of 
atom d in unit cell / is 

R ld = l + d + u(\ (3.68) 

where l + d is the equilibrium position of the atom, and «( ) is the 

displacement from equilibrium (Fig. 3.5). In general there is a 
different type of nucleus at each d position. So the mean value of the 
scattering length (i.e. the average over isotopes and nuclear spin) is 
different for each d position. Denote it by b d . We return to (2.68). 
The factor 



An 



= (bf 



(3.69) 



must now be taken inside the double sum over the atoms. With (3.68) 
the equation becomes 

Vdn dE')^ 

= T =-T 1 I SJS d - exp{iic .(l + d -I'- d')} 

xl (expj-iK.u( Oj|exp|iic.B( M) exp(-i<wr) dr. 

(3.70) 
This is the coherent cross-section for all processes, elastic and 
inelastic. 



Fig. 3.5 Position vectors of the atom l,d for a non-Bravais crystal: 
9 equilibrium position, O actual (instantaneous) position. 




/th unit cell 



Origin 
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The analysis then proceeds as for the Bravais crystal and gives the 
result (corresponding to 3.46) 

(^.\ =NZexp(iK.l)kb d exp(iK.d)exp(-Wd)\ , (3.71) 



KdnJc 



where 



MI«-»C))> 



(3.72) 



As before the quantity u( ) is expressed in terms of the displacements 
due to a set of normal modes. The equation corresponding to (3.10) ist 

«( I) = (^TT^V I T-{*«a. ex P( j « • D + elat exp(-i« . /)}. 

\d/ \2M d N/ s veil, 

(3.73) 

N is the number of unit cells in the crystal, and M d is the mass of the 
atom at position d. As before s stands for the double index q, j. e ds is 
the polarisation vector for the atom at position d for the mode s. The 
polarisation index /' takes values 1 to 3r, where r is the number of 
atoms per unit cell. The development of W d is similar to the Bravais 
case and leads to 

h 



W d = - 



;1 ^^< 2ns + 1) . 



AM d N' 

In (3.71) the sum over / is carried out as before and gives 
<dcr\ ^(2tt) 3 



VdO/cohel 



=Ap=^-i«(K-T)iF N (ior, 



where F N (#c) = I b d exp(iK . d) exp(- W d ). 

d 

F n (k) is known as the nuclear unit-cell structure factor. 



(3.74) 

(3.75) 
(3.76) 



Methods of measuring Bragg scattering 

The S -function is an elegant and powerful tool for working with 
highly peaked functions, but the expressions in (3.48) and (3.75) need 
some manipulation before they can be compared directly with the 
results of an actual measurement of coherent elastic scattering. In 
such a measurement we determine the intensity of a Bragg peak, i.e. 



t The normal modes of a non-Bravais crystal are discussed in Appendix G. See also 
Ghatak and Kothari (1972), Appendix C. 
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the integrated number of neutrons as, by varying some experimental 
parameter, we pass through the condition k = t. Owing to instru- 
mental resolution and mosaic spread in the crystal, the 5 -function in 
the theoretical cross-section is spread out into a peak with finite 
width. We shall assume that the collimation of the incident and 
scattered neutrons is always sufficiently relaxed for all the neutrons 
scattered into the Bragg peak to be counted. The quantity actually 
measured is therefore the total cross-section o~ tot (see Section 1.3). 

To calculate a- tot we have to integrate dcr/dO with respect to O over 
all directions in space, i.e. 



-L (£ 



Un/ C 



(3.77) 



Consider the case where neutrons of wavevector k are incident on a 
crystal, so that the angle ip between Jfc and a specific reciprocal lattice 
vector t is fixed (Fig. 3.6). Put 

P = k-r. (3.78) 

Then p is also fixed, and 

p 2 = fc 2 + T 2 -2fcTcosi£. (3.79) 

The integration in (3.77) is over all directions of k', with k' fixed and 
equal to k, i.e. over the sphere shown in Fig. 3.6. We need consider 
only the 5-function term in (3.75), i.e. 



J <5(K-T)dfi= [s(p-Jfc')dn. 



(3.80) 



Fig. 3.6 Integration of the function 8(k - t) over all directions of k' in Bragg 
scattering. 




3.6 Coherent elastic scattering 39 

The integral is zero unless p = fc', so it can be written as 

\s(p-k')dQ. = cS(p 2 -k' 2 ). (3.81) 

The value of the constant c is obtained as follows. We note that 
8(p-k') is a 3-dimensional 5-function, i.e. 

\s{p-k')dk' = l, (3.82) 

where the integral is taken over all k' space. Now 

j S{p - Jfc') dk' = J S(p - Jfc') dO k' 2 dk' 

= \c^8{p 2 -k' 2 )k'd(k' 2 ) = \cp. 

2 



Therefore 



whence f S(K-T)dil = -S(p 2 -k' 2 ) = -S(p 2 -k 2 ). 

J p p 

From (3.75), (3.77), (3.79), and (3.85) 

r (27r) 3 2 



o-, otT =JV- 



-|F N (T)rS(r -2/ctcos.A). 
v P 



(3.83) 
(3.84) 
(3.85) 

(3.86) 



We now calculate the intensity of the Bragg peak for three standard 
methods, originally devised for the scattering of X-rays. 

Laue method. Neutrons in a fixed direction {DO in Fig. 3.7), but with 
a continuous range of wavelengths, are incident on a crystal of fixed 
orientation. The angle between the scattered neutrons and the 



Fig. 3.7 Diagram for the Laue method. AB = AO, CT = CO. 

<T 
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incident direction is set to the value 

6 = Tr-2tl>. (3.87) 

For a general value of k (AO in Fig. 3.7) there is no Bragg scattering. 
The wavevector of the scattered neutrons is AB, and BO (k) does not 
equal TO (t). But for the particular value 

k=; 



7, (3.88) 

2 cos t/f 

represented by CO in Fig. 3.7, k is equal to t, and the Bragg 
condition is satisfied. The incident neutrons contain a continuous 
range of k values, but only the particular value given in (3.88) 
appears in the scattered beam. This is a standard method of obtaining 
neutrons with a single k value. 

Let the flux of incident neutrons with wavelengths between A and 
A +dA be <£(A)dA. Then the intensity for the peak corresponding to 
t, i.e. the number of neutrons per second in the scattered beam, is 

P = j(MA)o-, otT dA 
= W^HF n (t)| 2 f-5(T 2 -2fcrcosi/f)<A(A)dA. (3.89) 

DO J P 

Change the variable of integration to 

x = 2kr cos i/f. 



Then, since 



A=^ 
A k' 



dx 



dA = -|?difc = -, a 

k k 2t cos i// 



(3.90) 
(3.91) 

(3.92) 



As usual, when an integrand contains a 5-function the remaining 
terms are evaluated at values for which the argument of the 8- 
function is zero. We therefore put 

p = k, r = 2k cos ip, (3.93) 

and obtain the result 

r (27T) 3 77<MA)|F N (T)| 2 



P = N 2 



v 



V A 4 



k cos ip 

F N (r)| 2 , 



(3.94) 



where V = Nv is the volume of the crystal. The value of A to be 
inserted in (3.94) is that of the scattered neutrons. 
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Rotation of crystal. In this method of measuring a Bragg peak, a 
monochromatic beam of neutrons of wavevector k is incident on a 
crystal that can be rotated. The scattering angle d is set to satisfy the 

relation r = 2ksm\e. (3.95) 

The crystal is rotated about an axis perpendicular to the plane 
containing k and k', so that the reciprocal lattice vector t remains in 
that plane. 

Let k, k' and t be represented by AO, AB and TO respectively 
(Fig. 3.8). As the crystal is rotated, i.e. as the angle i/f between k and t 
is varied, the point T traces out a circle, and Bragg scattering occurs 
as T passes through B. We again assume that, although 6 is nominally 
fixed, the instrumental range of is sufficiently large for all the 
scattered neutrons to be counted as iff is varied. The counting rate as a 
function of ip is known as a rocking curve. 

If $ is the flux of the incident neutrons, the integrated number of 
scattered neutrons per unit time in the Bragg peak is 

P = $>\ o- totT di// 

Jo 

= W-^-<&|F n (t)| 2 r^5(T 2 -2fcTCOS<A)d</ f . (3.96) 

l>0 JO P 

Put x = 2fcTCOStA, with dx = -2kr sin tfi di/^. (3.97) 

The integral is evaluated, again with the relations in (3.93), giving the 
result 

(3.98) 



p = N VlL<t>\ FN(T f/Q, 



Vo 



Fig. 3.8 Diagram for the method of crystal rotation. 

r 
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where 



Thus 



Nuclear scattering by crystals 
Q = k 2 r sin >p = fe 3 sin 20 = k 3 sin 6. (3.99) 

P = ^4-z\F N (rf, (3.100) 

t) sin 



where A is the wavelength of the incident neutrons. 

We are often interested, not in the absolute intensity of a Bragg 
peak, but in the relative intensity of two different Bragg peaks in the 
same crystal. If Pi and P 2 are the intensities of peaks for reciprocal 
lattice vectors Ti and t 2 , and 0\ and 6 2 are the corresponding scatter- 
ing angles, then 

Pi jF^inf /sine, 

Pi 



(3.101) 



\F n (t 2 )\ /sin6 2 ' 

It may be noted that to observe a Bragg peak corresponding to a 
particular t, the value of k must be greater than 2 r, otherwise (3.95) 
cannot be satisfied. 



Powder method. A monochromatic beam of neutrons with wavevector 
k is incident on a powder sample, i.e. a sample of many small single 
crystals with random orientations. For a specified value of |t| (<2fc), 
the wavevector k' of the scattered neutrons lies on a cone, known as a 
Debye-Scherrer cone (see Fig. 3.9). The axis of the cone is along *: 
and its semi-angle 6 is given by (3.95). Only those microcrystals 
whose t vectors lie on a cone with axis along k and semi-angle 

<A = k-i0 (3-102) 

contribute to the scattering. 

The direction of k is fixed. For each microcrystal, the vector t 
points in any direction in space with equal probability. Thus the 



Fig. 3.9 Debye-Scherrer cone for Bragg scattering from a powder. 
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probability that the angle between t and k lies between </> and ili + di// 
is 27r sin i/t dtl//4n. Again we assume relaxed collimation. Then the 
total cross-section for each cone is 

o- totT (cone) = AT-^- £l |F n (t)| 2 f 5(T 2 -2fcr cos i^sin d0 
v k T Jo 



v 
V A 



Do 4 sin 2 6 



T^Z|F N (T) 



(3.103) 



The sum over t is the sum over all reciprocal lattice vectors with the 
same value of |t|. 

If the neutron detector is at a distance r from the target and has an 
effective diameter d, it intercepts a fraction d/2n r sin 6 of the neu- 
trons in the cone. The counting rate is therefore 



P = <D- 



2irr sin 6 
where <t> is the incident flux. 



CtotT(cone), 



(3.104) 



3.7 Coherent one-phonon scattering 

Cross -sections 

We return to the scattering from a Bravais crystal. The coherent 
one-phonon cross-section is obtained from (3.36) by taking the term 
(UV) in the expansion of exp{(UV)}. From (3.23) and (3.24) 

(\\UV\\)=Z(M(g0.+g*t)(h,-a.-+h*-al>)\X). (3.105) 

The matrix elements on the right-hand side are zero except for terms 
with a s at and ata s . For these terms we have from (E.13) 

(A\a s aU\) = n s + l, (\\at a s \\) = n s . (3.106) 

Thus (\\UV\\) = lZg s h*(ns + l)+g s hsn s . (3.107) 



From (3.25), (3.26) and (3.107) we have 
(UV) = l.gtf(n,+l) + gJi,(n,) 



~rl^^-[exp{-i(«,/-<a.f)}<n. + l> 

2MN s <» s 

+exp{i(q. l-iost )}</i s >] . 



(3.108) 
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The expression for the coherent one-phonon cross-section is 

dV \ 

I ph 
CTcoh k' N 
47 



\dnd£7 cohl , 

r -— -exp(-2W)Zexp(iK./) f (UV) exp(-ia>t) dt 



— ^T^exp^^ZexpOK./)!^^ 

47T K 4-TTM I , <0 S 



[ [exp{-i(q.I-w s t)}(n s + l 



+ exp{i(g .l-(o s t)}(n s )] exp(-iwf)df. (3.109) 

The cross-section is the sum of two terms which arise from the two 
terms in the square brackets. Consider the first term. The integration 
with respect to t is 



exp{i(w s - o))t] dt = 2tt8(o) - ca s ). 



The summation with respect to / is 



lcxp{i(K-q).l}J^-lS(K-q-r). 

I t) t 



(3.110) 



(3.111) 



Thus the cross-section for the first term is 
\dQ,dE')r 



da \ 
^dnd£"J coh 



_ (Teh k' (2tt) 3 1 ou/xv^"-*') 2 / u 

H~T ^T7exp(-2W)XI^ ~(n s + l) 

47T k v 2M stCJ, 

xS(a>-o) s )8(K-q-T). (3.112) 

Similarly the cross-section for the second term is 

(— ) 
\dndJS7eoh-i 

_(r coh k' (2tt) 3 1 on/xvv^-^) 2 / V 

-171^7 2M exp( - 2M/) ??^r <nj> 

x8(a>+a>,)8(K+q-T). (3.113) 

The cross-section (3.112) contains the factors 8(a>-w s ) and 8(k- 
q - t). So for scattering to occur two conditions must be satisfied: 



k = T + q. 



(3.114) 
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From the definition of to (2.42), the first condition is 

E-E' = ha> s , (3.115) 

i.e. the energy of the neutron decreases by an amount equal to the 
energy of a phonon for the sth normal mode. So the scattering 
process is one in which the neutron creates a phonon. It is known as 
phonon emission. The energy for the phonon comes from the kinetic 
energy of the neutron. Eq. (3.115) can be written in the form 

h 2 



2m 



(k-k u ) = hco s . 



(3.116) 



The second condition in (3.114) is 

k-k' = r + q, 



(3.117) 

q is the wavevector of the normal mode s. This equation may be 
regarded as an expression of conservation of momentum. If we 
multiply (3.117) by h, the quantity h(k-k') is the change in the 
momentum of the neutron, while h(r + q) is the momentum imparted 
to the crystal. However there is no physical significance to the 
separate terms fir and hq. 

The cross-section (3.113) contains the term 8(a) +a) s ) and 8(k + 
q - t). The conditions that must be satisfied here are thus 



2m ( 
k-k' 



■k 2 ) = hu>;, 



(3.118) 



q. (3.119) 

In this process the neutron annihilates a phonon in the sth normal 
mode. The energy of the phonon goes into an increase in the kinetic 
energy of the neutron. The process is known as phonon absorption. 
Coherent one-phonon scattering may be regarded as elastic scat- 
tering in the frame of a crystal, whose atoms are displaced from their 
equilibrium positions with a sinusoidal variation given by the wave- 
vector q, and which is moving with the wave velocity of the phonon, 
i.e. a> s /q, in the direction of q. The condition for constructive inter- 
ference for waves scattered by a sinusoidally modulated lattice gives 
(3.117) and (3.119), while transforming the velocities of the incident 
and scattered neutrons in the crystal frame to their values in the 
laboratory frame gives the energy equations (3.116) and (3 . 1 1 8) - see 
Example 3.6. An optical analogue of the interference condition is 
provided by Fraunhofer diffraction from a grating which is ruled 
incorrectly, so that the spacing of the lines, instead of being constant, 
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has a sinusoidal variation. The main spectra are flanked by faint 
spectra known as ghosts. The wavevectors of the main spectra satisfy 
k = t, while those of the ghosts satisfy K = r±q. 
We may note the factors (n s + l) and (n,) in the cross-sections 

(3.112) and (3.113). As T^O, («, + l)-» 1 and (n s )^0. So the cross- 
section for phonon absorption tends to zero as the temperature tends 
to zero. This must be the case, because when the crystal is at zero 
temperature all the normal-mode oscillators are in their ground 
states. Thus there are no phonons to be absorbed. 

It is straightforward to generalise the expressions in (3.112) and 

(3.113) to non-Bravais crystals. The cross-section for coherent one- 
phonon emission becomes 



*'.) -llS^.i 



^dO d£7 coh+1 k 2v 

x(n s + l)S((o-(o s )S(K-q-T), 



^77F ex P( _ W d )exp(i* . d)(K .e ds )\ 

d V Ma 



(3.120) 



with a similar expression for the absorption cross-section. The nota- 
tion is the same as on p. 37. 



Measurement of phonon dispersion relations 

One of the most important applications of the coherent one-phonon 
scattering process is to measure the phonon dispersion relations for 
the crystal, that is, the frequency <o s as a function of wavevector q and 
polarisation index /'. Before the advent of neutron scattering tech- 
niques these relations were largely unknown. Measurements of 
quantities like the specific heat give some average value of w s for all 
the normal modes, but not the detailed function itself. 

Suppose we do the following experiment. We allow a beam of 
monoenergetic neutrons to fall on a single crystal and measure the 
velocity distribution of the neutrons scattered in a fixed direction. 
The experiment is a straightforward one and can be done on a 
time-of-flight apparatus (see Brugger, 1965). Consider the 
measurements in reciprocal space (Fig. 3.10). The vector it (AO in 
the figure) is fixed relative to the reciprocal lattice of the crystal. Since 
the scattering angle is fixed, the vector k' lies along the line AD. The 
velocity of the scattered neutrons is proportional to k' . So analysing 
the scattered neutrons according to their velocity is equivalent to 
measuring the cross-section as a function of k'. 



3. 7 Coherent one-phonon scattering 
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Consider the process of phonon absorption. To obtain coherent 
one-phonon scattering we must satisfy (3.118) and (3.119). Suppose 
we select an arbitrary value of k', e.g. AB in Fig. 3.10. If (3.119) is to 
be satisfied that fixes q to be the vector TB. But in general none of the 
values of <a s for the normal modes with this wavevector satisfies 
(3.118). It is only for certain discrete values of k' (AC in the figure) 
that both conditions are satisfied, and coherent one-phonon scatter- 
ing occurs. 

Fig. 3.11 shows a graphical construction for obtaining these values 
of k' from the dispersion relations. Since k is fixed, the value of cj s 
required to satisfy (3.118) is a quadratic function of fe' (curve 1 in the 
figure). If (3.119) is also to be satisfied, each value of k' fixes q, and 
we may therefore plot the dispersion relations as functions of k'. 
They are indicated schematically in the figure. Whenever curve 1 
crosses one of the dispersion curves, both (3.118) and (3.119) are 
satisfied. Curve 2 represents co s as a function of k' for (3.116), and 
when it crosses a dispersion curve the two conditions (3.116) and 
(3.117) for one-phonon emission are satisfied. 

It is readily shown that whatever the form of the dispersion curves 
the two conditions for one-phonon absorption must be satisfied for at 
least one value of k' for each polarisation branch in every scattering 
direction. For k' = k, the value of « s in curve 1 in Fig. 3.11 is zero, 
and hence less than the values on the dispersion curves at that k' 
value. As k' becomes large, <a s becomes large for curve 1 and even- 
tually must be greater than the values on the dispersion curves, 
because the latter cannot exceed <u m , the maximum frequency of the 
normal modes in the crystal. Since all the curves are continuous, 
curve 1 must cross each of the three dispersion curves at least once. 
The same reasoning does not apply for one-phonon emission, and 
this process may not occur in some scattering directions. 

If k and the crystal orientation are kept constant, the values of k' 
that satisfy the pair of conditions for one-phonon scattering define 
what is known as a scattering surface. There is one such surface for 
each polarisation branch. Sections through the scattering surfaces of 
aluminium for two values of k are shown in Fig. 3.12. 

The curves in Fig. 3.12 are calculated from a set of theoretical 
dispersion relations for aluminium. But experimentally we proceed in 
the reverse direction. For fixed k, crystal orientation, and scattering 
direction, we measure a value of k' at which a coherent one-phonon 
peak occurs. We then substitute into (3.116)-(3.119), and hence 
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Fig. 3.10 Diagram in reciprocal space for coherent one-phonon scattering; 
• reciprocal lattice point. 




Fig. 3.11 Coherent one-phonon scattering: diagram for determining values of 
k' for fixed k, </», and 6. 




Absorption 
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Fig. 3.12 Sections through the scattering surfaces of aluminium in the (001) 
plane (a) for incident neutrons of wavelength 6.74 A, and (b) for incident 
neutrons of wavelength 1.08 A. (Squires, 1956.) 
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crystals. The object of the measurements is to obtain information 
about the interatomic forces. A variety of methods have been pro- 
posed for interpreting the results. Some employ empirical models 
with force constants treated as adjustable parameters; others are 
based on more physical models. A systematic survey of the experi- 
mental results, together with a review of the theories, will be found in 
Venkataraman, Feldkamp, and Sahni (1975). For a briefer account 
see Cochran (1973). 



Polarisation vectors 

We may note the term (K.e s f in the cross-sections (3.112) and 
(3.113). From measurements of the intensities of the peaks for one- 
phonon scattering, it is possible, in principle, to deduce the polariza- 
tion vectors e s . There have not been many systematic measurements 
of this kind, but Brockhouse et al. (1963) have reported some on 
sodium and germanium. 

In general the vectors e s corresponding to a given wavevector q are 
not related in a simple way to the direction of q. But in certain cases 
there is a simple relation. For example, if q lies in the (001) plane of a 
cubic crystal, one of the e s is along the [001] axis. If the scattering 
geometry is arranged so that if is in the (001) plane, (k . e s ) is zero for 
this mode. The result is sometimes used in one-phonon measure- 
ments to eliminate the effects of one of the polarisation branches. 

Anharmonic forces 

Although ideally the velocity spectrum of neutrons scattered in 
coherent one-phonon processes is a set of S -functions, in practice the 
peaks have finite widths. The broadening arises from several factors. 
The first is the resolution of the apparatus. The wavevectors k and k' 
have a finite spread in magnitude and direction. Secondly the crystal 
has a mosaic spread. The third and most interesting reason is that the 
interatomic forces in the crystal are not truly harmonic. 

The analysis of the displacements of the atoms from their equili- 
brium positions in terms of a set of non-interacting normal modes is 
only correct for pure harmonic forces. In fact the forces have an 
anharmonic component (otherwise the crystal would not expand on 
heating) which causes the normal modes to interact with each other. 
The energy in a mode does not remain constant, but is gradually 
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transferred to other modes. Thus the mode is represented in time by a 
damped sinusoidal wave, which means that its frequency is no longer 
sharp. It is spread over a finite range; the greater the anharmonic 
component, the greater the spread. Hence the scattered neutron 
groups occur, not at a sharp value of k', but over a range of values. 
As the temperature of the crystal is raised, the anharmonic 
component of the forces increases, and the widths of the neutron 
peaks increase. By measuring the widths we can study the anhar- 
monic contribution to the forces. In addition to broadening the 
frequencies of the normal modes, anharmonic forces also produce 
changes in the mean values of the frequencies. Both effects have been 
measured. A discussion of the theory of anharmonic forces in crys- 
tals, together with references to experimental work, will be found in 
Cowley (1968). 



3.8 Coherent multiphonon scattering 

The coherent two-phonon cross-section is obtained from (3.36) by 
taking the term (l/2!)<t/V) 2 in the expansion of exp<t/V). It can 
readily be shown that the cross-section contains two S -function terms 
which give rise to the equations 



— (k 2 -k' 2 ) = h(±co Si ±(o S2 ), 
2m 



(3.121) 



k-k' = r±q l ±q 2 . (3.122) 

Both conditions must be satisfied. The neutron is scattered having 
simultaneously created or annihilated a single phonon in two 
different normal modes. 

In the one-phonon process we saw that for fixed k, scattering angle, 
and crystal orientation, scattering occurs only for discrete values of 
k'. However, in the two-phonon process, if we select an arbitrary k' 
within a certain range, we can always find combinations of two 
normal modes whose q and a> s values satisfy (3.121) and (3.122). So 
two-phonon scattering does not give rise to peaks in the velocity 
spectrum of the scattered neutrons. It gives a continuous spectrum; in 
other words it adds to the background (Fig. 3.13). This is fortunate, as 
it enables us to separate the effects of one- and two-phonon scat- 
tering. 

For higher phonon processes, we get two equations like (3.121) 
and (3.122) with additional terms - w S3 , q 3 and so on. It is true, a 
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fortiori, that for an arbitrary value of k' we can find combinations of 
normal modes to satisfy the two equations. 



3.9 Incoherent scattering 

The basic expression for the incoherent scattering cross-section is 
given in (2.69). We consider a Bravais crystal and put 

R,(t) = l + u,(t). (3.123) 

Then 

I I <exp{-i#c . R,(0)} exp{iK . Ri(t)}) exp(-iwf) df 
= N (exp{-i#c . «o(0)} exp{i* . iio(f )}) exp(-i&>f ) df 

= N (exp U exp V > exp(-iwf) df, (3. 124) 

where U = -i*c . « (0), and V = \K.u (t). (3.125) 

In summing over / in (3.124) we have used the result that for a 
Bravais crystal all the terms in the sum are equal. U is the same as the 
previous U, denned in (3.23). V is the previous V (3.24) evaluated 
at / = 0. From (3.35) 

(exp U exp Vo> = exp<[/ 2 > e\p(UV ). (3.126) 

Thus 

(d^) inc - S 7 2^ exp<f/2) I e *v {UVo) exp( " i<ur) dt - 

(3.127) 
As before exp(C/V ) is expanded in powers of (UV ). The pth term 
corresponds to a p -phonon process. 

To calculate the incoherent elastic scattering we replace exp(UV Q ) 
by unity in (3.127) and use the results (3.42) and (3.43). We then 
integrate with respect to E', and obtain the result 

Q incc r^ Nexp( ~ 2W) - (3128) 

The only dependence of this cross-section on the scattering direction 
is in the Debye-Waller factor, which depends on k. At low tempera- 
tures the Debye-Waller factor is close to unity, and the scattering is 
almost isotropic. 
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The incoherent one-phonon cross-section is obtained from (3.127) 
by replacing exp(UV ) by (UV ). From (3.108) 



{UVo}= wN-¥ K - e ° ): 



{(n s + 1) exp(i&)jf) + (n s ) exp(-iw s f)}, 



(3.129) 



(K.e s f 



(d^) inclph = 4^T2if eXp( - 2W/) ? 

x{(n s + l)S(a)-co s ) + (n s )S((o+(o,)}. (3.130) 
The first term in the curly brackets corresponds to phonon emission 
and the second to phonon absorption. 

Consider the emission cross-section. It contains only one 5- 
f unction, 8(a> -<o s ). Thus only the energy condition 



2m 



(k 2 -k' 2 )=ha> s 



(3.131) 



needs to be satisfied. For incoherent scattering there is no inter- 
ference condition like (3.117). Therefore, for a given k, 6, and crystal 
orientation, incoherent one-phonon scattering occurs for a continu- 
ous range of k' values. For a given k', we get scattering from all 
normal modes whose co s values satisfy (3.131). The cross-section 
therefore depends on the number of modes that have the correct 
frequency. We can express the cross-section in terms of the phonon 
density of states Z(o>). 



i dV \ 
Vdnd£7i 



(Tine k' 3N 



exp(-2W) 



((*.e s )\ 



•Z(o»X« + l>, 



Air k 2M 

(3.132) 
where a> = (E-E')/h, (3.133) 

and (n + l) = |{coth(jftw/8) + l}. (3.134) 

The quantity ((#c . c s ) 2 ) av is the value of (k . e s f averaged over all the 
modes with frequency co. For a cubic crystal 

((.K.e,)\ v = W, (3.135) 

and the incoherent one-phonon cross-sections are given by 
d 2 v 



VdfidE'A 



T 25 T 277" 2 exp(-2W)^{coth(iM0± 1}. 
47T k 4M <o 



Vdfl dE'. 

(3.136) 

By measuring the incoherent one-phonon scattering as a function 

of E' for a cubic crystal, the phonon density of states may be 
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determined. The method has been used for vanadium where the 
scattering is almost entirely incoherent (<r coh = 0.02 x 10~ m , a inc = 
5.0 x 10" 28 m 2 ). Some results are shown in Fig. 3.15. A basic difficulty 
of the method is that incoherent scattering from multiphonon pro- 
cesses also occurs. Both one-phonon and multiphonon processes give 
incoherent scattering over a continuous range of k' values, and it is not 
easy to estimate the contribution of the latter. 

To obtain the incoherent cross-sections for non-Bravais crystals we 
proceed as in Section 3.6. The elastic cross-section is 



do-\ 
dn/i, 



= NZ{b 2 d -(b d f}exp(-2W d ). 



(3.137) 



The incoherent one-phonon emission cross-section is 
XdfldE/inc+i k d 2M d 



x£ '"•**' <w, + l>a(6»-a».). (3.138) 
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3.10 Multiphonon cross-sections - approximation methods 

We have seen that the measurement of one-phonon cross-sections 
provides useful information. From coherent one-phonon scattering 
we may obtain dispersion relations. From incoherent one-phonon 
scattering we may determine the phonon density of states - at any 
rate for a cubic crystal. Multiphonon processes do not in general 
give useful information. They just add to the background scattering. 
Nevertheless we sometimes need to estimate their cross-sections, if 
only to subtract their contribution to the total scattering. There are 
two basic difficulties. The first is that as the energy E of the incident 
neutron increases and as the temperature T of the crystal increases, 
the convergence of the phonon expansion becomes progressively 
worse. The second is that, as the number of phonons in the scattering 
process increases, the cross-section - especially the coherent one - 
becomes more and more laborious to calculate. Several approxima- 
tion methods have been devised to overcome these difficulties. We 
shall mention two. 



Fig. 3.15 Phonon density of states of vanadium from measurements of 
incoherent scattering. (After Glaser era/., 1965.) 
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Incoherent approximation 

We write the cross-sections for a process in which p phonons are 
exchanged between the neutron and the crystal in the form 



.dad°B') cohp -<7cohFcohf 
(dn^L D =<7incFincp ' 



(3.139) 



(3.140) 



KdSldE'. 
Then the incoherent approximation is to assume that for p ^ 2 

F cohp = F incp . (3.141) 

Fcohp is made up of terms from atoms / and /' with both / = /' and 
/ 5* /', while Fi nc p is made up only of terms / = /'. The justification for 
the incoherent approximation is that for processes involving two or 
more phonons the cross-sections for both coherent and incoherent 
scattering are smoothly varying functions of the scattered energy, the 
incident energy, and the scattering angle. It therefore appears that 
the interference terms / 5* /' in the coherent cross-section cancel each 
other to a large extent. 

The usefulness of the approximation is that it is much easier to 
calculate F incp than Fcohp. So to calculate (d 2 cr/dOdF') cohp we 
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calculate F mcp and multiply by <T coh . For a discussion of the validity of 
the approximation see Placzek and Van Hove (1955). 



Mass expansion 

The mass expansion is a method of calculating the total cross-section 
- defined in (1.13) - for incoherent scattering by a powder sample or 
polycrystal. This cross-section is the sum of the elastic and inelastic 
terms. We have seen that the phonon expansion corresponds to 
expanding the term exp(l/V ) in the expression for the cross-section 
in (3.127). Placzek (1954) pointed out that provided M, the mass of a 
nucleus in the crystal, is large compared to m, the mass of the neutron, 
a more rapidly converging series is obtained by taking the Debye- 
Waller factor exp(t/ 2 ) together with exp(UV ) and expanding exp y, 
where y = (U 2 ) + (UV ). This is the mass expansion, so called 
because y is proportional to m/M. As the neutron energy E and the 
crystal temperature T rise, the total elastic cross-section falls, 
because (U 2 ) (which is a negative quantity) becomes numerically 
large, and the Debye-Waller factor becomes small. On the other 
hand, the inelastic cross-section rises, because (UV ) (a positive 
quantity) also becomes large, t However the quantity y remains rela- 
tively small. 

The evaluation of the terms in the mass expansion is usually made 
on the basis of the Debye approximation, i.e. all the normal modes 
are assumed to have the same velocity, irrespective of wavevector 
and polarisation. The cross-section, in units of cr inc , is then a function 
of the three parameters m/M, x = (E/k B D ) 1/2 , and = T/0 o , where 
f? D is the Debye temperature of the crystal. Algebraic expressions for 
the first few terms are given in Placzek (1957), and a table of 
numerical values for a range of x and is given in Marshall and 
Lovesey (1971). 

The mass expansion may be used in conjunction with the inco- 
herent approximation to obtain an estimate of the total coherent 
cross-section. However, care is needed at low incident energies, when 
the incoherent approximation is a poor one for elastic scattering. The 
total incoherent elastic cross-section is a smoothly varying function of 
the neutron energy, whereas its coherent counterpart shows dis- 

t It may be noted that as E tends to zero the elastic cross-section tends to a constant, 
but the inelastic cross-section does not tend to zero. As E becomes small compared 
to ho> m the inelastic cross-section starts to rise, being proportional to 1/k. 



Examples 
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continuities as the various crystal planes start to contribute to the 
scattering. In that case the total incoherent elastic cross-section, 
calculated from (3.128), is subtracted from the mass expansidn esti- 
mate to give the inelastic term. The incoherent approximation is then 
applied to the latter. The total coherent elastic cross-section is 
obtained separately by summing the expression in (3.103) over all t 
(other than zero) for which r < 2k. 



Examples 

3.1 (a) Derive the dispersion relation (G.4) for a one-dimensional 
crystal of identical atoms with harmonic forces. 

(b) Derive the expressions (G.12) and (G.13) for the kinetic and 
potential energies of the crystal. 

(c) Show that the time-averaged values of the kinetic and potential 
energies are equal. 

3.2 Show that as the temperature becomes large (k B T»hw) the 
expression given in (3.19) and (3.20) for the probability function of a 
harmonic oscillator tends to the classical expression. 

3.3 Show that, for a cubic Bravais crystal, the Deby e-Waller factor 
exp(-2W) depends on 1/wfor k B T«hw m , and l/co 2 for k B T»ha> m , 
where the average is taken over all normal modes. 

3.4 Prove that, for a cubic Bravais crystal having a Debye frequency 
spectrum with Debye temperature D , the mean square displacement 
of an atom is given by 

9 h 2 1 
AM k B D ' 

h 2 T 



(u 2 ) = - 



T«e D , 



<«"> = 9 



M k B 6l' 



T»6 r 



3.5 (a) Estimate the rms displacement of an atom in copper at 
T = 20K, and at T = 1000 K. 

(b) Neutrons are Bragg scattered by the (111) plane in a copper 
crystal. By what factor does the intensity of the peak diminish when 
the temperature of the crystal is changed from 20 K to 1000 K? 
(Assume a Debye spectrum with D = 320 K. Copper has an atomic 
weight of 64 and a face-centred cubic structure with cube side = 
3.61 A.) 
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3.6 Coherent one-phonon scattering may be regarded as elastic 
scattering in the rest-frame of a moving crystal whose atoms are 
displaced with a sinusoidal variation. Show that, if the position of 
atom / in a Bravais crystal is given by 

Rt-l + A cos(q . 1), where A . k « 1, 
and the velocity of the crystal is (o s /q in the direction of q, this picture 
leads to the relations 



k-k' = T±q, 



— (k 2 -k' 2 )=±ha> s . 
2m 



3.7 The point t = is always a point on the coherent one-phonon 
scattering surface. (It corresponds to the undisturbed incident beam.) 
Show that whether it is an isolated point, or whether the scattering 
surface for a given polarisation branch exists in the neighbourhood of 
t = 0, depends on whether the velocity of the incident neutrons is less 
or greater than the velocity of sound for the branch. (Assume for 
simplicity that the velocity of sound c is independent of the direction 
of propagation.) 

3.8 Show from the form of the coherent one-phonon absorption 
cross-section that for fixed k' this cross-section is proportional to \/k 
(i.e. to 1/v) as k tends to zero. Interpret this result physically. 



Correlation functions in nuclear scattering 



In the present chapter we relate the cross-sections for neutron scat- 
tering to thermal averages of operators belonging to the scattering 
system. The thermal averages can be expressed in terms of what are 
known as correlation functions. These functions are not only useful 
for calculating various properties of the scattering system, but they 
also provide insight into the physical significance of the terms that 
occur in the scattering cross-sections. This formulation of the subject 
is due primarily to Van Hove (1954). The calculations are quite 
general and refer to any system, solid, liquid, or gas, for which the 
scattering can be divided into coherent and incoherent parts. 



4.1 Definitions of /(*, t), G{r, t), and S(k, m) 

We start with the expression (2.68) for the coherent scattering cross- 
section before we particularised it to a crystal target. 

ilrf^) " T* T T^ f * < expH " • *'' (0)} exp{iK • *> W}) 
VdftdiJ/coh 4ir k 2irn J /,•• 

xexp(-i<wf) dt. (4.1) 

We define a function I(k, t), known as the intermediate function, by 



/(*, - t?I <exp{-iK . RHP)} exp{i« . R,(t)}), 
Nu> 

where N is the number of nuclei in the scattering system. 
We next define functions G(r, t) and S(k, <d) by 



61 



(4.2) 



G(r, t) = -i-5 f /(«, exp(-i« . r) dx, (4.3) 

(2ir) J 
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3.6 Coherent one-phonon scattering may be regarded as elastic 
scattering in the rest-frame of a moving crystal whose atoms are 
displaced with a sinusoidal variation. Show that, if the position of 
atom / in a Bravais crystal is given by 

Ri = I + A cos(q . I), where.A.#tf«l, 
a'nd the velocity of the crystal is <o s /q in the direction of q, this picture 
leads to the relations 



k-k' = r±q, 



— (k 2 -k' 2 )=±h<o s , 
2m 



3.7 The point t = is always a point on the coherent one-phonon 
scattering surface. (It corresponds to the undisturbed incident beam.) 
Show that whether it is an isolated point, or whether the scattering 
surface for a given polarisation branch exists in the neighbourhood of 
t = 0, depends on whether the velocity of the incident neutrons is less 
or greater than the velocity of sound for the branch. (Assume for 
simplicity that the velocity of sound c is independent of the direction 
of propagation.) 

3.8 Show from the form of the coherent one-phonon absorption 
cross-section that for fixed k' this cross-section is proportional to 1/fc 
(i.e. to \/v) as k tends to zero. Interpret this result physically. 



Correlation functions in nuclear scattering 



In the present chapter we relate the cross-sections for neutron scat- 
tering to thermal averages of operators belonging to the scattering 
system. The thermal averages can be expressed in terms of what are 
known as correlation functions. These functions are not only useful 
for calculating various properties of the scattering system, but they 
also provide insight into the physical significance of the terms that 
occur in the scattering cross-sections. This formulation of the subject 
is due primarily to Van Hove (1954). The calculations are quite 
general and refer to any system, solid, liquid, or gas, for which the 
scattering can be divided into coherent and incoherent parts. 



4.1 Definitions of I(k, t), G(r, t), and S(k, to) 

We start with the expression (2.68) for the coherent scattering cross- 
section before we particularised it to a crystal target. 

(Jr7F) =1TT^1, f I <expH*.*/(0)}exp{iK. *,(*)}> 

\ailaE/ coh Att k 2irn J //■ 

xexp(-uof) elf. (4.1) 

We define a function I(k, t), known as the intermediate function, by 



/(*, t) = - 1 <exp{-i*c . R0))} exp{iic . *,■(*)}>, 
N a- 

where N is the number of nuclei in the scattering system. 
We next define functions G(r, t) and S(k, <v) by 



G{r, t) = -—5 | I(k, t) exp(-i* . r) d#c, 
(2tt) J 



(4.2) 



(4.3) 
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S(#f,tt)) = T— - [ I(k, t)exp(-ia>t)dt. (4.4) 

2irn J 

From the inverse relations for Fourier transforms (Appendix B.l) 

I(k, t)=[ G(r, t) exp(i#c . r) dr, (4.5) 

I(k, t)=h\ S(k, <o)exp(ia)t)d<o. (4.6) 

Thus 

Gir, 0=77—3 [ S(K,(o)exp{-i(K.r-o)t)}dKda), (4.7) 
(2tt) J 

S(k, <d) = — - [ G(r, f)exp{i(K.r-a>f)}drdf. (4.8) 

27TH J 

G(r, r) is known as the time -dependent pair-correlation function of the 
scattering system. S(k,<o) is known as the scattering function of the 
system. t It can be seen that, apart from a constant factor, S(k, w) is 
the Fourier transform of G(r, t) in space and time. The intermediate 
function I(k, t) is the Fourier transform of G(r, t) in space, and 
S(k, id) is the Fourier transform of I(k, t) in time. Note that I(k, t) is 
dimensionless, G(r,t) has dimensions [volume] - , and S(k, a>) has 
dimensions [energy] - . 
We define the self intermediate function by 

/.(«, = ^1 <exp{-i* . R,(0)) exp{iic . Jt,(f)}>. (4.9) 

Similarly we define 

Gs(r, t) = — !-5 f /,(k, exp(-iK . r) die, (4.10) 

(27T) J 

5i(K,o>) = r— r I I s (k, t) exp(-i(ot) dt. (4.11) 

27rn J 

G s (r, t) is known as the self time -dependent pair-correlation function, 
and Sj(k, o>) is known as the incoherent scattering function. 
Eqs. (4.1), (4.2), and (4.4) give 



f d(T \ (Teh k' 

^dndF) coh = 47I Ar5( ' f ' w) - 



(4.12) 



t It is also known as the scattering law, though why a function should be called a law is 
a mystery to the author. 
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Similarly (2.69), (4.9), and (4.11) give 

(-£y) -5s*w,<*.). (4.i3) 

\dfld.E/i n c 47T k 
The functions S(k, m) and 5 : (k, w) are thus closely related to the 
coherent and incoherent scattering cross-sections. 



4.2 Expressions for G(r, t) and G,(r, t) 

We develop the expression for G(r, t). The algebra is straightforward 
though rather formal. From (4.2) and (4.3) 



G(r '' )= (2^M eXpHK - r)dK 



(4.14) 



(2^) J 
x I <exp{-i* . Jl r (0)} exp{iK . *,(*)}>. 

Put <exp{-iK . U,-(0)} exp{iK . Rj(t)}) 

= [{S{r'-R i {0)}exp(-iK.r')e\p{iK.R i (t)})dr'. (4.15) 

Then 

G(r,t) = -^— 3 ^l\(s{r'-Rr(0)} 

x| j exp{-i»f.r-iK.r' + iK.-i?,(0}dK \dr'. (4.16) 

From (A. 13) the integral in the square brackets has the value 

(2tt) 3 S{r' + r-Ri(t)}. 
Thus 

G(r, 0-^1 [ (SW'-RiiOmr' + r-Riimdr'. (4.17) 

N w J 

By similar reasoning we arrive at the result 

G s (r, = ^Z f (8{r'-Ri(0)}8{r' + r-Ri(t)})dr'. (4.18) 

N j J 

The operators H/-(0) and Rj(t) do not commute, except when t = 0. 
This follows from the definitions 

R,{0) = R r , Ri(t) = exp(iHt/h)RiexpHHt/h). (4.19) 
The Hamiltonian H, which is a function of the position and momen- 
tum operators of all the nuclei in the scattering system, contains the 
operator p,« (momentum of nucleus /")■ Rf does not commute with p,-, 
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and hence it does not commute with Rj(t). It is therefore necessary to 
preserve the order of the operators and keep /?,(0) on the left of 
Rj(t). We have done this in the preceding algebra. 

If we ignore the fact that R,{0) and Rj(t) do not commute we can 
carry out the integration in (4.17). The result, known as the classical 
form of G(r, t), is 

G c \r, t) = ^Z(8{r-R i (t) + R i {0)})- (4.20) 

We could have obtained this result directly from (4.14). If /?,(0) and 
Rj(t) are allowed to commute, we can put 

exp{-iK . R r (0)} exp{i#c . R,{t)} = exp[-iK • {Rr(P)-Rj(t)}] (4.21) 

in (4.14), and (4.20) follows immediately. 

Assume for simplicity that all the nuclei are equivalent. Then, for 
fixed /", the sum over / in (4.20) gives the same value whatever the 
value of /". So the sum over /' is N times the term with /" = 0. Thus 



G c V,0 = X<S{r-*,(r) + flo(0)}>. 



(4.22) 



We conclude from this equation that G c \r, t) dr is the probability 
that, given a particle at the origin at time t = 0, any particle (including 
the origin particle) is in the volume dr at position r at time t. Similarly 

G?(r, t) = {S{r-R o (t) + Ro(0)})- (4.23) 

Thus G? (r, t) dr is the probability that, given a particle at the origin 
at time t = 0, the same particle is in the volume dr at position r at 
time t. 

From these interpretations of G d (r, t) and G?(r, t) it must be the 
case that 

[ G c \r, t) dr = N, [ G? (r, dr = 1 . (4.24) 

These results may be verified from the expressions in (4.20) and 
(4.23). It follows from (4.17) and (4.18) that G(r, t) and G s {r, t) also 
satisfy the relations 

[G(r,0dr = N, [ G s (r,t)dr=l. (4.25) 



At/ = 



R r (0) = R f and * / (0) = * / . 



(4.26) 



4.3 Analytic properties of the correlation functions 
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The two operators commute, and we have 

G(r,0) = Z(8(r-Ri+Ro)) 



where 



=«(r)+g(r), 

g(r)= X (S(r-Ri + R )). 



(4.27) 
(4.28) 



g(r) is known as the static pair-distribution function. It gives the 

average particle-density with respect to any particle as the origin. 

Similarly 

G s (r,0) = S(r). (4.29) 

It should be noted that the expression for the cross-section in (4.1) 
is valid only when there is no correlation between the scattering 
length and the nuclear site. When there is such a correlation, for 
example for a crystal composed of more than one element, the 
scattering lengths have to be included in the expressions for I(k, t) 
and the other functions. The resulting expression for G c \r, t) does 
not then have the simple probability interpretation of the expression 
in (4.22), owing to the presence of the scattering lengths, which act as 
weighting factors. We shall confine the discussion to simple systems 
where the mean value of the scattering length is the same for all the 
nuclear sites. 



4.3 Analytic properties of the correlation functions 

It is not possible to derive exact expressions for the functions I(k, t), 
G(r,t), S(k,cj), except for the very simplest scattering systems. 
Approximations have to be made. It is therefore important to estab- 
lish the basic analytic properties of the functions in order to check 
that the approximate functions have these properties. 
We define an operator 

p(r,t)=ZS{r-R,(t)}, (4.30) 

/ 

It gives the number density of particles at position r at time t and is 

known as the particle -density operator. From (A. 13) we can express 

the operator in terms of its Fourier transform 



where 



p(r, = 77-3 I P«(0 exp(i« . r) die, 
(2tt) J 

p K (0 = Iex P {-iK.ic,(r)}. 



(4.31) 
(4.32) 
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The integral in (4.31) is over all reciprocal space. Since Rj(t) is a 

Hermitian operator 

P + (r,t) = p(r,t), 



P Ut) = P-*(t). 



From (4.2) and (4.32) 



/(*,/) = -<p K (0)p_ K (0>, 



(4.33) 
(4.34) 

(4.35) 
(4.36) 



and from (4.17) and (4.30) 

G(r,t) = ^(p(r',0)p(r' + r,t))dr'. 

We may use the properties of the particle-density operator p(r, t) 
to prove the following results : 

/(*,?) = /*(*,->), (4.37) 

G(r,t)=G*(-r,-t), (4.38) 

S(k,w) = S*(k,oj), (4.39) 

I(K,t) = I(-K,-t + ihp), (4.40) 

G(r,t)=G(-r,-t + ihp), (4.41) 

S(K,(o) = exp(h<oP)S(-K,-w). (4.42) 

From (C.21) the complex conjugate of I(k, t) is obtained by reversing 

the two operators in (4.35) and taking their Hermitian conjugates. 

Eqs. (4.34) and (D.13) then give 

/*(«,-0 = ^<Pk(0)p- k (0> = /(",')• 

Eq. (4.38) follows from (4.3) and (4.37), and (4.39) from (4.4) and 
(4.37). 
From (4.35), (D.13), and (D.14) 

I(*,t) = j;(p«(0)p- K (t)) = ±(p- K (t)p K (ihl3)) 

= -(p- K (0)p K H + W)) = H-K,-t + ihl3). 

Eq. (4.41) follows from (4.3) and (4.40). From (4.4) and (4.40) 

S(k, «) = — — \ 1(-k, -t + ihp)exp(-icot)dt 

= exp(ha>@)- — - I(-k, t') exp(iwf') At' 
2irn J 

= exp(ftwj8)5(-K, —o>). 
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It may be noted that it is the quantum properties of the scattering 
system that cause G(r, t) to be complex. To obtain G*(r, t) we simply 
reverse the order of the two Hermitian operators in (4.36). For a 
classical system these two operators commute, and G{r, t) is real. 

We next define three new functions J(#c, t), 6(r, t), S(k,w) as 
follows 

7(k, t) = I{K, t+jihp), 



G(r, t) = ——5 [ /(*, t) exp(-iK . r) d#c, 
(2tt) J 

S(k, <u) = — r I /(k, t) exp(-iarf) dt. 
2irh J 



(4.43) 
(4.44) 

(4.45) 



(4.46) 
(4.47) 
(4.48) 
(4.49) 
(4.50) 



Note that the functions <5(r, t) and 5(k, w) are defined in terms of 
/(k, t) in exactly the same way as G(r, t) and S(k, co) are defined in 
terms of I(k, t). The object in defining the new functions is that, as 
will be shown, (3(r, t) is a real function and serves as a link between 
G a (r, t), which is also real and which may be calculated from some 
physical model of the scattering system, and the complex G(r, t). 
The following results are readily proved: 

6(r,t)=G(r,t + 1 2ihp), 
S(k, w) = expHftwj8)S(K, w), 

I(K,t) =I(-K,~t) = I*(K,-t), 

G(r,t)=G(-r,-t)=G*(r,t), 
S(k,(o) = §(-k,-u>)=S*(k,u)). 

Eqs. (4.46) and (4.47) follow from the definitions of I(k, t), &(r,-t), 
and S(k, w). In deriving (4.47) the variable for the time integration 
is changed as in the derivation of (4.42). From (4.37), (4.40), and 
(4.43) 

I(k, t) = I(K, t + kih0) = I(-K, -t + |ift/?) = /(-K, -t) 
= I*(K,-t+khl3) = I*(K,-t). 

Eqs. (4.49) and (4.50) then follow from (4.44) and (4.45). 
For many scattering systems 

G(r,f)=G(-r,/). (4.51) 

This relation is true for all disordered systems - gases and liquids. It is 
also true for polycrystals, and single crystals with a centre of sym- 
metry. If we assume (4.51), the previous equations, together with 
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(4.4) and (4.5) give 



I(K,t)=I(-K,t), 

S(k,co) = S(—k, co), 

I(K,t)=I(-K,t)=I(K,-t), 

6(r,t)=G(-r,t)=G(r,-t), 
S(k, co)=S(~k, co) = S(k, -co). 



(4.52) 
(4.53) 
(4.54) 
(4.55) 
(4.56) 



Eq. (4.53) is the complement of (4.51). If the correlation function for 
the particles in the scattering system is the same when r is reversed, 
then the scattering properties of the system must be the same when k 
is reversed. 

For all scattering systems, the functions (5(r, t) and S(k,co) are 
real. If the relation (4.51) holds, then I(k, t) is also real, and the three 
functions /(k, f), G(r, t), and S(k, co) are even in each of their two 
variables. Further, from (4.38) and (4.51) 

G(r,0 = O*(r,-r). (4.57) 

Thus the real part of G(r, t) is even in /, while the imaginary part is 
odd in t. 

4.4 Principle of detailed balance 

Eq. (4.42) is known as the principle of detailed balance. It is an 
important result, and we give an alternative derivation, which shows 
more clearly its physical significance. 

If the 8 -function expressing conservation of energy in (2.40) is 
retained and not expressed as a time integral, the coherent scattering 
cross-section has the form 

(— ) 

\dnd£"/ coh 

= T £!l -rIPAl|x<A'|exp(iK.U,)|A>| 8(E x -E x +hto). (4.58) 

Comparing this equation with (4.12) and using the explicit form of p k 
in (2.51) we obtain 

1 I I 2 

S(k,co) = — Sexp(-EA/8)I(A'|exp(iK.«,)|A) 8(E x -E x +hco). 

r<iz, aa' I / I 

(4.59) 
To make the discussion definite let w be a positive quantity, i.e. let 
the neutron lose energy in the scattering process. For every transition 
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of the system that contributes to S{k, co), the initial state A has energy 
too less than the final state A' (Fig. 4.1a). 

Consider now the function S(-k, -co) where co is the same positive 
quantity. This represents a process in which the neutron gains energy. 
The transitions of the system are between the same pairs of levels as 
for the previous process, but now A ' is the initial state and A is the 
final state (Fig. 4.1b). Thus 
S(-k, -co) 

1 I I 2 

= — X exp(-£A<|3) I<A|exp(-iK.*,)|A'> 8(Ey-E,-hco) 

NZ AA' I / ' 

1 I I 2 

= exp{-(E A .-.E A )|8}— 1 exp(-E*0) I<A'| exp(iK . R,)\X ) 

rsZ. AA' i / ' 

x8{E K -E K +hto) 

= exp(-M3 )S(k,w). (4,60) 

In the middle line of the last equation we have used (C.3), which in 
the present context expresses the physical result that, for a pair of 
states in the scattering system, the a priori probabilities that the 
neutron will bring about a transition in either direction are the same. 
The probability of the system being initially in the higher energy state 
is lower by the factor exp(-fca>/3) than its probability of being in the 
lower energy state. Hence the function S(-*c, -co) is less than S(k, to) 
by this factor. 

For scattering systems for which reversal of k has no effect, the 
principle of detailed balance is 

S(K,-co) = cxp(-hcoP)S(K,co). (4.61) 

Fig. 4.1 Principle of detailed balance: diagram showing transitions for (a) 
S(k, to), where to is positive, and (b) S(-k, -to), where to is the same positive 
quantity. 
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Schofield's prescription for G(r, t) 

We have mentioned that in general it is not possible to calculate 
G(r, t) exactly from the atomic properties of the scattering system. 
Instead, we proceed by setting up a physical model and deriving 
G c \r, t), the classical form of G(r, t), from it. However, this cal- 
culated G c (r, is not a good approximation for G(r, t), because for 
many systems G c \r, t) is real and even in r and /. If we take G(r, t) to 
be real and even in r and t, then from (4.8) 

S(k,(o) = S(-k,-o>). (4.62) 

The result violates the principle of detailed balance. 

Schofield (1960) suggested that a better approximation is to 
assume 

G(r,t)=G Q \r,t). (4.63) 

We know that the correct G(r, t) is real and even in r and t. So if we 
put G(r, t) equal to the calculated G c, (r, t) and then use the result 

G(r,t) = 6(r,t-kihp), (4.64) 

the resulting S(#c, w) will satisfy the detailed balance condition. 

4.5 Scattering from a single free nucleus 

To illustrate the various functions denned in the present chapter we 
consider the simplest possible case, namely scattering by a single free 
nucleus of mass M. By this we do not mean an isolated nucleus, but 
one that is a member of an ensemble at temperature T. 

We start with the expression for the cross-section obtained from 
(2.40) 

j2 , , 

dndE' = b2 J^ Px £ ' <A '' e *P(>«- •K)!*)! 2 *^ -Ey+ha). (4.65) 

b is the scattering length of the nucleus, and R is its position vector. 
The first point to note is that the matrix element <A'| exp(i#c . J?)|A> is 
zero unless momentum is conserved in the scattering process. To see 
this we suppose the neutrons and the nuclei in the scattering system 
to be confined to a box of volume Y. Since the nuclei are free, their 
state functions are plane waves, i.e. 



|A> = 7 ^exp(if.Jf), 



(4.66) 



where £ is the wavevector of the nucleus, £ like k (the wavevector of 
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the neutron) is periodic in the box. Then 

(A 1 exp(i* . *)|A > = \z [ exp{i(* + £-£').R} dR. (4.67) 

Y Jbox 

The integral is zero unless 

K = k-k' = £'-£. (4.68) 

(The reasoning is the same as in (A.15).) Multiplication of this equa- 
tion by h gives conservation of momentum. If the condition is 
satisfied 

<A'|exp(iK.«)|A>=l. (4.69) 



Thus 
and 



I|<A'|exp(iK.fl)|A>| 2 =l, 

e=*+£. 

,2 j.il\ 



(4.70) 
(4.71) 
(4.72) 



Then E x -E, = ^{e-e)=-^ 2 ^ K .£). 

The function S(k, cj) is obtained from (4.12) and (4.65). 
S(k,o>)=I px|<A'|exp(iK.*)|A>| 2 «(E*-E A . + *6>) 

AX' 

= l P( s\h<o-^(K 2 + 2K.£)\. (4.73) 

The initial energy of the nucleus is ft 2 | 2 /2M. The probability p ( of the 
nucleus having wavevector £ is therefore proportional to 
exp(-fc 2 f 2 /3/2M). Thus 

„, x f exp( -h 2 £ 2 l3/2M)8{ha> - (ft 2 /2M)(x 2 + 2k . £)} d£ 
S{K ' a)= Iexp(-ft 2 ^/2M)df ^' V 



-<&r-\~&'M 



where 



E r = 



>2 2 

n k 

1m' 



(4.75) 
(4.76) 



The integrals in (4.74) are evaluated by taking cartesian coordinates 
in £ space, with one of the axes in the direction of k. 

The expressions for I(k, t) and G(r, t) follow from (4.3), (4.6), 
(B.6), and (B.7). They are 

7(K,0 = exp{-/<V(0/2}, ( 4 - 77 ) 

G(r, t) = {2w 2 (f)}- 3/2 exp{-r 2 /2a 2 (0}, (4-78) 

where a 2 (t)=t(t-ihp)/M0. (4.79) 
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The functions I(k, t), G(r, t), and S(k, to) are obtained from (4.43), 
(4.46), and (4.47). The results are 

/(*, t) = exp{-* 2 <r 2 (0/2}, (4.80) 

G(r, t) = {27r& 2 (tT 3/2 exp{-r 2 /2a 2 (t)}, (4.81) 

where & 2 {t) = (t 2 +\h 2 p 2 )/Mp. (4.83) 

Eq. (4.75) shows that, for a fixed value of k, S(k, <o) is a Gaussian 
function of to, centred on hto = E r . From the results in Appendix 1.2 



j S(#c,w)d(n<u)=l, 
S(k, «)nw d(hto) = E T , 
j S(K,to)(hto) 2 d(hto) = — -+E 2 . 



(4.84) 
(4.85) 
(4.86) 



The following points may be noted: 

(i) For a single nucleus the functions G(r, t), I(k, t), and S(k, to) 
are identical with their self counterparts. Although we have been 
considering scattering from a single nucleus, the results apply also to 
a perfect gas of identical atoms. For such a system Gs(r, t), I s (k, t), 
and S,(k, to) are the same as for a single nucleus, and G(r, t) differs 
from G s (r, t) only by a constant independent of r and t. It follows that 
for a perfect gas the functions I{k, t) and I s (k, t) are essentially the 
same. They differ only by a term proportional to 8{k). The same is 
true for the functions S(k, to) and Sj(k, to). 

(ii) I(k, t) and G(r, t) are complex functions, while I(k, t) and 
G(r, t) are real and even in both their arguments. S(k, to) and S(k, <o) 
are both real, and the latter is even in k and <o. 

(iii) In Example 4.1 it is shown that for a perfect gas the classical 
form of G s (r, t) is 

G? (r, t) = {2 iral (t )}~ 3/2 exp{-r 2 /2 < r 2 , (f )}, (4.87) 

where <rl(t) = t 2 /M0, (4.88) 

which we see is the limiting form of G(r, f) and G(r, t) for a single 
nucleus asfc->0or/3->0(r-» oo). 
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(iv) S(k, a)) may be calculated from G(r, t) by means of (4.8). If we 
put G(r, t)=Gf(r, t), the resulting expression for 5(k, w) is 

5(.,»)-(^)'%(-^). <-> 

It can be seen that this violates the principle of detailed balance. If 
we adopt the Schofield prescription and put G(r, t) = G?(r, t), the 
resulting expression for S(k, o>) is 

s<«,«)-(j^)" 2 ^|-i;(» ! »'-2»^,)}. (4.90, 

This expression does satisfy the principle of detailed balance and is a 
good approximation (for E T « hco) to the correct expression in (4.75). 



4.6 Moments of the scattering function 

The energy moments of the scattering function S(k,w) may be 
obtained experimentally and often provide a useful check on the 
measurements. We define the nth moment by 

S„(k) = \ S(k, w)(ftw)" d(n<w). (4.91) 

From (4.2), (4.5), (4.6), and (4.27) we have the following results for 
the zeroth moment 

SoO) = f S(K, to) d(no>) = /(k, 0) (4.92) 



= iJ; I <exp{i«. (*,-*,■)}> 



(4.93) 



= 1 + f g(r) exp(iK . r) dr. (4.94) 

For the incoherent scattering function 

[ Si(K,w)d(no;) = />,0)=l. (4.95) 

An expression for the higher moments of S(k,io) is obtained from 
(4.6) 

S 1 (k)=\ S(K,< W )na>d(n w ) = yj-/(ic,o) ( _ o > (4-96) 

and in general 



««>=(?ri>4 



(4.97) 
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We consider the first moment. From (4.35), (4.96), and (D.6) 
[^ S(k, co)hc d (^) = |^(p-(0){^P- K W} ( ) 

= -^(Pk(0)[ P - k (0),//]), (4.98) 

where H is the Hamiltonian of the scattering system. In Section 4.5 
we showed that for a perfect gas of identical atoms 



S(k, a))ficD d(ha)) = 



>2 2 

n k 

2Af ' 



(4.99) 



where M is the mass of an atom. The usefulness of this result is that it 
is true, not only for a perfect gas, but for any system, provided the 
interactions between the atoms depend only on their positions R t and 
not on their momenta. This result follows from the form of (4.98). 
The additional term in the Hamiltonian due to the interatomic forces 
commutes with p-„(0) - since the latter depends only on the positions 
Rj - and hence contributes nothing to the right-hand side of (4.98). 
Eq. (4.99) has a simple physical interpretation for a perfect gas. 
Consider a neutron scattered with change of wavevector k due to a 
collision with a single nucleus. Then by conservation of momentum 
hK=p'-p, (4.100) 

where p and p' are the momenta of the nucleus before and after the 
collision. The gain in the kinetic energy of the nucleus is 



^(p' 2 V) = ^(*V + 2ft P .K). 



(4.101) 



For fixed k, the average of p . k is zero. Therefore the average gain of 
energy of a nucleus, sometimes termed the recoil energy, is 



E r = 



2M 



(4.102) 



Thus 5i(#c) is the mean energy transferred from the neutron to the 
nucleus. 

The result (4.99) applies also to the incoherent scattering function 
Sj(k, to). This follows because, for a perfect gas, the coherent and 
incoherent scattering functions are essentially the same, and by the 
previous reasoning \ S,(k, u>)h<D d(ftw) is the same for all systems with 
velocity-independent interactions. 

The expressions for higher moments have been derived by Placzek 
(1952). He showed that for an isotropic system the second moment of 
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the incoherent scattering function is 

f Si(K, <o)(h<of d(ha,) = %E T K+ E r 2 , 



(4.103) 



where K is the mean kinetic energy of a nucleus. For a classical 
system 

K = ^-, (4.104) 



2/3' 



and (4.103) becomes 



S i (K,a>)(hwfd(ha>) = -^+El (4.105) 

which is the same as the result (4.86) for a perfect gas. The general 
expression for the second moment of the coherent scattering function 
is more complicated. The leading terms are the same as for the 
incoherent scattering function, but there are additional quantum 
terms arising from correlations between the momenta of different 
nuclei. Expressions for the second and higher moments of the two 
scattering functions may be found in Placzek (1952) and in Rahman 
et al. (1962). The results for the moments of the scattering functions 
are known as sum rules. 



4.7 Relation between elastic scattering and I(k, oo), G(r, oo) 

We now show that elastic scattering is directly related to the functions 

I(k, t), G(r, t) evaluated at t = oo. The relations lead to some useful 

results. Elastic scattering does not occur for liquids or gases (see 

Chapter 5) so the present discussion refers to scattering by a solid. 

We consider the functions I(k, t) and S(k, w) for some fixed k and 

drop the symbol k. The function /(f) tends to the same limit as f tends 

to ±oo. Put 

/(f) = /(oo) + /'(f), (4.106) 

where /(oo) is the limiting value of /(f), and /'(f) is the time-depen- 
dent part which tends to zero as f-»±oo. This is indicated schematic- 
ally in Fig. 4.2a, where /(f) is taken as real for the purpose of 
illustration. Then from (4.4) 

S(a>) = ^-\ {/(oo) + /'(f)}exp(-W)df 

= 7«(<u)/(oo) + ^-r f /'(')exp(-i<yf)df. (4.107) 
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Since ha> is the change in energy of the neutron, the first term on the 
right-hand side of (4.107) represents elastic scattering and the second 
term inelastic scattering (Fig. 4.2b). Note that the second term is not 
zero at a> = 0, but it is completely swamped by the first term. 
From (4.12) and (4.107) 



( dor \ (Tcoh JV 

UndE7 cohel 4tt ft v ' v ' 



Integrating this with respect to £" gives 



( do- 
^dnJ c 



\ = Q-cah 



4ir 



NI(k, oo). 



(4.108) 



(4.109) 



By definition 



I(k, °°) = T7 1 (exp{-iic . Rj{0)} exp{i* . fl,(oo)}>. (4. 110) 

Fig. 4.2 (a) Schematic representation of I(t). (The function is actually 
complex.) (b) S(a>), the Fourier transform of /(f). 



[a) 




Fourier transform 
of/(oo) 



(b) 
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But as f->oo the correlation between #?,(0) and Rj(t) becomes 
independent of /, and we have 



I(k, oo) = — X <exp(-i« . * f )><exp(iif . «/)). 



(4.111) 



Note that 

(expjiic . R,(t))) = <exp{iif . « ; (0)}) = (exp(iK . R,)). (4.1 12) 
This may be verified formally by writing (exp{i#<. Rj(t)}) in terms of 
the definition of a Heisenberg operator. But it is obvious on physical 
grounds, since the origin of t is arbitrary. From (4.109) and (4.111) 

(S =T £!l I<exp(-iK.fl r )Xexp(i,<.l? / )>. < 4 - 113 ) 
\dn/ cohe i 4ir ir 

It may be verified that for a Bravais crystal this is the same as (3.48): 

see Example 4.3. 

The same reasoning may be used to obtain an expression for 

G(r, oo). From (4.17) 



Therefore 



G(r, = ^1 f <8{r'-Rr(0)}8{r' + r-R,(t)})dr'. (4.114) 

G(r,co) = -J-I f (S(r'-R f ))(S(r' + r-R,))dr' 
N jf J 

= ^{<p(r')Xp(r' + r))dr', (4.115) 

where p(r) is the particle density operator at f = 0. The function 
G(r, oo ) is known as the Patterson function and is used as an aid to 
structure determination in X-ray scattering by crystals. t 

The coherent elastic cross-section may be expressed in terms of the 
Fourier transform of (p(r)). From (4.5) 

7V7(#c, oo) = n\ G(r, oo) exp(i#f . r) dr, 

= \(p (r')Xp (r' + r )> exp(iK . r ) dr ' dr (4.116) 

= J (p (r'))(p (r")> exp{iK . (r" - r')} dr' dr" (4.117) 
= |j(p(r))exp(iK.r)dr| . (4.118) 

t See for example Woolfson (1970), Section 8.3. 
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In taking the step from (4.116) to (4.117) we have put r" = r' + r. 
Since the integrals with respect to r and r" are over all space and are 
taken with r' constant, integrating with respect to r" gives the same 
result as integrating with respect to r. From (4.109) and (4.118) 



(S =7^|[<p(r)>exp(iK.r)drr. (4.11 

\dil/ co hel 47T I J 



9) 



For the incoherent elastic cross-section, the result corresponding to 
(4.109) is 



\<mJ in 



-NI s (k, oo) 



where 



and 



O-inc f 

= — N G s (r,oo)exp(iK.r)dr, (4.120) 

4lT J 

(4.121) 



h (k, oo) = — £ <exp(-iK . *y))(exp(iic . *,-)>, 

N j 



G s (r,°o) = ±Z^(8(r'-R i ))(8(r' + r-R i ))dr'. (4.122) 

Comparison of (3.128) and (4.120) shows that 
exp(-2W0 = / s (K, °°) 

= [ G s (r, oo) exp(i/f . r) dr, (4.123) 

i.e. the Debye-Waller factor is the Fourier transform of G s (r,oo). 



4.8 Static approximation 

We return to the discussion of the scattering by a general physical 
system and consider an important limiting case known as the static 
approximation. 
From (2.40) 

(d^d¥L = i?i? p ^i? <Aiexp(iK -*' )|A) r 

x8(E K -E k +E-E'). (4.124) 

E is the energy of the incident neutron and E' the energy of the 
scattered neutron. Suppose we fix k and the direction of the scattered 
neutrons, and consider the cross-section as a function of \k'\, see Fig. 
4.3. If k' lies in a small range of values, the value of E' is fixed. For a 
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given initial state A of the scattering system, the 5 -function term in 
the cross-section picks out certain final states A', namely, those whose 
energy is correct for conservation of energy. The sum over A ' is taken 
only over those states. For each successive interval of k', a different 
set of A ' states contribute to the scattering. In the development of the 
theory in Chapter 2 we changed the operator in the matrix element to 
a time-dependent one, and summed over all A'. The result was the 
same as if we had not changed the operator and summed over the 
correct limited number of A'. 

The static approximation is to ignore the term E K -Ey in the 
argument of the 5-function in (4.124). This has two consequences. 
Firstly, the cross-section becomes a S-function in (£-£"), i.e. the 
scattering is zero unless k = k'. Secondly, in the sum over A', instead 
of the matrix element for each A ' being evaluated at the correct value 
of k (determined by the value of k'\ all the matrix elements are 
evaluated at the same value of k, namely k , the value of k when 
k' = k. 

If the term E K -Ey is ignored in (4.124) the summation over A' 
may be carried out by the closure relation. 

I (A | exp(-iK . #,')|A '>(A '| exp(iK . Jfy)|A ) 

- (A | exp{iK . (Ri-RrM). (4.125) 



Fig. 4.3 Cross-section dV/dftdE' as a function of k' for fixed scattering 
angle. The cross-section is effectively non-zero over a range A/c' (shown •*-»). 
The static approximation is valid for (1) (Afc'« fe), but not for (2). 
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Thus 



(^)^r^^V xlexp{[Ko - (Ri - Rims(E - E,) - 



Integration with respect to E' gives 






4w 



NI(k , 0). 



(4.126) 

(4.127) 
(4.128) 



Alternatively, we may use the formalism of G(r,t) and S(k, oj). 
From (4.8) and (4.12) 

(d^L^f^i G(r ' /)exp{i(if - r - wf)}drdf - (4 ' 129) 

Again we keep the scattering angle, i.e. the direction of fe', fixed and 
integrate with respect to E'. In the correct calculation #c varies with 
E'. But in the static approximation the cross-section is a 5-function in 
(E'-E). So the only contribution to the integral comes from k =k . 
Since 



Thus 



E — E' = hoj, 
d 2 a \ s 



d£" = -h da). 



(4.130) 



\dn/ coh J \dnd£'L h d£ 



, j \dfld£"/ c 

q"coh N 

' 4v 2 



V f 

— G(r, t) exp{i(#c • r - a>t)} dr dt da 

IT J 

= ^N f G(r, t) exp(iK . r)S(t) dr dt 

4 IT J 

= V* AT f G(r, 0) exp(iK . r) dr 

47T J 



4-7T 



NI(k , 0) as before. 



(4.131) 



Note that although the static approximation gives elastic scattering, 
the resulting cross-section is not the same as the cross-section for true 
elastic scattering. The former - (4.127) - includes scattering for all 
final states A'. The latter - (4.113) - contains only terms with A' = A. 
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Condition for validity of static approximation 

Since, in the static approximation, k is replaced by k in the matrix 
elements of (4.124), the approximation will be a good one if, for 
values of k' not close to fe, the states A' specified by conservation of 
energy give matrix elements I,<A'| exp(i#< . JNf;)|A> which are small. 

The matrix elements become small as \E k --E k \ increases beyond a 
certain value, because for most scattering systems there is an upper 
limit to the amount of energy that can be transferred to the neutron. 
Call this upper limit E . For a crystal E ~hw m , where co m is the 
maximum frequency of a phonon. For a liquid E ~h/t , where t is 
the relaxation time for a disturbance in the liquid. The values of fe' 
therefore lie between a maximum and minimum value given by 



— (kL*-k 2 )~Eo, 
2m 



2m 



(k 2 -k 2 min )~E . (4.132) 



If the maximum and minimum values are not very different from the 
value of fe, (4.132) becomes 



— fe'Afc'-Eo, 



(4.133) 



where Afe' is the range of fe' (Fig. 4.3). Putting E = h 2 k 2 /2m gives 

m; Eo 

k ~ E' 



(4.134) 



The condition for the validity of the static approximation is Afe'« fe. 
From (4.134) this is equivalent to 

E «E, (4.135) 

i.e. the energy that can be transferred to and from the scattering 
system is small compared to the energy of the incident neutron. 

We may express this condition another way. If v is the velocity and 
A the wavelength of the incident neutron, 

E = hmv 2 ~hkv~^. (4.136) 

A 

The condition E «E therefore becomes 

i«-. (4.137) 

to A 

Now for scattering to occur other than in the forward direction A must 
be of the order of or larger than a, the interatomic spacing in the 
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scattering system. Thus 



-a — h, 

v v 



(4.138) 



where fi is the time taken by the neutron to cross from one atom to 
the next. So another way of expressing the condition for the validity 
of the static approximation is 

'i«fo, (4.139) 

i.e. the time taken for the neutron to cross from one atom to the next 
is small compared to the characteristic oscillation or relaxation time 
of the scattering system. 



Comments on scattering theory 

We bring together the basic results for the coherent cross-sections. 
General result: 

S(k,o)) = — — \ G(r, f)exp{i(K.r-«uf)}drdr. (4.141) 
Static approximation : 

= ^v{l + j"g(r)exp(iKo.r)dr}. (4.142) 

The last line follows from (4.27). 

Eq. (4.140) shows that the cross-section is essentially the product 
of two factors. The first factor o- coh depends on the interaction 
between the neutron and the individual particles in the scattering 
system. The second factor S(k, to) does not depend on the properties 
of the neutron at all, neither on its intrinsic properties - mass, energy, 
etc. - nor on its interaction with the particles in the scattering system. 
It is a property only of the scattering system and depends on the 
relative positions and motions of the particles in the system. These 
depend on the forces between the particles, and on the temperature 
of the system. 

This separation of the cross-section into two factors applies, not 
only to the scattering of thermal neutrons, but to the scattering of any 
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particle - X-rays, electrons, etc. - provided the Born approximation 
is valid for the scattering process, and there is no correlation between 
scattering length (or the equivalent physical parameter for X-rays, 
etc.) and atomic site. 

The scattering function S(k, <o) is the Fourier transform in space and 
time of G(r, t), the time-dependent pair-correlation function. When 
the static approximation applies, the cross-section is proportional to 
the Fourier transform of G(r, 0), the static pair-correlation function. 
The relevance of the time variation of the pair-correlation function 
comes from the interference aspect of scattering. Whatever the nature 
of the incident particles they may be regarded as waves. The waves 
scattered by the particles in the scattering system interfere, and their 
relative phases depend on the relative positions of the particles. 
Consider the scattering by two particles /' and /'. The incident wave 
reaches /' at time zero and / at time t. The phase difference between the 
two scattered waves depends on the position of atom/ at time t relative 
to that of /" at time zero. Hence the scattering depends on G(r, t). 
When the static approximation applies, the waves travel so fast that in 
the interval between the two scattering events the particle / has not had 
time to move. Hence the scattering depends on G(r, 0). 

For most condensed systems the characteristic time for oscillation 
or relaxation is 

f ~10" 13 tol0" 12 s. 

The atomic spacing a is ~10~ 10 m. For X-rays or light, travelling with 
velocity c, the time fi for the incident radiation to pass from one 
particle in the scattering system to the next is 

c 

Thus f i « t and the static approximation is valid. The scattering of 
light and X-rays can therefore give information only about G(r, 0), 
the static pair-correlation function. For thermal neutrons 

t>~10 3 ms"\ and fi~l(T 13 s. 



Thus the static approximation does not apply. The scattering of 
thermal neutrons gives information about G(r, t) for all values of t. It 
is this property that makes it such a useful tool for studying the 
properties of condensed matter. 



84 



Correlation functions in nuclear scattering 



Examples 

4. 1 Prove that for a perfect gas of atoms of mass M at temperature T 
the classical form of G s (r, t ) is 

Gf (r, = {Itral {t)}~ V2 exp{-r 2 /2ar 2 ci (t)}, 
where <r 2 , (f ) = f 2 /M0. 

4.2 Prove the following results for an isotropic harmonic oscillator of 
mass M and frequency co. 

/.for) = exp{-*:V(r)/2}, 



(a) 



G s (r, = {27r<7 2 (0}" 3/2 exp{-/- 2 /2o- 2 (r)}, 



where er 2 (r) = — — {coth(2ft«/3)(l -cos wf)-i sin cot}. 
Mco 



(b) 



I s (K,t) = exp{-K 2 a 2 (t)/2}, 



h 



where <? 2 (f) = — -{coth(2ft&>/lO _ cosech(2fta)0)cos cot}. 
Mco 

(c) The classical form of 7 s (#c, f) is 

/f(ic,0 = exp{-KV 2 l (0/2} > 



where 



o-ci (0 = ^T^(l " cos wf)- 



(d) The classical expression for (r (r)), the mean-square distance 
between the positions of the particle at times zero and t, is 

■> 6 

(rli{t)) = -^r-{\~co%cot). 

Comment. It follows from the above results that, for a cubic Bravais 
crystal, 7 s (#c, t) and G s (r, t) have the same form as for a single oscil- 
lator, with cr 2 (t ) given by 



a 2 (t) 



MJo 



■Z(*>) 



{coth(2^w/3)(l -cos a)f) - i sin wf} dco. (4.143) 



Similarly, the classical expression for the mean-square distance 
between the positions of an atom at times zero and t is 



tfw^sbi' 



■Z(«) 



(1-cos coOdw. 



(4.144) 
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4.3 Show that for a Bravais crystal 

I <exp(-iK . Jf,.)Xexp(iK . *)> 

w 

= N^- exp(-2 HO I *(" " t). 
fo t 

4.4 (a) The atoms of a cubic Bravais crystal have mean-square 
displacement (u 2 ). Show that the thermal average of the particle 
density operator is 

(p(r)) = (ttct 2 )- 312 I exp{-(r - /) 2 /a 2 }, 
i 

where o- 2 = |(m 2 ). 

(b) Hence or otherwise show that the self pair-correlation function 
at t = oo is 

G s (r, <x>)= (2irtr 2 T 3/2 exp(-r 2 /2cr 2 ). 

(c) If r is the distance between the positions of an atom at two 
instants a long time apart, show that 

(r 2 ) = 2(u 2 ). 

4.5 Show that for incoherent one-phonon scattering from a cubic 
Bravais crystal at high temperature (hcofi « 1) 

Z(co) 



Si(K,C0) = 



2Mhp 



exp(-2H0- 



Scattering by liquids 



5.1 Introduction 

The theory of the scattering of thermal neutrons by liquids is compli- 
cated, mainly because the liquid state itself is complicated. For a 
crystalline solid we have a relatively simple model, namely a perfect 
crystal with harmonic forces, which serves as a zero-order approxi- 
mation for more refined calculations. For a gas we have the perfect 
gas model - point particles in uncorrected motion. For a liquid 
neither of these extreme situations applies. 

Coherent neutron scattering gives information about the relative 
positions and motions of different particles in the liquid. From this 
scattering we may determine what is known as the structure of the 
liquid, which is, in effect, the static pair-correlation function g(r). 
Measurements of the coherent scattering at low values of momentum 
transfer also show effects due to excitations of cooperative modes in 
the liquid. Incoherent scattering depends on the motion of a single 
particle and is therefore easier to interpret. 

In the present chapter we give some of the basic results of theory 
and experiment. We restrict the discussion to classical monatomic 
liquids, and moreover confine the treatment of coherent scattering to 
that part that gives information on the equilibrium, as opposed to the 
dynamic, properties of liquids. Readers who wish to pursue some of 
the topics omitted here will find an excellent series of articles in 
Reports on Progress in Physics - by Allen and Higgins (1973) on 
neutron studies of molecular motion, by Woods and Cowley (1973) 
on liquid helium, and by Copley and Lovesey (1975) on the dynamic 
properties of monatomic liquids. See also Egelstaff (1967) and 
Powles (1973). A readable introduction to theories of the liquid state 
has been given by Pryde (1966). 
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5.2 No elastic scattering 

The first general result is that there is no truly elastic scattering by a 
liquid. From (4.108) the coherent elastic scattering is proportional to 



I(k, oo) = G{r, oo) exp(iK.r)dr, 



where 



G(r, oo) = 1 j* <p(r')Xp(r' + r)>dr'. 
For a liquid the density is uniform, i.e. 



<p(r)> = P=^, 



(5.1) 



(5.2) 



(5.3) 



where p is the mean number density, i.e. the number of particles per 
unit volume, N the total number of particles, and V the total volume. 
Therefore 

G(r,°o) = ±p 2 V = p. (5.4) 

Similarly G s (r, oo) is constant and given by 

G s (r,oo) = iL, (5.5) 

which is effectively zero since N is large. Putting G(r, oo) equal to a 
constant in (5.1) gives 

I(k, oo)oc5(*c). 
So elastic scattering occurs only for #c = 0. But this is not scattering at 
all; it corresponds to the incident neutrons continuing in the forward 
direction. The same result applies to the incoherent scattering. We 
therefore conclude that there is no elastic scattering - coherent or 
incoherent - from a liquid. 

The above reasoning shows that S(k, to) has a delta-function 
behaviour when k and <o are both zero. Since this feature does not 
correspond to actual scattering we remove it in the following way. 
The equation relating S(k, <o) and G(r, t) is 

S{k, co) = — - [ G(r, t) exp{i(#c . r - at)} dr dr. (5.6) 

Ltrh J 

We may express G(r, t) as the sum of G{r, oo), and a time-dependent 

term G\r, t) which tends to zero as t -* oo. Thus 

G(r, t) = G(r, °o)+G'(r, t) = p + G'(r, t). (5.7) 
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If we substitute this expression into (5.6), the p part gives rise to the 
term S(k) 8(co) that we wish to remove. We therefore put 

S(K,a>) = ~ f {G(r,t)-p}exp{i(K.r-a>t)}drdt. (5.8) 
2-rrn J 

It should be emphasised that the change from (5.6) to (5.8) has no 
effect on the results other than the elimination of the delta function at 

K=0. 



5.3 Coherent scattering 

The zeroth energy moment of S(k, w) is known as the structure factor 
and denotedt by S(k). From (4.94), modified according to (5.8), we 
have 

S(k)=\ S(K,(o)d(hw)=l+\{g(r)-p}e\p(ii€.r)dr. (5.9) 

We are confining the discussion to liquids^ for which g(r) depends 
only on \r\. Eq. (5.9) then becomes 

S(k)=1+2it\ r 2 {g(r)-p}dr\ exp(i*r cos 0)d(cos 6) 

Jo J-i 



4n f 
= 1+ — {g(r)-p}sin(Kr)rdr. 

K Jn 



(5.10) 



Limiting values of the structure factor 

We examine the limits of S(k) for large and small k. For large k, i.e. 
Ka » 1 where a is the mean distance between the atoms, the value of 
the integral on the right-hand side of (5.9) tends to zero. Thus 

5(oo)=l. (5.11) 

For k = we have 



S(0)=l + j{g(r)-p}dr. 



(5.12) 



The integral on the right-hand side is related to density fluctuations in 
the liquid. Consider a fixed volume V in the liquid. The number n of 

t S(k) was denoted by 5 («) in Section 4.6, but the subscript zero is usually omitted. 
t In the present chapter g(r) and G(r, t) depend only on the magnitude of r, and 

S(k, <o), S(k), and I(k, t) depend only on the magnitude of k. These functions, 

therefore appear with plain r and k in their arguments. 
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atoms in the volume fluctuates about its mean value n =pV. The 
quantity n is given by 



Jv Jv 



G(r 2 -r 1 ,Q)dr l dr 2 . 



(5.13) 



This follows because p dn is the a priori probability that there is an 
atom in the element of volume dri at r u and G(r 2 -r u 0)dr 2 is the 
probability that, given an atom at i*i, there is at the same time an 
atom in dr 2 at r 2 . From (4.27) 

G(r 2 -r l ,0)=8(r 2 -r 1 ) + g(r 2 -r 1 ). (5.14) 

Thus (5.13) becomes 

«*=«[ {fi(r2-ri) + g(r 2 -ri)}dr 2 

Jv 

= n\l + lg(r)dr}. 



From (5.12) and (5.15) 



5(0) = - 



(An) 2 



(5.15) 

(5.16) 
n n 

where An = n-n. (5.17) 

Instead of a fixed volume V containing a variable number of 
particles, we can consider a fixed number of particles whose volume 
V fluctuates about the mean value V. The previous number fluctua- 
tion is then related to the volume fluctuation by 

(5.18) 



(A») 2 



(avy 



where AV=V-V. (5.19) 

The fixed number of particles form a relatively small subsystem in the 
liquid, the rest of the liquid being at a fixed temperature T and 
pressure p - The temperature of the subsystem remains constant at T 
during the fluctuations, but its pressure p varies. If E is the mean 
internal energy of the subsystem and 5 its entropy, then at equili- 
brium the quantity G = E-T S+p V is a minimum.t and in the 
neighbourhood of the minimum can be expressed by a Taylor expan- 
sion as 

Oo(V)=G (V ) + (^) t AV + \(p) T( AVf + .. . . (5.20) 
t See Reif (1965), Section 8.3 for proof of this result and of (5.23) below. 
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The derivatives with respect to V are evaluated at V =V. At equili-r 
brium 

= -p+Po = 0, (5.21) 

which corresponds to the obvious result that at equilibrium the pres- 
sure of the subsystem is equal to that of the rest of the liquid. The 
second derivative of Go is 

d 2 G \ / dp\ 1 



\dV 2 JT \ 



8p\ 

dVJr Vki 



(5.22) 



where k t is the isothermal compressibility. 

The probability that the volume of the system lies between V and 
V + dVis 

/(V0dVocexp(-/3G o )dV, (5.23) 

where /3 = l/k B T . Thus from (5.20), (5.21), and (5.22) 



/(VOocexpj-^AV) 2 }, 



(5.24) 



which is a Gaussian centred at the mean volume V. The formula for 
the standard deviation of a Gaussian gives 

Vk t 



(avy=- 

Therefore, from (5.16) and (5.18) 



fi 



s(0)= p -^. 



(5.25) 



(5.26) 



1. 



(5.27) 



The results in the present section apply to gases as well as liquids. 

For a perfect gas 

1 pk t 

kt = — , and — — = 
P P 

These results agree with (4.84), which shows that for a perfect gas 

S(k) = 1 for all values of k. For a liquid, k t is much smaller than for a 

gas, and the value of S(0) is small compared to 1. 



Placzek corrections 

The most common method of measuring S(k) is to measure the 
effective differential scattering cross-section dcr/dft. A beam of neu- 
trons with wavevector k and energy E is incident on the liquid 
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specimen and the neutrons scattered into a small solid angle in a 
direction at an angle 6 to the incident direction are counted. The 
detector thus carries out the integration with respect to the final 
energy. The effective cross-section measured in this way is 



Vdfl/. 



-[ f(E' 

t Jo 



d(7 <Xco t 

dE = 

dO dE' 4ir 



C E/h k' 

hN\ /(£')- S(k,o>) do>, 



(5.28) 



where /(£") is the efficiency of the detector for neutrons of energy £". 
In the static approximation (dar/dfl) C f t is proportional to S(k). For, 
in this approximation, S(k, w) is effectively a delta function in w with 
its peak at w = 0. We then have 



/day = <Tcoh 
\dn/eff - 4tt 



hNfo S(kq, <w)da> 

J— 00 



4tt 



Nf S(K ), 



(5.29) 



where k is the value for k for elastic scattering, i.e. 
Ko = 2fc 2 (l-cos0), 



(5.30) 



and /o is the efficiency of the detector for elastically scattered neu- 
trons. 

In the correct calculation of (5.28) we have to allow for the varia- 
tion of k, k' and /(£") as <w varies. Placzek (1952) gave a method of 
calculating the corrections to the static approximation, valid when the 
mean value of hw is small compared to the incident energy E. It 
consists of expanding the integrand in (5.28) in powers of 



k 2 -k' 2 



ha) E-E _ 
X ~~E~ E ~~k 



(5.31) 



The calculation is simplifiedt if we assume that the efficiency of the 
counter varies as 1/fc'. Then 

(S =*rNhfS S(K,co)da>. (5.32) 

\dil/eff 47T J-oo 



t The algebra when /(£') is some general function of E' is straightforward, but longer. 
It is given by Yarnell el al. (1973). 
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(We have assumed that when hto = E, S(k, oj) is sufficiently small for 
the upper limit of integration in (5.28) to be extended to infinity.) Put 



L d(K ) J K = , 



2\l 8 2 (k 2 ) J. 



+ .. 



where 
Now 



(5.33) 
(5.34) 

(5.35) 

(5.36) 



A 2 2 

A = K -Ko. 

k 2 + k' 2 -2kk'cos0 
= 2k 2 -k 2 x-(l-x) U2 (2k 2 -K 2 ). 
Expanding (1 -x) 112 in powers of x and rearranging we have 

b, = -\Klx+i{2k 2 -K 2 )x 2 + .... 
Inserting (5.33) and (5.36) into (5.32) gives 

+-^2{(2k 2 -K 2 )S' 2 (K )+K* S'i(K )} + . . .]. (5.37) 

S„(/c) is the nth energy moment of S(k,o>) defined in (4.91), and 

SUko)=[^1 ■ (5.38) 

L d(K ) J K=(t0 

5i(/c) is given by (4.99), and S 2 (k) by (4.103). (We assume the 2nd 
moments of 5(k, w) and ^(/c, a>) are equal.) Eq. (5.37) then gives 

where m is the mass of the neutron and M is the mass of a nucleus in 
the liquid. K is the mean kinetic energy of a nucleus; for most liquids 
its value is close to 3/2/3, the classical limit. t Eq. (5.39) shows that the 
corrections to the static approximation become small for heavy nuclei 
and high incident energies. 



Experimental results and interpretation 

The structure factor S(k) has been measured for a number of mona- 
tomic liquids - see Page (1973). As an example we consider the 
results of Yarnell et al. (1973) for liquid argon at 85 K. The sample 

t See Rahman et al. (1962) for estimates of quantum corrections. 
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consisted of the isotope Ar, for which the scattering is entirely 
coherent. The results are shown in Fig. 5.1. The wavelength of the 
incident neutrons was 0.9782 A. Under these conditions the Placzek 
corrections varied from 0.0012 at k = to -0.0426 at k = 9.08 A -1 . 
(The corrections are not given exactly by (5.39) because the detector 
did not have a 1/fc' efficiency.) The value of 5(0) was taken to be 
0.0522, based on the values k t = 2.16 GPa~\ and p = 
2.13 xlO 28 atoms nT 3 . 

The pair distribution function g(r), obtained by Fourier transform- 
ing the results for S(k) in Fig. 5.1, is shown in Fig. 5.2. The oscil- 
lations at low values of r are spurious. They arise because, for large k, 
the quantity S(k)— 1 becomes small and hence difficult to measure 
accurately, but the relevant quantity for the Fourier transform is 
k{S(k)- 1}, which may still be appreciable. The spurious oscillations 
are often inside the atomic diameter and hence do not cause 
difficulties in interpretation. 

The function g(r) is important for calculating the equilibrium pro- 
perties of a liquid (see Pryde, 1966, Chapter 8). In addition, it is of 



Fig. 5.1 The structure factor S(k) for 36 Ar at 85 K. The curve through the 
experimental points is obtained from a molecular dynamics calculation of 
Verlet based on a Lennard-Jones potential. (After Yarnell et al., 1973.) 
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interest to compare the measured values of g(r) with theoretical 
estimates obtained from a model of the interatomic forces, which are 
usually taken to be two-body interactions. However, the calculation 
of g(r) from an assumed two-body potential <£(r) involves the solu- 
tions of complicated integral equations, and sophisticated techniques 
are necessary. In the last decade alternative methods, based on 
computer simulation, have been developed for calculating g(r), and 
other properties of many-body systems, from 4>{r). Systems of a few 
hundred molecules are considered by two basic methods. In the first, 
known as the Monte Carlo method, a large number of geometrical 
configurations of the molecules are generated, and the probability of 
each configuration is calculated from </>(r) and the Boltzmann factor. 
In the second method, known as molecular dynamics, the molecules 
are given some initial configuration and the computer calculates the 
force on each molecule. The molecules are then moved small dis- 
tances along their trajectories and the calculation is repeated. Both 
types of method are used to calculate g(r).t The two potentials most 

Fig. 5.2 The pair-distribution function g(r) obtained from the experimental 
results in Fig. 5.1. The mean number density is p = 2.13xl0 28 atoms m~\ 
(After Yarnell etal., 1973.) 




j*s*~s>J\f<l 



J I L 



I I L 



10 15 

/■/A 



t See Wood (1968) and Croxton (1974) for reviews of these methods. 
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commonly used in the calculations are the hard-sphere potential, i.e. 
<j)(r) = oo r<r 

= r>r , (5.40) 

and the Lennard-Jones potential 

<Hr)=4e{(r /r) 12 -(r /r) 6 }, (5.41) 

where e and r are constants (see Fig. 5.3). It may be noted that these 
short-range potentials are not appropriate for liquid metals where the 
potentials have an oscillatory tail extending over several atomic spac- 
ings (see Faber, 1972). 

Having calculated g(r) from </>(r) we may proceed to calculate S(k) 
and compare the result with the measured values. We might hope in 
this way to determine some of the features of <f>(r). Unfortunately it 
turns out that S(k) depends mainly on the repulsive core of <£(/•) and 
is rather insensitive to its long-range behaviour. In Fig. 5.1 a 
theoretical curve is shown for S(k) obtained from a molecular 
dynamics calculation based on a Lennard-Jones potential, with e and 

Fig. 5.3 (a) Hard-sphere potential, (b) Lennard-Jones potential. 



4(r) 



(a) 
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r chosen to fit some thermodynamic data for argon. The fit is clearly 
very good. 



Comparison with X-rays 

X-rays can also be used to determine S(k) and have certain advan- 
tages over neutrons. They have high intensities, the static approxi- 
mation holds to a high degree of accuracy obviating the necessity for 
Placzek corrections, and there is no incoherent scattering. On the 
other hand, because X-rays are scattered by electrons and not by 
nuclei, the scattering depends on an atomic form factor. The intensi- 
ties therefore drop as k increases and become small for k^>5 A -1 . 
X-rays also suffer from large absorption, which means that the scat- 
tering must be observed with reflection geometry. This gives prob- 
lems due to surface contamination for reactive liquids. The advan- 
tages of neutrons are that the form factor is independent of k, and, 
because the absorption is usually small, the scattering may be obser- 
ved in transmission. In addition, by comparing the scattering from the 
liquid with that from a standard vanadium sample the S(k) values 
may be put on an absolute scale. A major problem with neutrons is 
correcting for the effects of multiple scattering in the sample. 

An interesting application of neutron scattering is in the field of 
liquid binary alloys. By varying the isotopic composition (and hence 
the mean scattering length) of one of the components it is possible to 
measure the partial structure factors arising from the different metal- 
metal combinations (Enderby, 1968). This technique has no coun- 
terpart for X-rays. 



5.4 Incoherent scattering 

Measurements of incoherent scattering give (d cr/dfl d£")m C as a 

function of k and w. This is essentially a determination of S ( (k, w) or 

Si(/c,w) = exp(-5ftw/8)5i(K,w). (5.42) 

Fig. 5.4 shows some results by Skold et al. (1972) for incoherent 
scattering from liquid argon at T = 85 K. Each curve represents 
S\(k, co) as a function of a> for a fixed value of k. It can be seen that for 
large k the curve has a large width and for small k it has a small 
width. 
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These are typical results for incoherent scattering by a liquid, and 
the two extreme cases may be interpreted as follows. Since S { (k, co) 
and G s (r, t) are a Fourier transform pair - see (4.7) and (4.8) - the 
form of the function Sj(/c, w) at large k depends mainly on the 
behaviour of G s (r, t) at small values of r. The fact that Sfa, &>) 
extends to large values of <o means that, for small values of r, G s (/-, t) 
is a highly peaked function of t around t = 0. For short times the atom 
moves as though it were free. So the scattering in this case is the same 
as for an assembly of free atoms. The liquid behaves as a perfect gas. 
At the other extreme we have S-,(k, w) curves corresponding to small 
values of k and <o. The scattering function depends mainly on the 
values of G s (r, f) at large values of r and /. In long times the atoms 
make many collisions with each other, so the long-time behaviour of 
the liquid is governed by diffusion. Perfect gas behaviour is found to 
apply for f =e 10" 13 s, and diffusion for t S* 10~ 12 s. 



Fig. 5.4 The function S,(k,w) plotted against ha> for fixed k for liquid argon at 
85 K. The value of k is shown beside each curve. The experimental points 
represent smoothed values from positive and negative values of <o. (After 
Skold era/., 1972.) 



A- 
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Velocity autocorrelation function 

We consider the motion of atoms in a liquid on a classical theory in 
which each particle has an exact position and velocity at any instant in 
time. We shall show that the incoherent scattering is related to the 
velocity autocorrelation function, defined as follows. Consider an 
assembly of atoms in thermal equilibrium. Take the scalar product of 
the velocity v(t ) of an atom at time t with the velocity v(t + 1) of the 
same atom at time t + 1. Then the velocity autocorrelation function is 
this scalar product averaged over all the atoms in the assembly. 
Because the assembly is in equilibrium, the average is independent of 
fo, and we usually write the velocity autocorrelation function in the 

form<i>(0).t>(f)>. 
We define a quantity (r 2 (t)) by 

(r 2 (t)) = ({r(t)-r(0)} 2 ), (5.43) 

where r(0) is the position of an atom at some instant, and r(t) is the 
position of the same atom at a time t later. The relation between 
(r 2 (t)) and the velocity autocorrelation function may be derived as 
follows. 



r(f)-r(0) 



= [»(fi)dfi. 



Therefore 



<' 2 (0> = ({ v(h)dti.^v(t 2 )dt 2 ) 

= 2 I df 2 f 2 (v(h) . v(t 2 )) dh. 
Jo h 



(5.44) 



(5.45) 



The factor 2 in (5.45) arises from the fact that the double integration 
covers the shaded triangle in Fig. 5.5a, whereas the double integra- 
tion in the previous line covers the whole square. 

Since («(fi) . v(t 2 )) depends only on f 2 — h, the integration in (5.45) 
is carried out by diagonal strips for which t 2 - f i is constant (see Fig. 
5.56). Put 

t' = t 2 -h. (5.46) 

The area of each strip is 

^2(t-t') = (t-t')dt'. (5.47) 



Thus 



(r 2 (t)) = 2^(v(0).v(f))(t-t')dt'. (5.48) 
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Further useful results are obtained by differentiating this equation 
twice with respect to t. Put 

(v(0).v{t')) = g{f). 



Then 



<r 2 (f)> = 2ff g(t')dt'-2 f g(t')t'df. 

Jo J o 

^V(f)> = 2 f g(t')dt' + 2tg(t)-2tg(t) 
at Jo 

= 2^(v(0).v(t'))dt'. 



at 



r<r 2 (0> = 2<»(0).»(0>. 



(5.49) 
(5.50) 



(5.51) 



(5.52) 



Note that since (r 2 (t)) is real and even in t, (v(0) . «(/)> is also real and 
even in t. 



Velocity frequency function 

The Fourier transform of (v(0).v(t)) is known as the velocity 
frequency function. It is defined by 

p( w ) = ^f <e(0).»(r)>exp(-i«r)df, (5.53) 

3ir J-oo 

where M is the mass of an atom in the assembly. The function is real 
and even in <w. The constant M/3/37T is chosen to make 



Jp((o)da> = 
o 



(5.54) 



Fig. 5.5 Diagrams showing region of integration for evaluation of (r 2 (t)). The 
value of t' = t 2 -ti is constant for the diagonal strip in (b). 



(a) 



(6) 
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To verify this equation we note that by the equipartition theorem 

3 



(v\0)) = 



Mp~ 



(5.55) 



Then 



f p(m)dco= — j J (v(0).v(t))exp(-icot) dt dio 
(v(0).v(t))S(t)dt 



Mp 

3 
M/3 



(v\0))=\. 



(5.56) 



We now derive a relation between (r 2 (t)) and p((o). From (5.53) 
and (B.2) 

3 f°° 
<» (0) . v (0> = ^^ J p (co ) exp(iwr) dw 



2A//3 
= Afj8 



p(o>)cos wf d<w, 
Jo 

tn (5.52; 



since p(w) is real and even. From (5.52) 
d^ 
dr 2 

Integrating this equation twice, and using the results 



(o>) cos &>f da). 



(r 2 (t)) = -(r 2 (t)) = aU = 0, 
df 



we obtain 



<r 2 (t)) = 



M(3 



p(co) 2 

Jo w 



dw. 



(5.57) 



(5.58) 



(5.59) 



(5.60) 



This expression is the same as the classical result for (r 2 (t)) for a 
cubic Bravais crystal, with Z(co) replaced by p(co); see Example 4.2. 
For small t we can replace 1 -cos cot in (5.60) by \co 2 t 2 . Then 



<*'»-s£f' ( " )d "-^' 



= <» 2 (0)>r 2 , (5.61) 

which is the relation for a free particle. For small t the same result 
applies in a crystal. This is to be expected. For short times an atom 
whether in a liquid or in a crystal behaves as though it is free. For long 
times the behaviour of (r 2 (t)) is different for a liquid and for a crystal. 
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For a liquid it increases linearly with time, while for a crystal it tends 
to a constant. The algebraic reason why the two similar equations 
(5.60) and (4.144) in Example 4.2 lead to these different results is 
that, as co tends to zero, p(co) tends to a constant, while Z(w) tends to 
zero as to 2 . For large t the integral in (5.60) is dominated by the value 
of the integrand at small 10. Changing the variable of integration from 
co to cot shows that the integral is proportional to t. 



Gaussian approximation 

For short times the particles in the liquid behave as though they are 
free, and we saw in Section 4.5 that for free nuclei (perfect gas) the 
classical form of G s (r, t) is 

Gf(r, t) = {27rcr\t)}- 3/2 cxp{-r 2 /2cr 2 (t)}, (5.62) 



where 



*»'•&• 



(5.63) 



65) 



We shall see in the next section that for long times, when the motion 
is governed by diffusion, Of(r,t) also has the Gaussian form of 
(5.62), the only difference being in the way <r 2 (t) varies with time. We 
now assume that for all values of t the spatial variation of Gf(r, t) is 
given by (5.62). This is known as the Gaussian approximation. We 
make no assumption about the way cr 2 {t) varies with time. Then 

lf(K,t)= \ Gf(r,t)exp(iK.r)dr = exp{- 1 2K 2 tr 2 (t)}, (5.64) 

(r 2 (f)) = 47rf r 4 Gf(r,t)dr = 3tr 2 (t). (5. 

Jo 

There is no theoretical justification for the Gaussian approximation 
other than the fact that it holds for the extremes of short and long 
times.t The experiments of Skold et al. (1972) show that for liquid 
argon there are small but significant departures from the Gaussian 
form for * in the range 5 x 10" 13 to 5 x 10" 12 s; see (5.83) and Fig. 
5.10. 

In Fig. 5.6 the time variation of or 2 (r) is drawn schematically for 
various models. The results of Example 4.2 show that G?(r, t) is a 
Gaussian for a cubic crystal with harmonic forces, and this case is 
included in the figure. 

t For a discussion of the Gaussian approximation see Nijboer and Rahman (1966) and 
Boutin and Yip (1968). 
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We now derive a relation between p(<o) and S { (k, <o). Schofield's 
suggestion for I s (k, t), together with the Gaussian approximation, 
give 

/ s (k, = if (k, t) = exp{-k V(f)} (5.66) 

= l-kV(()+0(/). (5.67) 

Therefore, from (5.52), (5.57), and (5.65) 

!2 d 2 
1~ jA(k, t) 
K dt 2 K ' 



~3 dt 

1 
~M/3 



(r\t)) = 2 3 (v(0).v(t)) 
— J p(w)exp(io>0do>. 



But from (4.45) 



(5.68) 



Uk, t) = ft J Si(k, a>) exp(ia>f) d<o. (5.69) 

Differentiating this equation twice with respect to t and comparing 
the result with (5.68) we obtain 

5j(k, <o) 



p(o)=2Mhl3(o lim 



«l-0 K 



(5.70) 



Fig. 5.6 The function cr 2 (t) for various models in which G s cl (r,t) is a Gaussian 
function of r. 



" 2 C) 
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Thus, measuring the incoherent cross-section as a function of k for a 
fixed value of w and extrapolating &(*c, <o)/k 2 to k =0 gives p(w). 
Carneiro (1976) has calculated p(w) in this way from measurements 
on liquid argon and liquid orthohydrogen. The results for argon are 
shown in Fig. 5.7. 



Diffusion 

The form of G s (r, for times long compared to the mean time 
between collisions of the atoms is governed by the diffusion process. 
The basic equation for diffusion, known as Fick's law, is 

dn(r, t) 
dt 



■DV 2 n(r,t), 



(5.71) 



where n(r, t) is the number of atoms per unit volume at the point r at 
time t, and D is the diffusion constant. 

Fig. 5.7 The velocity frequency function p(a>) for liquid argon at 85 K. The 
open circle at a> = is based on an independently measured value of the 
diffusion constant D. The dip in the values of p(w) at small ta is consistent 
with a r 3/2 tail in the velocity autocorrelation function. (After Carneiro, 
1976.) 
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By its probability significance - see (4.23) - the function G?(r, t) 
must satisfy (5.71). For isotropic diffusion 



t,2 a 2 a 

dr 2 r dr 



It is readily verified that an isotropic solution of (5.71) is 
G?(r, t) = {2TT(T 2 {t)Y V2 exp(-r 2 /2o- 2 (0}, 



provided 



-^(0 = 2A 



(5.72) 

(5.73) 
(5.74) 
(5.75) 



i.e. a (t)=2D\t\ + c, 

where c is a constant whose value depends on the form of the velocity 
autocorrelation function. This expression for <r 2 {t) is valid only for 
times long enough for diffusion theory to apply, and for such times c 
is usually small compared to 2Dt. 
From (5.51) and (5.65) 

For large t', (v(0) . v(t')) tends to zero, and 

^ 2 (') = f( (v(0).v(t))dt. 
Comparison with (5.74) gives the result 



(5.76) 



(5.77) 



D = \\ {v(0).v(t))dt. 
j Jo 



(5.78) 



To obtain the cross-section for diffusive motion we require the 
function 5i(/c, w). From (5.64) 

7f(K,0 = exp{-kV(f)} 

= exp{- K 2 D\t\}, (5.79) 

if we neglect the constant c in (5.75). As before we take I s (k, t) = 
H (k, t). Then 
S-,(k, oi) 

= 2^h\ £(*>') exp(-i«')df 

= 2~~ hll ^PHf^ + iwW^+J e\p{(K 2 D-ico)t}dt\ 



1 Dk 

Trh(DK 2 f + o) 2 ' 



(5.80) 
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This function, known as a Lorentzian, is plotted in Fig. 5.8 for a fixed 
value of k. It has a maximum when <d = 0, and its full-width at 
half-maximum is 

A£ = ftAw = 2ftD/c 2 . (5.81) 

In Fig. 5.9a the experimental values of AE, obtained by Skold et al. 
(1972) for liquid argon, are shown as a function of k 2 . In Fig. 5.96 
the experimental values of Si(k, 0) are shown. From (5.80) the 
theoretical value of this function for diffusion is 



Si(K,0)=l/irhDK. 



(5.82) 



The curves given by (5.81) and (5.82), with an independently 
measured value of the diffusion constant, are shown in both figures, 
and it can be seen that in the region of small energy transfer the 
experimental results agree fairly well with simple diffusion theory. 
The departure from the theory is due to vibrational motion of the 
atoms and is consistent with the results obtained by Levesque and 
Verlet (1970) by computer simulation studies. 

Skold et al. determined the function / s (k, from their results. The 
incoherent scattering function 5;(k, a>) was measured over the range 
1.0A _1 =S(c=s4.4A _1 and O^hcj «10.6meV. The Fourier trans- 
form of Si(«, w) for a fixed k and varying a> gives 7 s (k, /)■ This was 



Fig. 5.8 The function ^(k.&j) at constant k for diffusive motion. 

■Si(*,0) 
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fitted to a mathematical function of the form 

I t (K,t) = exp{-kK 2 o- 2 (t)}{l+a(t)K*<r\t)}. 



(5.83) 



The coefficient a (t) is a measure of the departure of 7 5 (k, t) from a 
Gaussian function. 



Fig. 5.9 Results for liquid argon at 85 K. (a ) Full-width at half-maximum of 
S t (K, to) at constant k, plotted against k 2 . The straight line is the simple 
diffusion relation (5.81) with D = 1.94 x 10" 9 mV 1 . (b) The function $(«,<)). 
The curve is the relation (5.82) with the same value of D. (After Skald et al„ 
1972.) 
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For perfect gas behaviour 



K} Mp 4M 



(5.84) 



This result was derived in Section 4.5 and differs from (5.63) by the 
addition of a quantum term, which, at the temperature of the 
measurements, is significant only for f^5xl0~ 14 s. For diffusion 
behaviour 



<r 2 (t) = 2Dt. 



(5.85) 



The functions (5.84) and (5.85) are shown in Fig. 5.10, together with 
the experimental values of <r 2 (t), and it can be seen that there is a 
good agreement. Note the smooth transition from the perfect gas to 
the diffusion form of <r 2 (t). The values of the coefficient a(t) given by 
the measurements are also included in the figure. 



Fig. 5.10 Parameters of the function / s (k, t) for argon at 85 K: •experimen- 
tal values of a 2 (t) (scale on left-hand side). The curve for the free particle is 
given by (5.84), and the line for the diffusing particle by (5.85). o experi- 
mental values of a(<) (scale on right-hand side). The curve for a(t) is based 
on a calculation by Levesque and Verlet. (After Skold et a/., 1972.) 
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Brownian motion 

An approximate expression for the velocity autocorrelation function 
for diffusion may be obtained from a simple equation of motion, 
known as the Langevin equation, 



dv 

M— = -yMv+R. 
df 



(5.86) 



-yMv is a frictional or viscous force (y is a constant), and R is a 
rapidly varying random force due to collisions with other atoms. This 
equation was originally proposed to describe Brownian motion, i.e. 
the motion of a heavy particle suspended in a fluid and subjected to 
bombardment by the molecules of the fluid. A solution of (5.86) is 

v(t) = v(0)exp(-y\t\)+V(t). (5.87) 

This equation is not valid for small t. The V(f) term depends on R. 
Since the latter is randomly fluctuating, the scalar product of v(0) and 
V(t) is zero when averaged over all the atoms. Thus 

(v(0).v(t)) = (v 2 (0))exp(-y\t\). 



Substituting (5.88) in (5.78) gives 

D = Uv\0))\ exp(-yt)dt = 

Jo 



1 
yM/3' 



(5.88) 



(5.89) 



This is the relation between the diffusion constant and the frictional 
coefficient y. 



Fig. 5.11 The velocity frequency function p{a>) given by the 
Langevin equation. 
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The form of p(w) for diffusion is obtained from (5.53) and (5.88). 

P («> ) = ^ f <» (0) • v (0> exp(-ia>0 dt 

iir J-oo 

= — 1[ exp{-(y + ia>)t}dt + j exp{(-y-i<y)f}dn 

_ 1 2 T 
7T y +<o 

The function is plotted in Fig. 5.11. From (5.89) and (5.90) 
p(0) = -DM/3. 



(5.90) 



(5.91) 



For large values of t the velocity autocorrelation function does not 
in fact decay exponentially but goes as t~ 3/2 (Ernst et al., 1970). This 
asymptotic behaviour results in p(<o) having, for small co, the form 



p(w) = -£>M/3-ca> /z + . 



(5.92) 



where c is a positive constant that depends on the diffusion constant 
and the viscosity of the liquid. The results obtained by Carneiro 
(1976) for p(w), see Fig. 5.7, are consistent, at small w, with the form 
of (5.92). 
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Many of the phenomena in optics have been demonstrated with 
neutrons. These include total reflection, refraction by a prism, 
diffraction by a slit, and diffraction by a ruled grating. In addition 
neutron interferometers have been built.t An interesting application 
of the latter is a demonstration that when the spin of the neutron 
precesses through an angle of 2w in a magnetic field the wavefunction 
of the neutron changes sign in accordance with the fermion nature of 
the neutron (Rauch etal., 1975, Werner etal, 1975). 

The discussion in the previous chapters has been concerned with 
interference between the neutron waves scattered by the nuclei in the 
scattering system. Optical phenomena arise from interference 
between the scattered waves and the waves of the incident beam, and 
we consider this in the present chapter. 

6.1 Refractive index 

When the scattered wave is small compared to the incident wave, the 
interference effects can be described in terms of a refractive index of 
the scattering system for thermal neutrons. We first prove that the 
refractive index n is given by 

« = l--^- P A 2 £ (6.1) 

2ir 

where p is the number of nuclei per unit volume, A the wavelength of 
the incident neutrons, and b the mean value of the scattering length 
of the nuclei. 

t For descriptions and references see Bauspeiss et al. (1974) and Bonse and Graefl 
(1977). The former paper gives references to some of the other optical neutron 
experiments. 
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Consider a thin slab of the scattering material of thickness t, 
perpendicular to the direction of the incident beam (Fig. 6.1). If the 
incident beam is represented by exp(ifcz), each scattered wave is 
represented on average by —(b/r) exp(ifcr), where r is measured from 
the scattering nucleus. We first calculate the resultant amplitude of all 
the scattered waves at a point P at a distance d (» r) from the slab. 
This is a standard problem of Fresnel diffraction in optics. 

Let O be the foot of the perpendicular from P to the slab. Consider 
two waves arriving at P, one scattered at O and one at X, where 
OX = x («d). The wave from X has to travel farther than the one 
from O by an amount 

(d 2 + x 2 ) 1 ' 2 - 



. 1 x z 
d== 2~d 



(6.2) 



The phase difference between the waves at P is thus proportional to 
x 2 . The number of nuclei in the slab in the disc of radius x is also 
proportional to x 2 . So the phase-amplitude diagram is one for which 

change of direction <x length along the curve. 

The curve with this property is the circle. However, we have not taken 
account of the fact that as x increases the amplitudes of the individual 
waves at P decrease slightly. This causes the phase-amplitude curve 



Fig. 6.1 Geometry for scattering in the forward direction. 



Incident 
neutrons 
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to curl up slightly faster than a circle, and the result is the spiral 
shown in Fig. 6.2. 

Let S be the vector representing the amplitude of the total scat- 
tered wave at P. We assume the slab is large enough for the spiral to 
make a large number of turns and end near the centre. Then 

S = -, (6.3) 

rr 

where L is the length along the curve of the first semicircle of the 
spiral in Fig. 6.2. Consider the 1st Fresnel zone, i.e. a disc centred on 
O with radius x , where 

lxo 1. 



2d"2 A> 



(6.4) 



Then L represents what would be the total amplitude of the waves 
scattered by the nuclei in the 1st zone if these waves were all in phase. 
The number of nuclei in the 1st zone is 

irx tp = trdktp. (6.5) 

The amplitude of a single scattered wave at P is 

-L-f. (6.6) 

r a 

Therefore 

5 = pkbt. (6.7) 



Fig. 6.2 Phase-amplitude diagram for the scattered waves at P. L is the 
length along the curve from A to C. 




Phase advance 
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It can be seen from Fig. 6.2 that the phase of S is §tf in advance of 
the phase of the waves scattered at O, which are represented by AB. 
If b is positive, AB is n out of phase with /, the incident wave at P. 
Thus 5 is \ir behind / (Fig. 6.3). If b is negative, S is \tt ahead of /. 

The amplitude of the incident wave is 

1 = 1, (6.8) 

since the incident wave function is exp(ifcz). The phase of R, the 
resultant of / and 5, is behind that of / by the angle 



<f> = - = pkbt. 



(6.9) 



We have assumed S « /, which is true for sufficiently small t. The 
refractive index n is related to <f> by 

27T, 



4, = — (l-«)r. 



(6.10) 



From (6.9) and (6.10) we have the required result 

n = l-—pk 2 b. 
2ir 

We can readily see that for most substances 
^-pk 2 b« 1. 

LIT 



(6.11) 



(6.12) 



The quantity p is of the order of 1/a , where a is the mean distance 
between the atoms. For thermal neutrons A ~ a ~ 10" m. For most 
nuclei b ~ 10~ 14 m. Therefore 



1 »ajf X * 

— pA b~ — - 

2ir 27r a 



■10" 



(6.13) 



Some values of 1 — n for nickel are shown in Table 6.1. 

Several points may be noted in the present discussion. First, the 
refractive index of the system does not depend on its structure, so 
(6.11) is true for any medium - crystalline, amorphous solid, or 
liquid. The reason the structure is irrelevant is that the refractive 

Fig. 6.3 Relative phase of the incident wave / and the scattered wave S for 
positive scattering length. 
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6.3 Dynamical theory of scattering 

Basic theory 

The theory in the previous chapters, known as kinematic theory, is 
based on the assumption that the incident neutron wave within the 
scattering system is the same as the incident wave outside. The theory 
in the present chapter, which takes account of the change in the 
incident wave within the scattering system, is known as dynamical 
theory. We now give a more systematic treatment of this theory. 
Dynamical theory was first developed by Darwin and Ewald for 
X-rayst and subsequently applied to the scattering of thermal neu- 
trons by Goldberger and Seitz (1947). More comprehensive treat- 
ments of dynamical theory for neutrons have been given by Stassis 
and Oberteuffer (1974) and Rauch and Petrascheck (1978). 

The theory proceeds by solving the Schrodinger equation for the 
wavefunction of the neutrons within the scattering system and 
matching the outside and inside wavef unctions at the surface. We 
start with the time-independent Schrodinger equation and assume 
that the potential seen by the neutron is due to a crystal whose nuclei 
are in positions smeared out by their thermal motion. From (2.33) the 
potential function is then 



V(r) = <£^(r -*,)>, 



(6.17) 



where Rj is the position of the /'th nucleus, and ft, its scattering length. 
V(r) is periodic in the crystal lattice and can therefore be expressed 
as a Fourier series. As in Section 3.6 we put 

fl, = I + </ + «Q, (6.18) 

where I denotes the corner of the /th unit cell, d is the equilibrium 
position within the cell, and u(d) is the displacement from equilibrium 
of the nucleus /, d. Then from (A. 13) and (A. 17) 

(I b,S(r - Rj)) = —-5 [ exp(-i#c . r) 2>xp(i* . /) 

xXid exp(i#c . d)( expl \k . u() |d« 



= — I F T exp(-ir . r), 

v T 



(6.19) 



See James (1963) and Batterman and Cole (1964) for accounts of the dynamical 
theory of X-ray scattering. 
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where 



F T = Y.b~d exp(ir . d) exp(- W d ), 



(6.20) 



(6.21) 



t is a vector in the reciprocal lattice, and to is the volume of the unit 
cell. F T is the nuclear unit-cell structure factor previously defined in 
(3.76). 
The Schrodinger equation is 

ft 2 
-V 2 <A + {E-V(r)}<A = 0. (6.22) 



2m 



If Jfc is the wavevector of the neutrons outside the crystal 



E = — k\ 
2m 



From (6.17) and (6.19) 
2m. 



where 



^ r V(r) = IG T exp(-iT.r), 



^ 4*7" „ 
G T = — F T . 

v 



(6.23) 



(6.24) 



(6.25) 



Therefore (6.22) becomes 

V 2 i/r + fco«/' = {XG T exp(-iT.r)}(A. (6.26) 

T 

The solution of a Schrodinger equation with a periodic potential is a 
Bloch function with the form 



<A = X a T exp{i(fc - t) . r}, 



(6.27) 



where the coefficients a T and the vector k are to be determined. We 
substitute (6.27) into (6.26) and use the result 

V 2 exp{i(jfe - t) . r}= - (k - t) 2 exp{i(ifc - t) . r }. (6.28) 
This gives 

Za T {k 2 o-(k-r) 2 }exp{i(k-T).r} 

T 

= I G T exp(-ir' . r) I a T » exp{i(Jfc - t") . r}. (6.29) 
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Equating terms in exp{i(& -t) . r} gives 

a T {kl-(k-rf} = l.G T a T - T : 

r' 

We now distinguish two cases. 



(6.30) 



No Bragg reflection. In this case kl and (k-rf are approximately 
equal for t = 0, but not for any other t. Then from (6.30) all the a T s 
are small except a . There is effectively only one term on the right- 
hand side of (6.30), and we have 

a (kl-k 2 )=G a . (6.31) 

Since the difference between k and k is small this gives 

Go 



k -k = 



2ko 



(6.32) 



The neutrons have wavevector k outside the crystal and k inside. 
The refractive index n is given by 



From (6.20) and (6.25) 



k Go 

n ~T~ 1- t72- 



Arr - - 

G Q = — rb = 4irpb, 

Vo 



(6.33) 



(6.34) 



where r is the number of atoms in a unit cell, and p is the number of 
atoms in unit volume of the crystal. Since k = 2ir/A, (6.33) and (6.34) 
give 

1 



n = \-—pk b, 

2ir 

which is the same result as we obtained previously (6.11). 



(6.35) 



Near Bragg reflection. When (*-t) 2 is close to kl for a particular 
non-zero t, then the value of a T becomes comparable with a , i.e. the 
neutrons are Bragg reflected. The relation (6.30) now gives rise to 
two equations, each with two terms on the right-hand side. 

a (kl-k 2 ) = G ao+G-^a T , (6.36) 

a T {k 2 o-(k-T) 2 } = G T a + G a T . (6.37) 

These equations are consistent only if 

a r _ kl- k 2 — Go G T 

a~ ~ G- T "~ kl-{k-Tf-G 



(6.38) 
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Since the potential V(r) is real, G_ T = G* and we may rewrite (6.38) 
as 

{k 2 -Go-k 2 }{k 2 o-G -(k-r) 2 } = \G r \ 2 . (6.39) 

The vector k given by this equation lies on a pair of surfaces known as 
dispersion surfaces. A section through them in the plane of k and t is 
shown in Fig. 6.6. 

Bragg reflection occurs when k is close to the Brillouin zone 
boundary, that is, the plane that perpendicularly bisects the recipro- 
cal lattice vector t. The shape of the dispersion surfaces away from 
the zone boundary follows from the fact that the quantity G T is small 
compared to kl. (G T /kl~G /kl=p\ 2 b/n~10~ s .) Eq. (6.39) then 
shows that away from the zone boundary either k or (k — r) is very 
nearly equal to kl~G - Thus the surfaces tend to a pair of spheres of 
radius (kl- G ) l/2 , one centred on the origin O, and the other on the 
reciprocal lattice point T, where TO = t. As the surface tends to the 
sphere centred on O, a T becomes small compared with a , and the 
wavefunction is effectively the single wave exp(i/fc . r). It corresponds 
to the previous solution for no Bragg reflection. As the surface tends 
to the sphere centred on T, both a and a T become vanishingly small, 
and the surface has no physical significance. 



Fig. 6.6 Section of dispersion surface in the plane of k and t. The dashed 
curves are parts of circles of radius (kl — G ) in centred on the origin O and 
the reciprocal lattice point T. The departure of the dispersion curves from the 
circles, and of the wavevectors from the zone boundary, is greatly exag- 
gerated. 



Normal to 
crystal surface 
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There are in general two solutions of the Schrodinger equation for 
a given * , each with its own value of k. To determine the two values 
fci and k 2 completely we require the boundary conditions for the 
wavefunction i/r. Consider the case when the orientation of the atomic 
planes with respect to the crystal surface is such that there is no Bragg 
reflected wave coming from the surface on which the neutrons are 
incident. The wavefunctions may then be expressed as follows: 

outside the crystal 

if/ = ip = exp(ifc . r), (6.40) 

inside the crystal 

il/ = if/i = Ai[exp(i*i . r) + an exp{i(*i - t) . r}] 

+ A 2 [exp(iJt 2 • r) + a 2 exp{i(fc 2 -T). r}], (6.41) 

where ai and a 2 , the values of a T /a for the wavevectors ki and k 2 , 
are given by (6.38). The coefficients A i and A 2 are determined by the 
boundary conditions. Suppose for simplicity that the normal to the 
crystal surface lies in the same plane S as * and t. Take cartesian 
axes with x parallel to the surface in the plane S, y perpendicular to 
the surface, and the origin in the surface (Fig. 6.7). Now fa = fa, for all 
points in the plane y = 0. Therefore the variation with x is the same 
for fa and fa, in this plane. This requires 



kix = k 2x = k 0x , 



(6.42) 



Fig. 6.7 Plane S containing k , r, and the normal to the crystal surface. 




Crystal 
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A 1 +A 2 =l, 
Aiai + A 2 a 2 = 0. 



Thus 



A 1 = - 



and A 2 = - 



(6.43) 
(6.44) 

(6.45) 



a\ — a 2 ati — a 2 

It may be noted that although there is no wave outside the crystal 
due to Bragg reflection (more properly termed diffraction), there is a 
true reflected wave in that region. Thus there should be a second term 
on the right-hand side of (6.40) of the form A T exp(ik . r), where 
k'ox — kox and k' 0y = —ko y - The value of the coefficient A t is deter- 
mined by applying the second boundary condition, viz. that difi/dy is 
continuous at the surface. However, provided the glancing angle is 
large compared to the critical angle y c , the coefficient A r is very small 
compared to 1, and the reflected wave is negligible. 

Eq. (6.42) shows that the components of k\, k 2 , and ko parallel to 
the surface of the crystal are equal. This result, together with (6.39), 
determines the two vectors ki and k 2 for a given k . The construction 
is shown in Fig. 6.6. A line is drawn through the end point of ko 
normal to the surface of the crystal. The intersection of this line with 
the dispersion surfaces at the points D\ and D 2 gives the vectors ifci 
and k 2 . Eq. (6.42) still holds when there is a Bragg reflected wave 
coming from the incident surface of the crystal; the construction in 
Fig. 6.6 is therefore generally valid. 

If t is parallel to the crystal surface, then if ko lies on the zone 
boundary, so do ki and k 2 (Fig. 6.8), i.e. the Bragg condition is 
satisfied for the two wavevectors simultaneously. t In this case we 
have from (6.39) 

k 2 = kl-G ±\G T \. (6.46) 

If the crystal has a centre of symmetry, which we take as the origin of 
r, G T is real. Eqs. (6.38) and (6.45) then give 



a 



A^A 2 = l 2 . 



(6.47) 



We may divide fa, in (6.41) into two wavefields i// v (v = 1, 2), each 
consisting of a pair of waves travelling in the directions of k v and 

t For general geometry the Bragg condition cannot be satisfied for ki and lc 2 simul- 
taneously. This has the consequence that the maximum of a rocking curve does not 
occur at the exact Bragg condition, though the difference is only of the order of a 
second of arc. See Rauch and Petrascheck (1978) for details of the calculation. 
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Jfc„-r. It is shown in Example 6.1 that the neutron current, or flux 
vector, for each wavefield is 



/. 



= -|A„| 2 {ifc, + k| 2 (*„-T)}. 



(6.48) 



An important property of the dispersion surfaces is that the normals 
to the surfaces at the points £>i and £> 2 in Fig. 6.6 are the directions of 
the neutron currents for the corresponding wavefields. (See Kato 
(1958) and James (1963) for proofs of this result.) Thus in the 
symmetric situation considered above with the vector t parallel to the 
crystal surface, when k lies on the zone boundary the neutron 
currents for both wavefields are perpendicular to t, that is, parallel to 
the planes of the reflecting atoms. For any other orientation of k , the 
two directions of j v are at equal angles ±Q with respect to the atomic 
planes. As k departs from the zone boundary the angle fl tends to 
the limiting value \d, the Bragg angle defined in (3.51). The range of 
currents between -\d and \& is known as the Borrmann fan. Only a 
small variation in the direction of k (of the order of a few seconds of 
arc) is required to reach the extremes of the fan, and this variation is 
usually present in what is regarded as a monochromatic incident 
beam. Thus the complete Borrmann fan is usually excited for a single 



Fig. 6.8 Diagram showing wavevectors when t lies in the crystal surface, and 
the Bragg condition is satisfied. 




6.3 Dynamical theory of scattering 



123 



setting of k in the Bragg position. For the non-symmetric case the 
two directions of j v are not at equal angles to the atomic planes, but 
they always lie within the Borrmann fan. 

The neutron density for each wavefield is given by the function 
\if/ v \ 2 . It is shown in Example 6.2 that one of these functions has a 
maximum at the sites of the atoms in the reflecting planes, and the 
other has a minimum at these sites. If the value of the mean scattering 
length b is positive, corresponding to a potential in (6.17) that is 
effectively repulsive, the wavefield with maxima at the atomic sites 
has the lower value of fc„. Thus the neutrons of this wavefield have 
greater potential energy and less kinetic energy than those of the 
other wavefield. The total energy is the same for both wavefields, 
being equal to E, the kinetic energy of the neutrons outside the 
crystal. If the mean scattering length is negative, the wavefield with 
maxima at the atomic sites is the one with the larger value of k v . 



Pendellosung fringes 

We return to the expression for 4> { in (6.41). Since the primary waves 
exp(iJt! . r) and exp(ifc 2 • r), propagating close to the incident direc- 
tion, have wavevectors of slightly different magnitudes, beats occur 
between them, that is, the intensity of the resultant primary wave 
varies sinusoidally as it traverses the crystal. The same is true of the 
resultant of the reflected waves exp{i(fci-r). r} and exp{i(fc 2 - 
t) . r}, the minima of the resultant reflected wave coinciding with the 
maxima of the resultant primary wave. This phenomenon of the 
neutron intensity oscillating between the primary and reflected waves 
is known as 'Pendellosung' (pendulum solution). 

The 'Pendellosung' phenomenon for neutrons has been demon- 
strated in some striking measurements by Shull (1968) and Shull and 
Oberteuffer (1972) for silicon. A beam of monoenergetic neutrons is 
incident through a narrow slit A on a thin slice of a single crystal of 
silicon with the reciprocal lattice vector for the 111 planes lying along 
the surface (Fig. 6.9). The angle of incidence 2 satisfies the Bragg 
condition. At the exit slit B, positioned opposite to A, the waves 
within the crystal give rise to two beams outside - one parallel to k 
and one to k -r. Measurements of the intensity of the reflected 
beam were made as a function of the wavelength A of the incident 
neutrons. As A varied, the angle \d was varied to maintain the Bragg 
condition. The results are shown in Fig. 6.10. 
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Fig. 6.9 Arrangement for observing Pendellosung fringes in silicon. (After 
Shull, 1968.) 




1 


Crystal 







"* 


1 



Fig. 6.10 Pendellosung fringes in silicon: reflected intensity at the centre of a 
Bragg peak as a function of neutron wavelength for different crystal thick- 
ness: (a) 10.000 mm, (fc) 5.939 mm, (c) 3.315 mm. (After Shull, 1968.) 
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The variation of intensity with wavelength can be readily cal- 
culated. From (6.46) 

k\-kl = 2G r , (6.49) 

Gr 

The phase change between the two reflected (or incident) waves after 
traversing the crystal is therefore 

t G T t _ 2-rrt 
""Ao' 



<f ) = {k l -k 2 )- 



cos 20 k cos \d 
where t is the thickness of the crystal slice, and 
two cos 26 



(6.50) 



(6.51) 



A = 



Frk 



(6.52) 



is a quantity known as the Pendellosung length. The intensity of the 
reflected beam is proportional to 

|l-exp(i<£)| 2 = 4sin 2 5<£ 

= 4sin 2 (7rt/A ). (6.53) 

The results in Fig. 6.10, together with the knowledge of the inter- 
atomic distances in silicon, provide an accurate value of F r . This, 
when corrected for the thermal motion in the Debye-Waller factor, 
yields a very accurate value of the scattering length of silicon. The 
measurements are so accurate that the contribution to b from the 
electric scattering (see Section 9.5) by the electrons and the nucleus is 
significantly greater than the experimental error. The value obtained 
for the atomic scattering length is ft at = 4.1534±0.0010fm. The 
contribution from the electric scattering is b e \ = 0.0043 ± 0.0002 fm. 
Therefore the scattering length for the pure nuclear-force interaction 

is 

*nuc = 4.1491±0.0010fm. (6.54) 

It may be noted that, although this method yields a very accurate 
value of the scattering length, it is applicable only to substances which 
form large perfect single crystals, and moreover have low absorption 
and incoherent scattering cross-sections. 



Primary extinction 

For a very small crystal the number of neutrons scattered in a Bragg 
peak is a small fraction of the number striking the crystal. It is 
therefore a good assumption that the whole of the crystal is uniformly 
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bathed in incident neutrons of the same intensity, which is the 
intensity of the incident beam outside the crystal. The intensity of the 
Bragg peak is then correctly given by one of the formulae in Chapter 
3, for example (3.100) for the rotating crystal method. However, if 
the crystal is not small, only the part near the surface receives the full 
incident beam, and the intensity of the Bragg reflected beam is 
reduced below its theoretical level. This phenomenon is known as 
primary extinction. 

We estimate the thickness of the crystal at which primary 
extinction begins to take effect. At the surface the two incident waves 
with wavevectors iti and k 2 are in phase. As the waves traverse the 
crystal they start to get out of phase. But for distances small 
compared to l/(ki-k 2 ) the phase difference is small, and the 
incident wave is almost unchanged. We define the extinction distance 
£by 

(trlW-T:»t (6-55) 



COS 20 



From (6.51) and (6.55) 



.Ao. 
'lit 



Vo cos 50 
2F,A ' 



(6.56) 



Primary extinction is significant if the thickness of the crystal is & g. 

If a is the mean interatomic distance and b the scattering length, 
then v ~a 3 and F T ~ b. So for A ~ a 



-a ~ 10V 



(6.57) 



As a specific example, for the (111) reflection in nickel at room 
temperature, with 

A =2 A and cos|0 = O.9 (6.58) 

£ = 2.2xl0" 6 m. (6.59) 

Extinction distances are of the same order for neutrons and X-rays 
(Bacon and Lowde, 1948). 

From the same reasoning we may also obtain an estimate of the 
angular width of a Bragg peak for a single crystal. Consider the 
arrangement in Fig. 6.9. The neutrons in the Bragg peak are 
effectively diffracted by a crystal of thickness £ rather than t. From 
basic diffraction theory, reducing the size of the scattering system 
causes a broadening of the diffraction peak. In this case the effect is to 
cause the reciprocal lattice point t to broaden into a line perpendi- 
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cular to t, with length of the order of l/£ This is equivalent to an 
angular spread in the crystal orientation of the order of 1/t£ which 
leads to an angular width A0 for the Bragg peak of a similar amount. 
Thus from (6.56) and the relation r = 2k sin \0, we have 



A*~4=- 



\ 2 F T 



rg irv sin 8 



(6.60) 



For the (111) reflection in nickel, with £ = 2 x 10" 6 m, this expression 
gives A0 ~ 3 seconds of arc. In general the values of A0 for neutrons 
are comparable with, but somewhat smaller than, those for X-rays 
(see Bacon, 1975, Table 2). 

Our derivation of the expressions for the extinction distance and 
the width of the Bragg peak is based on scattering obtained by 
transmission (Laue) geometry. The scattering may also be observed 
by reflection (Bragg) geometry (Fig. 6.11). The diffraction patterns - 
intensity as a function of 6 - are somewhat different for the two 
geometries, but the extinction distances and the widths of the peaks 
are comparable in magnitude. For theoretical calculations of the 
patterns see Rauch and Petrascheck (1978). The diffraction patterns 
have been measured for both geometries by Shull (1973) and are in 
very good agreement with the theory. 

The above discussion relates to a perfect single crystal, that is, one 
with a perfectly regular array of atomic positions throughout. In 



Fig. 6.11 Geometries for Bragg scattering: (a) transmission (Laue) 
geometry, (b) reflection (Bragg) geometry. The dashed lines indicate the 
reflecting planes. The dotted lines in (a) show the directions of the neutron 
currents for the extremes of the Borrmann fan and for an incident beam that 
exactly satisfies the Bragg condition. 
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practice most single crystals are not perfect. Dislocations break the 
crystal into small regions or mosaic blocks, of the order of 1(T m in 
size, in each of which the order is perfect, but which are slightly 
misaligned relative to each other by angles of the order of several 
minutes of arc, i.e. by angles much larger than the width A0 of the 
Bragg peak for a single mosaic block. For this reason primary extinc- 
tion may not occur even though the dimensions of the crystal are 
much larger than the extinction distance. In this case the neutron 
beam will eventually encounter mosaic blocks with orientations 
similar to those through which it has already passed. The resulting 
attenuation is known as secondary extinction (Bacon, 1975). The 
width of the Bragg peak is determined by the mosaic spread of the 
crystal. 



Examples 

6.1 Show that for the wavefield 

ij/ v =A v [exp(ik v . r) + a v exp{i(fc„-r). r}], 
the neutron flux, averaged over a unit cell, is 

j v =-\A v \ 2 {k v + \a v \\k v -T)}. 
m 

6.2 A Bravais crystal with positive b has t parallel to its surface. 
Show that if the Bragg condition is satisfied and the origin of r is at an 
atomic site, then 

\ll>v\ 2=s 2(1^008 T.r), 

where the negative sign corresponds to the larger and the positive 
sign to the smaller value of fc„. 



Magnetic scattering - basic theory 



We now consider the scattering cross-sections due to the magnetic 
interaction between the neutron and unpaired electrons in the atom. 



where 



f*n : 



MN : 



7.1 Preliminary results 

We first derive an expression for the potential due to the magnetic 
interaction between a neutron and an electron, recalling some 
definitions and results from electromagnetic theory. 

The operator corresponding to the magnetic dipole moment of the 
neutron is 

'— YfiNtr, (7-1) 

JL (7.2) 

2w p 

is the nuclear magneton. m p is the mass of the proton and e its charge. 
y is a positive constant whose value is 

y = 1.913. (7.3) 

o- is the Pauli spin operator for the neutron. The eigenvalues of its 
components are ±1 (Appendix F.2). 

The operator corresponding to the magnetic dipole moment of the 
electron is 

Me = -2/i B s, (7.4) 

eh 



where 



2m e 



(7.5) 



is the Bohr magneton. m e is the mass of the electron, s is the spin 
angular momentum operator for the electron in units of h. The 
eigenvalues of its components are ±% Note that though <r and s 
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both relate to particles of spin $, their definitions differ by a factor of 
2. 

Consider an electron with momentum p. The magnetic field at a 
point R from the electron due to its magnetic dipole moment is 

fj. n e xR~ 



B s = curl A, 



(7.6) 



4w r* 

where J? is a unit vector in the direction of R. The magnetic field due 
to the momentum of the electron is given by the Biot-Savart law, 
which states that the magnetic field at a point R from a current 
element / d/ is 



ti 0r dlxR 
The current element for the moving electron is 

2/LiJ 



/d/ = p 

m e n 



P 



(7.7) 



(7.8) 



The total magnetic field due to an electron of momentum p is 
therefore 

The potential of a neutron with dipole moment fi„ in this field is 

(7.10) 



-li a .B = -^yn N 2(i B <r . (W s + W L ), 
4ir 



where 



and 



Ws = curl^ 
1 pxjfc 



W,= 



h R' 



(7.12) 



Thus the potential is the sum of two terms, the first arising from the 
spin of the electron and the second from its orbital motion. 

We shall need the following mathematical results, which are 
proved in Appendix B.2. 

CUrl (^^) = 2vl * x (* x *) ex P( i «-*) d «' ( 7 - 13 ) 



— 2 exp0K . R) dJ? = 47ri — . 

R K 



(7.14) 



q and #c are unit vectors in the directions of q and k. 
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7.2 Expression for dV/dil AE' 

We start with (2.15) which gives the cross-section for a specific 
transition A -> A' due to an interaction V between the neutron and the 
scattering system. This expression is correct for nuclear scattering of 
unpolarised neutrons. The spin state of the neutron does not appear; 
the dependence of the interaction on the spin state of the nucleus- 
neutron system is allowed for in the value of the scattering length. t 
However, the magnetic potential contains the spin operator a expli- 
citly, and it is therefore necessary to specify not only the wavevector k 
of the neutron but also its spin state a. Eq. (2.15) is written in the 
form 

(;i£y =^(-^ I ) 2 K*VA'|V m |fca-A)| 2 5(E A - J B A . + fta ) ). 

(7.15) 
This is the cross-section for a process in which the system changes 
from the state A to the state A', and the neutron changes from the 
state it, o- to the state k', cr'. V m is the potential between the neutron 
and all the electrons in the scattering system. 



Evaluation of (k'\V m \k) 

We first evaluate (k'\V m \k), i.e. we integrate over the space coor- 
dinates r of the neutron. It is convenient to treat the spin and orbital 
parts of V m separately. Consider the spin contribution due to the rth 
electron with spin St and position vector r, (Fig. 7.1). From (7.11) and 
(7.13) 

(*'| W Si \k) = \ exp(-i*' . r) curl(^p) exp(i!fc . r) dr 

= — -J exp(iK. r)qx(SjXq)exp(iq. R)dqdr. (7.16) 

27T J 

Now r = ri + R. (7.17) 

The integration variable may be changed from r to R, because r, is 
constant, and the integration with respect to r over all space is equal 
to the corresponding integration with respect "to If. 

[ exp{i(K +«) . R} dJf = (2irf8(K +q). (7.18) 

t This procedure is justified explicitly in Section 9.2. 
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Thus <ft'|W S( |*> = 4wexp(iK.r,){KX(*iXtf)}. (7-19) 

For the orbital contribution we have, from (7.12) and (7.14), 

<fc'| W u \k) = i } exp(i#c . r)^r- dr 

1 f Pi x & 

= - exp(iK . ft) I exp(iic . *)-^2- d« 



4tti .. .. ,.,. 
= t — exp(iK . r f )(/>( x k ). 
Hk 



(7.20) 



Note that although the operators />, and r t do not commute, the 
operators (ptXii) and (k.t,) do commute, so there is no problem 
about the order of the operators in (7.20). 
From (7.19) and (7.20) 

Z(k'\W Si + Wu\k) = 4irQ x (7.21) 

where <? x = £exp(iK. r,)U x( s , x^+^-fo xk)J. (7.22) 

Collecting up the multiplying factors in (7.10), (7.15), and (7.21) we 
have 

Ho - m no eh eh m 

—r- yMN2/XBT—r 24tt = --— y- — 7247r (7.23) 

4at lirh 4tt 2m p 2m e irh 

(7.24) 
(7.25) 



where 



r = 



= -yro, 

2 

Ho e 
4rr m e ' 



Fig. 7.1 Neutron and electron position vectors. 




Origin 
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r is known as the classical radius of the electron and has the value 
2.818xl0~ 15 m. In the step from (7.23) to (7.24) the mass of the 
neutron is taken to be equal to that of the proton. We thus arrive at 
the result 

(-^) =(yr f £|<<r'AV. Q x \<r\)\ 2 8(E x -Ey + ha>). 

VdQd.E/.rA-o-'A' ft (7 26'> 

It is instructive to compare the form of the matrix element (fc'| V\k) 
for nuclear and magnetic scattering. For nuclear scattering from the 
/th nucleus, the matrix element is 

bj exp(iic . Rj). 
The factor bj is a constant, independent of k, because the nuclear 
potential has a short range. For magnetic scattering from the rth 
electron, the matrix element is 

-yr <r . I k x (s, x K)+r^-(p, x k) J exp(i#c . r t ). 

The expression is more complicated than its nuclear counterpart, 
partly because the magnetic interaction has a long range, and partly 
because both the dipole-dipole interaction for spin and the dipole- 
current interaction for the orbital motion are non-central forces. 



Operators Q ± and Q 

The operator Q ± is related to the magnetisation of the scattering 

system as we now show. Consider first the spin part of Q L , which 

from (7.22) is r ' , 

<?xs = S exp(i*c . r,M* x (*i x "fl- 



it is convenient to define an operator Q s by 

<?XS = KX«? s X#f). 

Thus (? s = Iexp(iK.r,)Sj. 



The vector operator 



Ps(r) = I8(r-r,)», 



(7.27) 

(7.28) 
(7.29) 

(7.30) 



gives the electron spin density. Eqs. (7.29) and (7.30) show that <? s is 
the Fourier transform of ps{r), i.e. 



<?s = J Ps(r) exp(iK . r) dr. 



(7.31) 
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The spin magnetisation operator is denned by 
Ms(r)=-2/x B ps(r). 



Thus 



2fl B 



(7.32) 
(7.33) 

(7.34) 



where M s (k)= I M s (r) exp(i*< . r) dr. 

The corresponding calculation for the orbital term is somewhat 
more complicated and is given in Appendix H.l. It is shown that 

OxL = T L i:exp(i»c.r,)(p,XK) = -^-«x{M L (K)XK}, (7.35) 

flK i 2/Ub 

where M L (#f ) = I M L (r) exp(i« . r) dr. (7.36) 

The quantity Mi_{r) is the orbital magnetisation operator, i.e. it gives 
the magnetisation due to the orbital magnetic moments. The follow- 
ing is an outline of the reasoning leading to the result in (7.35). The 
quantity £, exp(i»c . n)pi is expressed as the Fourier transform of j(r), 
the operator for the current density due to the orbital motion. The 
latter can be written as 

/(r) = curlM L (r)+grad<Kr). (7.37) 

The term grad <j> is known as the longitudinal or conduction 
current density, and is due to the net motion of the electrons in some 
direction. The Fourier transform of grad <£ is a vector in the direction 
of ie. Therefore, since k x k = 0, this term gives no contribution to 

<?XL 

Eq. (7.35) shows that <? XL has the same form as <?j. s , ie. it may be 
written as 

(?±l = kx«? l x*J), (7.38) 

where Ql = -^-M l (k). (7.39) 

2flB 

We bring the spin and orbital terms together and put 



= M(r) exp(i* . r) dr, 



(7.40) 

where M(r) = i»f s (r)+M L (r) (7.41) 

is the operator for the total magnetisation - spin and orbital. Then 
from (7.28), (7.33), (7.38), (7.39) 

<?x = <?xs + (?xl = kx«?xk), (7.42) 



where 



7.2 Expression for d cr/dfl dE' 



135 



(7.43) 



We see that the operator Q is effectively the Fourier transform of 
M(r). The physical interpretation of (7.42) and (7.43) is that the 
magnetic scattering of neutrons is due to the interaction of the 
magnetic dipole moment of the neutron with the magnetic field 
produced by the unpaired electrons in the ion. This field is deter- 
mined by the total magnetisation, i.e. the magnetic moments due to 
spin and orbital motion. 

We now consider the geometrical relation between Q L and Q. Eq. 
(7.42) shows that Q L is the vector projection of Q on to the plane 
perpendicular to k (Fig. 7.2). It follows from the diagram that 

<?x = (?-«? ")* ( 7 - 44 ) 

Therefore 

<?x Ox = «? + - «? + • *)*} •{<?-«?■ *)*} 

= l(S a0 -i< a K )Q:Q P , (7-45) 

where a and /3 stand for x, y, z, and S a $ is the Kronecker delta. 



Sum and average over the spin states of the neutron 

The cross-section in (7.26) must be summed over the final states a', 
A', and averaged over the initial states a, A. We do this first for the 

Fig. 7.2 Relation between <? and Q ± . 




Qxfi 
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spin state of the neutron, i.e. we calculate 

Ip„K<r'AV.<?xkA>| 2 , 

where p a is the probability that the neutron is initially in the state cr. 
Now <r.Qi_ = o- x Q ±x +o- y Q 1 . y +a z Qj_ 2 . (7.46) 

The operator cr depends only on the spin coordinates of the neutron, 
while the operator <? ± depends only on the coordinates (space and 
spin) of the electron. The neutron and electron coordinates are 
independent. Therefore 

(a'\ KQxx |o-A > = <erV, |<r)<A '|Qx*|A>. (7.47) 

When we multiply the matrix element by its complex conjugate we 
have two types of term, one involving only one cartesian component, 
e.g. 

(oKlo-'XcrVx |cr><A |OL |A 'XA iQxx |A ), 
and the other involving two components, e.g. 

<o-|o- x |o-'><flrVy|o-XA|Ol»|A'XA'|Ox»|A>. 
Summing over cr' gives, for the two types, 



£ (o-\a x \<t')(<t'\<t x \<t) = (<r\orl \cr), 



I (a\o- x \a')(tr'\o-y\a) = (a\o- x o- y \cr). 



(7.48) 



(7.49) 



The neutron has spin §, so it has two spin states which we denote by 
u and v. They may be regarded as corresponding to 'spin up' and 
'spin down' relative to a specified axis which we take to be the z axis. 
The index cr stands for u or v. The results of operating with a x , a y , a z 
on u and v are given in Appendix F.2. From (F.12) and (F.16) 

(u\o-l\u) = {v\vl\v)=l. (7.50) 

Similarly for <j y and a\. 

(u\<T x <T y \u)=-{v\o- x o- y \v) = \, (7.51) 

with corresponding results for the yz and zx components. For 
unpolarised incident neutrons 

Pu=P„ = l (7.52) 



Therefore 



Zp<r(<r\<rl\o-)=l, 



(7.53) 



and 



I.P*(cr\<r x cr y \<r) = 0. 



(7.54) 
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Thus, in evaluating the matrix elements of Q±, we have only terms 

like 

(A|Ol«|A'XA'|Ox»|A>. 

Therefore 

J^,= (yro?T I p» I <A|Qi«|A'XA'|Q J ..|A >«(£*- £*■ + *») 

= (yo) 2 7-£ ( 5 «* -*«**») 

x Zp A <A|0-|A'XA'|0<i|A>a(£* -£*■ + *«)■ (7.55) 

\A' 

The last step follows from (7.45). 



7.3 Scattering due to spin only 

The expressions we have derived so far relate to a general system. We 
now make the following restrictions. First we assume that the scatter- 
ing system is a crystal, and that the unpaired electrons are localised 
close to the equilibrium positions of the ions in the lattice. This is 
known as the Heitlei -London model. Secondly we assume LS coup- 
ling, i.e. in each ion the individual orbital angular momenta U of the 
unpaired electrons combine to form a resultant orbital angular 
momentum characterised by the quantum number L, and the indivi- 
dual spin angular momenta s, combine to form a resultant spin 
angular momentum characterised by the quantum number S. In the 
present section we consider scattering due to spin only. This is the 
case when L = 0, or when the resultant orbital angular momentum is 
quenched by the internal electric field of the crystal as in the elements 
in the iron group of the periodic table. 

Consider a non-Bravais crystal with nucleus /, d at position Ru. 
I denotes the unit cell in which the ion is located, and d is the index 
specifying the ion within the unit cell (see Section 3.6). Let r v be the 
position of the vth unpaired electron in the ion /, d relative to the 

nucleus (Fig. 7.3). Then 

r,=U w +r„. (7.56) 

From (7.29) and (7.56) 



Q = Qs = I exp(iK . Ru) I exp(i#f . r„)s„. 

Id v(d) 

Consider the contribution to <A'|<?|A> from the ion /, d. 

<A'|<?|A> u = (a' exp(i#c.Jlw) 1 exp(iic. r„)s„ a). 



(7.57) 



(7.58) 
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The state |A> depends on the spin quantum numbers Sd of the ions, 
the orientations of the spin vectors S w , the space states of the elec- 
trons, and the space states of the nuclei. The energy of the neutron is 
too small to change the values of Sd or the space states of the 
electrons; so the states |A) and |A') differ only in the functions giving 
the orientations of the spins and the positions of the nuclei. In these 
circumstances 



where 



(\'\e\p(iK . Rid) I exp(iK . r„)s„ A 

\ I v(d) I 

= F d (K )<A '|exp(i#f . R ld )Sid\\ >, 
F d (ic) = I <} d (r) exp(iic . r) dr. 



(7.59) 
(7.60) 



The scalar function o d (r) is the normalised density of the unpaired 
electrons in the ion d, i.e. the density of the unpaired electrons 
divided by their number. F d (K) is known as the magnetic form factor. 
The result in (7.59) is proved in Appendix H.2. 

From (7.55), (7.57), and (7.59) the cross-section for spin-only 
scattering by ions with localised electrons is 

-jljb= (r'o) 2 £ I (s a0 -K a K ) I IF* d .(K)F d (K) 

dlldjfc K a $ I'd' Id 

x I Pa<A |exp(-ii< . R Vd )S°d- 1 A ') 

AA' 

x(A'|exp(iK . R ld )Sfd\\)S(E x -Ey + fuo). (7.61) 
Sfd is the operator corresponding to the /8 component of spin for the 
ion /, d. 



Fig. 7.3 Nucleus and electron position vectors. 

vth electron in atom /, d 
Nucleus /, d 

Origin 
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7.4 Scattering by ions with spin and orbital angular momentum 

The ions of the rare earth elements have both spin and unquenched 

orbital angular momentum. A theoretical treatment of the scattering 

by such ions has been given by Johnston (1966). The calculation is 

complicated, and we simply quote the result for the case where |#c |~ 

is large compared to the mean radius of the orbital wavefunctions of 

the unpaired electrons. The result is only approximate and is based 

on what is known as the dipole approximation, by analogy with a 

similar approximation in the theory of atomic radiation. 

To simplify the notation we consider the case where all the ions in 

the crystal are identical. As before we assume LS coupling, so the 

angular momentum state of the ion is specified by the quantum 

numbers L, S, J. The calculation shows that when the ion has orbital 

angular momentum the previous expression for the cross-section can 

be used with two modifications. First, the term F(k) - (7.59) - is 

replaced by , 

§gF(K) = Wo + 2gLOPo+/2), 

g = gS+gL, 

S(S + 1)-L(L + 1) 



where 



(7.62) 
(7.63) 



gs=l + 



gL=2 + 



/(/+1) 

L(L + 1)-S(S + 1) 



$* =4 



2/(/ + l) 
7t ]'n(i<r) a(r)r 2 dr. 



(7.64) 



(7.65) 



(7.66) 



g is the Lande splitting factor. /„(/cr) is a spherical Bessel function of 
order n, and o(r) is the normalised density of the unpaired electrons 
averaged over all directions in space. The second change is that the 
operator S is to be regarded as the total angular momentum operator 
J, or some effective spin operator if the orbital angular momentum is 
partially quenched. 



7.5 Time-dependent operators 

We may express the magnetic cross-section in terms of time-depen- 
dent angular momentum operators in a manner analogous to that for 
the nuclear cross-section. We first do the calculation for a model with 
localised electrons and consider LS coupling with either no orbital 
contribution or an orbital contribution that can be calculated on the 
dipole approximation. 
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Consider the expression for the cross-section in (7.61) and use the 
results 

8(Ei-Ei+ha>) = -— f exp{i(E k -E K )t/h}exp(-\a>t)At, (7.67) 
Zirfi J-co 

exp(iHt/h)\\ > = exp(i£ A f/fc)|A >. (7.68) 



Then 



Ipx(X|exp(-iK.* rd .)5? d .|A'> 

x(A'| exp(iK . R, d )S? d \\)8(E x -Ey + hco) 

= r- r f I Pa (A | exp(-iK . R ld ')S?<r | A '> 
Zirn J-oo aa' 

x<A'| exp(iHt/h) exp(i#c . R u ) exp(-iHt/h) 
x exp(iHt/h)Sf d exp(-\Ht/h)\\ > exp(-iwf ) At 

= r^r f (exp{-iK . RiA0)}Sh(0) 

xexp{i#< . Ru(t)}Sf d (t)) exp(-W) At, (7.69) 



where 



5&(r) = exp(U*/ft)Sfi exp(-iHr/ft). 



(7.70) 



The quantity < ) in the last line of (7.69) is the thermal average of the 
operator enclosed at temperature T. 

Now the orientations of the electron spins have only a small effect 
on the interatomic forces, and hence on the motion of the nuclei. If 
we assume the effect is zero the thermal average in (7.69) may be 
factorised giving 

(exp{i»c . Rr d {0)}Sh(0) exp{i« . JTu(f)}S&(0> 

= (exp{-iK . R rd {0)} exp{iK . R ld (t)})<Sh(0)Sf d {t)). 

(7.71) 

From -(7.61), (7.69), and (7.71) we have for the magnetic cross- 
section 

^—i =TTrK8«r^) I te*g d F*AK)F d (K) 
Ail AE 2irn k a p v d '\d 

x f <exp{-i#c . R, d {0)} exp{i* . *«(r)}> 

J-OO 

x(Sh'(0)SUt)) exp(-iwr) At. (7.72) 
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For a Bravais crystal this becomes 
A 2 o- (yr f k' 



ACIAE' lirh k 



N{\gF( K )} 2 1 (8 ae - icJi^Y. exp(i#c . /) 



x J (exp{-iK . «o(0)} exp{iK . u, (r)}) 

x<5S(0)Sf(r)>exp(-iw0dt, (7.73) 

where u t {t) is the displacement of nucleus / from its equilibrium 
position. 

We may divide the cross-section in (7.72) into its elastic and 
inelastic components. The reasoning is similar to that in Section 4.7. 
Put 

I it {K, t) = <exp{-iK . RvAO)} exp{i*c . Ry(t)}), (7.74) 

jf(t) = (ShiO)St l (t)), (7.75) 

where ;' stands for the combination l,d. We express each of the 
functions 4(k, t) and /,"? (t ) as the sum of its value at t = 00 and a 
time-varying term, i.e. we put 



(7.76) 
(7.77) 



Jtf(t)=jtf («)+/{?" (*). 

Then (7.72) may be written in the form 
dV m Zpl V } Si 

dfl AE 2irn k a $ //' 

x ( fad* oo)+/; f (k, tWf (oo)+/;; e (,)} exp(-i«o At. 

J— oo 

(7.78) 

This expression for the cross-section may be divided into four 
components. 

The term Ijj{k, oo)J^ (00) gives elastic magnetic scattering. The 
term Iff (k, t)J$ (00) gives what is known as magnetovibrational scat- 
tering. This is scattering which is inelastic in the phonon system but 
elastic in the spin system, i.e. the orientation of the electron spins 
remain unchanged, but the neutron excites or de-excites phonons in 
the crystal lattice via the magnetic interaction. We can readily 
evaluate the cross-section for this type of scattering. Consider a single 
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domain of a Bravais ferromagnet with the spins aligned in the z 
direction. From (7.75) 

jf(co) = (S 2 ) 2 a=/3=z, 
= otherwise. 

Therefore the magnetovibrational cross-section is the same as the 
cross-section for coherent inelastic nuclear scattering with the factor 
o"coh/47r replaced by 

l(yr fg 2 F 2 (K)(l-K 2 z )(S z ) 2 . (7.80) 

If a magnetic field sufficiently large to align the domains is applied in 
the direction of k, then k z = -1, and the magnetovibrational cross- 
section is zero. This serves to distinguish magnetovibrational scatter- 
ing from its nuclear counterpart, as the latter is unaffected by the 
application of a magnetic field. 

Of the other terms in (7.78), /„•(*, oo)/^ 3 (' ) gives inelastic 
magnetic scattering with no change in the phonon system, while 
Iff (k, t)J)" e (t) gives scattering which is inelastic in both the spin and 
phonon systems. 

The above results are for a localised model. To obtain an expres- 
sion for the cross-section that is independent of a model we go back 
to (7.55). The relations (7.67) and (7.68) then give 

^ = ^7 I (S a$ -Kj e ) f (Qa(-K, 0)Q,Qc, 0) exp(-i»r)df, 
dftdE 27rn k a0 J 

(7.81) 
where Q (K,t) = exp(iHt/h)Q (K)exp(-iHt/h). (7.82) 

We may obtain the elastic cross-section from (7.81) by taking the 
thermal average at r = oo, and integrating with respect to t and E '. 
This gives 

(S = fr r °) 2 £ (*«* -*««aXG.(-«)>«20(")>. (7.83) 

We showed in Section 7.2 that Q(k) is related to the magnetisation 
operator M(r) by 

Qf K )=--L- [ M(r)exp(iK.r)dr = -r— M(k) (7.84) 
2/ttB J ^Mb 

An alternative expression to (7.83), obtained via (7.42) and (7.45), is 

therefore . , , ,_ x 2 

©„-© »««*»?*■ < 785) 






The required product of the integral with its complex conjugate is the 
scalar product. M (r) here refers to the total magnetisation - spin plus 
orbital. If the scattering is due to spin alone (7.85) may be written as 

(Si. = (yr ° )2 '* X {<PS(K)> X * } ' 2 ' (?,86) 

where Ps(f) is the Fourier transform of ps(»0, trie vector electron 
spin density. 



7.6 Cross-section for a paramagnet 

Zero magnetic field. As an example we evaluate the elastic magnetic 
cross-section for a paramagnetic Bravais crystal with localised elec- 
trons in zero external magnetic field. The spins of the ions are 
randomly oriented, Hence there is no internal magnetic field. So if 
the orientation of the spin on a particular ion changes there is no 
change in the energy of the system. This means that the spin opera- 
tors Si commute with the Hamiltonian of the system and hence that 
the spin matrix element in (7.73) is time-independent, i.e. 

(SS(0)Sf(r)) = (5S5f>. (7.87) 

Since we are considering elastic scattering we evaluate the matrix 
element for the nuclear displacements at t = oo. As before this leads 
to the Debye-Waller factor. Inserting these' results in (7.73) and 
integrating with respect to E' gives 



da 
dO 



= {yrofikHx)} 2 exp(-2 W) I (S a0 - K a i< e )N I exp(iK . l)(S%Sf ). 

a0 I 

(7.88) 



In a paramagnet there is no correlation between the spins of 
different ions. Therefore, for / ^ 

<5SSf) = (SS>(5f) = 0. (7.89) 

For / = 

(SZSf) = 8 a0 ((SZ) 2 ) = & afi {S 2 ) 

= & a0 S(S + l). (7.90) 

Thus the cross-section is only non-zero for / = 0, a = jS ; whence 

I(d a$ -i< a K0) = I(l-Kl) = 2. (7.91) 
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These results give 
do- 



=: = UyrofN£gF(K)} 2 exp(-2 W)S(S + 1). 
all 



(7.92) 



Magnetic field. We now consider the case when a magnetic field B is 
applied to the paramagnet in the -z direction. If the scattering 
process causes a change in the spin orientation of an ion, the change 
in the energy of the system is of the order of 

MB fl = 9xl(r 24 J forS = lT. (7.93) 

The energy of a thermal neutron is of the order of 



fc B 7 , = 4xlCT 21 J forr = 300K. 



(7.94) 



So for a thermal neutron and a magnetic field that is not very large, 
the change in the energy of the scattering system is small compared to 
the energy of the incident neutron. We therefore ignore the energy 
change and again take the spin matrix element to be time-indepen- 
dent. However, the values of (SoSf) are not the same as before. The 
calculation is done in Example 7.2. The result is 

^ = (yrofN{\gF(K)} 2 exp(-2 W)Ul - k\ )^<S 2 ) 2 1 S(k - r) 
ail L vo t 

+/c 2 {|S(5 + l)-§((5 2 ) 2 ) + (S 2 > 2 } + i5(5 + l)+§((S r ) 2 )-(5 z ) 2 ], 

(7.95) 

<S 2 ) = (S+±)coth{(S+^)wMcoth(jw), (7.96) 

<(5 z ) 2 ) = 5(S + l)-coth(§ M )(S 2 ), (7.97) 

u = gn B Bp. (7.98) 

For zero magnetic field the scattering is entirely diffuse, i.e. it is 

distributed continuously over scattering directions. When a magnetic 

field is applied, part of the scattering - that proportional to (S 2 ) 2 - 

occurs in Bragg peaks; the rest is diffuse. 

Examples 

7.1 A symmetric or antisymmetric function of the space coordinates 
of two electrons has the form 

4>(ru r 2 ) = {«Aa(ri)iAb(r 2 )± Mri)^(r 2 )}/^2, 
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where ij/* and iK are an orthonormal pair of single-electron state 
functions. Show that if /(r) is an operator that depends on position 

M/(r,)|*> = v*|/(r 2 )|*) 



■»J 



a (r)| 2 + |<Mr)1 2 }/(r)dr. 



7.2 (a) Derive the expression given in (7.95) to (7.98) for the elastic 
magnetic cross-section when a magnetic field B is applied in the -z 
direction to a paramagnet. 
(b) Show that 

as m^oo, (S Z )->S, ((S z f)-*S 2 , 

as u->0, (S z )^jS(S + l)u, ((5 2 ) 2 >^j5(S + l). 
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Scattering from magnetically ordered crystals 



In the present chapter we consider the scattering from a magnetic 
crystal in which the spins are ordered, e.g. a ferromagnet, or an 
antiferromagnet, or a crystal with a helical arrangement of spins. 



8.1 Elastic magnetic scattering 

For a Bravais crystal with localised electrons the elastic cross-section 
is obtained from (7.73) by replacing the matrix elements by their 
limiting values as f-»oo. As t -»oo (So(0)Sf (t)) becomes independent 
of time. Thus 

lim(5S(0)5f(f)> = (SSXSf). (8.1) 

Substituting (8.1) in (7.73) and integrating with respect to E' gives the 
elastic cross-section 

( S - (yro) 2 N{hF(K)) 2 exp(-2 W) I (S a0 - £ a Z ) 



xIexp(iK./XSSXSf>. 



(8.2) 



Ferromagnet 

In the absence of an external magnetic field a ferromagnetic crystal is 
composed of small regions, or domains, in each of which the electron 
spins tend to align in the same direction. Consider a single domain 
and take the z axis, i.e. the axis of quantisation for specifying the spin 
states, to be along the mean direction of the spins. Then 

(S X i) = (S}) = 0. (8.3) 
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For a Bravais ferromagnet (S?) is independent of the site position /, 

<S?> = <S Z >. (8.4) 

This is the average value for a single ion of the component of spin 
along the mean spin direction. The magnetisation of the domain is 
proportional to (S z ). 

From (8.2), (8.3), and (8.4) the elastic cross-section for a single 
domain is 

(-) - 

vdn/e, 



(vro?N$gF(K)} 2 exp(-2 W)(l -k 2 )<S z > 2 I exp(i#< . /). 



As usual 



Eexp(iK.I) = ^-Ifi(ie-T). 

i Vo T 



(8.5) 

(8.6) 

When k = t, K 2 = T.ri, (8.7) 

where f is a unit vector in the direction of t, and i} is a unit vector in 
the mean direction of the spins. Thus the cross-section for a sample 
with many domains is 

(S = (yrofN^l(S«) 2 1 {hF(r)f exp(-2 W) 

\dil/ e l Vo t 

x{l-(f. «&}«(« -r). (8.8) 

The quantity (S") is the mean value of the component of the spin in 
the direction of »} for each domain. 

The average of (f. tj) 2 is taken over all the domains. If all direc- 
tions in space are equally likely for rj then 

{l-(T.TJ) 2 } av = |. (8.9) 

The same result holds if r\ is equally likely to be along axes related by 
cubic symmetry, e.g. 100, 010, 001 or 111, 111, ill, 111. 

We see from (8.8) that for a ferromagnetic crystal the magnetic 
Bragg peaks occur at the same points in reciprocal space as the 
nuclear Bragg peaks. However, there are several important 
differences between magnetic and nuclear Bragg scattering. Firstly, 
the magnetic scattering, being proportional to (S") 2 , is very tempera- 
ture dependent, and falls to zero at the Curie temperature T c (see 
Fig. 8.1). The nuclear scattering varies little with temperature; the 
only term in the cross-section that is temperature dependent is the 
Debye- Waller factor. 

Secondly, for magnetic scattering, the magnetic form factor F(t) 
falls rapidly with increasing |t|. This is because the form factor is the 
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Fourier transform of the magnetic potential, and the latter has a long 
range. The nuclear potential on the other hand has a very short range, 
and its Fourier transform is independent of k. For a Bravais crystal 
the only term that causes the intensity of the nuclear peaks to vary 
with t is again the Debye-Waller factor, and at moderate tempera- 
tures the variation is small. 

If an external magnetic field is applied in the direction of t for a 
given Bragg peak, the spin directions of all the domains tend to align 
so that 17 is along -t. Then t. 1} = -1, and the magnetic scattering 
vanishes. The difference in the cross-section with and without an 
external magnetic field gives the magnetic scattering alone, thus 
providing a convenient method for separating the magnetic and 
nuclear scattering at a Bragg peak. 

These remarks about magnetic Bragg scattering are valid for a 
localised or an itinerant electron model. However, the expression for 
the cross-section in (8.8) applies only to a localised model. The 
corresponding result for an itinerant model has been derived by 
Izuyama et al. (1963). 

We may also use the expressions in (7.85) and (7.86), which do not 
depend on a model. For a single domain in a ferromagnetic crystal, 

Fig. 8.1 Variation of <S"> with temperature for a typical ferromagnet. 
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the magnetisation {M{r)) is periodic in the unit cell of the crystal. 
Thus, provided the magnetisation does not affect the motion of the 
nuclei, we may put 

[ (M(r)) exp(i« . r) dr = W(k) I (exp(iK . *,)>, (8.10) 
&(*)=[ (M(r)> exp(iK . r) dr. (8.11) 

■tell 



where 



Jceii means integrate over the unit cell. Substituting (8.10) in (7.85) 
and using the result in Example 4.3 we obtain 

(S =(f 1 ) 2 ^-^ ! Iexp(-2^(ic-r)|fx WT )xf}| 2 . 

(8.12) 
From (B.15) (M(r)) is given in terms of &(t) by 



<flT(r)> = -I^(r)exp(-ir.r). 

v T 



(8.13) 



Measurement of the intensity of the Bragg peak gives 3F(r), from 
which (M{r)) may be calculated. These measurements are made most 
accurately with polarised neutrons and are discussed in the next 
chapter. 



Antiferromagnet 

In a ferromagnet all the spins tend to align in the same direction 
within a single domain. In an antiferromagnet each domain consists 
of two interpenetrating sublattices, A and B, the spins of the atoms in 
A being antiparallel to those in B. The term antiferromagnetism also 
covers more complicated spin patterns, but we shall consider only the 
simple case. An example of a simple antiferromagnet is KMnF 3 . Its 
structure is shown in Fig. 8.2a. 

Denote the mean spin direction in sublattice A by ?j. Obviously if 
the average (5") was taken over all the ions in the domain the result 
would be zero, as there are equal numbers of ions pointing up and 
down. We therefore define (5") to be the staggered mean spin, i.e. 
the value of (S n ) for the ions in sublattice A alone. The unit cell in 
sublattice A is called the magnetic unit cell. The unit cell obtained by 
ignoring the spin of the Mn 2+ ion is called the nuclear unit cell. 
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sample of KMnF 3 at 4.2 K is shown in Fig. 8.3. It is not always the 
case that nuclear and magnetic Bragg peaks occur at different points 
in reciprocal space for an antiferromagnet. In MnF 2 for example, 
although the nuclear scattering from the manganese ions is zero at a 
magnetic Bragg peak (see Example 9.2) the nuclear scattering from the 
fluorine ions is not. 

The staggered mean spin <S"> varies with temperature, falling to 
zero at T N , the Neel temperature. Since the intensity of a Bragg peak 
is proportional to (S"> 2 , measurement of the intensity provides a 
method of measuring (S">. Some results for RbMnF 3 , which has the 
same structure as KMnF 3 , are shown in Fig. 8.4, where the intensity 
of the I, i. I Bragg peak is plotted as a function of temperature. 

Helical arrangement of spins 

Neutron diffraction has revealed the existence of other types of spin 
ordering besides ferromagnetic and antiferromagnetic. An example is 
provided by the alloy Au 2 Mn where the spins have a helical 



Fig. 8.4 Intensity / vs temperature T for the (§, |, |) Bragg reflection in 
RbMnF 3 . The curve corresponds to Ix(T N -T) le for (8 = 0.318, T N = 
83.0 K. (After Tucciarone etal., 1971.) 
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arrangement. The magnetic structure is shown in Fig. 8.5. The 
manganese ions form a body-centred tetragonal lattice. The spins of 
the atoms in a plane perpendicular to the z-axis (the tetrad) lie in the 
plane and point in the same direction, but this direction rotates about 
the z axis for successive planes of atoms. (In a general helical 
arrangement the' axis of the helix, i.e. the axis perpendicular to the 
planes of constant spin direction, may not be perpendicular to the 
rotation plane of the spins. For a review article on helical spin 
ordering see Nagamiya, 1967.) 

To calculate the scattering cross-section we write (8.2) in the form 



idSe, = iyr ° )2{ ^ ^^ 6XP( ~ 2 W)I ' 



(8.20) 



where J = £ (8 al3 - K a K e ) I (S?)(Sf) exp{i#c . (/ - /')}. 



(8.21) 



Fig. 8.5 Structure of Au 2 Mn. Only the Mn atoms are shown. The tetrad axis 
is vertical. 
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Let Q be a vector in the direction of the axis of the helix, of 
magnitude 2ir divided by the pitch of the helix. Then the spin 
components have the form 

(5?> = (5>cos«?./), (5?> = (5>sin((?./), (Sf>-0. (8.22) 

Inserting these values in (8.21) we obtain 

I = (S) 2 I exp{iK . (/ - /')}[{1 -HkI + kI)} COS«? . (/ - /')} 
If 

+ \ (*l -kI) cos{(? .(/ + /')}- HA sin{<? . (I + /')}]. 

(8.23) 
Unless Q is equal to a vector in the reciprocal lattice (which we can 
rule out as it would correspond to a collinear arrangement), the terms 
in cos{<?. (/ + /')} and sin{<? . (/ + /')} sum to zero. This follows 
because the sum over / and /' can be carried out by first summing over 
/ with /-/' constant and then summing over I -I'. The terms in 

Fig. 8.6 Bragg scattering from Au 2 Mn. (a) Spectrum at 293 K. (b) Difference 
between spectra at 293 K and 423 K. (After Herpin et al., 1959. Reproduced 
by kind permission of Gauthier-Villars.) 
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Q . (/ + /') give zero for the first summation. We therefore have 

7 = <5) 2 {l-i(^+ ( ?^)}Icos{(?.(/-/')}exp{iK.a-/')} 

w 

= i(S> 2 (l + K^)Xexp{i(ic + (?).(/-/')} + exp{i(if -<?).(/-/')} 



N (2ir)- 



(S) 2 (1+kI)1{S(k + Q-t) + S(k-Q-t)}, 



(8.24) 



which combined with (8.20) gives the cross-section. 

Eq. (8.24) shows that magnetic Bragg scattering occurs when 

k = t±Q. (8.25) 

Thus each nuclear Bragg peak k = r is flanked by a pair of magnetic 
satellites. To label the reflections we choose an orthogonal unit cell in 
the crystal, defined by the corner atoms in Fig. 8.5. If Ti, t 2 , t 3 are the 
unit vectors in the corresponding reciprocal lattice, the coordinates of 
k for a nuclear peak are three integers t\, h, f 3 , where h + t 2 + h is 
even. (A body-centred tetragonal unit cell has a face-centred tetra- 
gonal reciprocal lattice.) The vector Q is in the z direction. If <b is the 
angle between the directions of the spins in successive planes (Fig. 
8.5), it follows from (8.25) and the definition of Q that the coor- 
dinates of #c for a magnetic reflection are t u h, t 3 ±<b/iT. 

The Neel temperature for Au 2 Mn is 363 K. Herpin et al. (1959) 
measured the Bragg scattering at 293 K and 423 K. The former 
contains the nuclear and magnetic peaks, while the latter contains 
only the nuclear. The difference between the two sets of measure- 
ments thus gives the magnetic peaks. The results are shown in Fig. 8.6 
and correspond to <$> = 51°. 

8.2 Scattering by spin waves 

As an example of inelastic magnetic scattering of neutrons we 
consider scattering by spin waves in a ferromagnet.t We first review 
the main features of the results, taking a Bravais crystal and assuming 
a model of localised electrons. If e ach atom has spin 5, the magnitude 
of its spin angular momentum is -JS(S + l) h. Any component of the 

t For a comprehensive treatment of spin-wave theory see Keffer (1966). For further 
discussion and experimental results of neutron scattering by spin waves see Lowde 
(1965), Shirane et al. (1968), Marshall and Lovesey (1971), and Houmann and 
Mjaller (1976). 
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spin angular momentum has the value Mh, where M = 
S, S- 1, . . . , S. As before we start by considering a single domain 
and take the mean spin direction as the z axis and axis of quan- 
tisation. At zero temperature all the spins are aligned, so M = 5 for 
all the atoms. At finite temperatures other values of M occur, and the 
departure from M = 5 is termed a spin deviation. 

The spin deviations may be represented by the sum of the devia- 
tions due to a set of travelling sinusoidal waves. These are the spin 
waves. Although the spin deviations are discrete, the spin waves have 
continuous displacements. There is no inconsistency here, because 
the displacement of a spin wave, when squared, gives the probability 
of a spin deviation, and this is continuous. 

The spin wave is the analogue of the normal mode of nuclear 
displacements. It is quantised, and its energy, relative to the ground 
state, is nfuo, where <w is the angular frequency of the wave, and n is 
an integer. The quantum of energy ha> is known as a magnon. Just as 
in the nuclear case, the neutron can be scattered by a process in which 
n •* n ± 1 for a particular spin wave, the change in energy being taken 
up by the kinetic energy of the neutron. 



Linear spin -wave theory 

We take the Hamiltonian of the magnetic system to be 
H = -ZJ(l-V)S,.Sv, 



(8.26) 



where S ( is the spin angular momentum operator in units of h for 
atom /. The quantity 

J{l-l') = J{l'-l) (8.27) 

is known as the exchange energy or exchange integral. The form of 
the Hamiltonian in (8.26) was first put forward by Heisenberg and 
arises from the electrostatic interaction between the atoms, together 
with the requirement of antisymmetry for the electron wave 
functions. The sum in (8.26) is over all /, /' pairs, i.e. /, /' and /', / are 
counted as separate terms. (They are equal.) J(0) is defined to be 
zero. 

The exchange integral can be positive or negative. In a ferromagnet 
it is positive for neighbouring atoms. Therefore, to make the energy 
of the crystal as small as possible, neighbouring spins tend to align in 
the same direction. In an antiferromagnet the exchange integral is 
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negative for neighbouring ions; so neighbouring spins tend to align in 
opposite directions. 

Angular momentum operators. We summarise some results from 
quantum mechanics (see Appendix F). Let Si, Sf, Sf be the operators 
for the atom / corresponding to the x, y, z components of spin 
angular momentum in units of h. We restrict our attention for the 
moment to a specific atom and drop the subscript /. Denote the 
eigenstate of 5 Z with eigenvalue M by \M). We define operators 

S + = S x +iS y , S~ = S x -iS v . (8.28) 

Then 5 + |M) = {(5-M)(S+M + l)} 1/2 |M + l), 

S~\M) = {(S+M)(S-M + 1)} 1/2 |M - 1). 

Thus S + converts the state \M) into the state \M + 1), and S~ converts 
|M)into |M-1). Put 

n = S-M. (8.30) 

This simply renumbers the states in terms of the spin deviations, and 
from now on the number inside the symbol | ) refers to n. Eqs. (8.29) 
become 

S + \n) = (2Snf\l-^fj |„-1>, 



(8.29) 



S» = {2S(n + l)} 1/2 (l-^r) |„ + 1>. 



(8.31) 



(8.32) 
(8.33) 
(8.34) 



We define a pair of annihilation and creation operators for the spin 
deviations on the atom / by the relations 

a\n) = n 1/2 \n - 1>, a + \n) = (n + l) 1/2 |n + 1). 
Then aa + \n) = (n + l)\n), a + a\n) = n\n), 

and [a, a + ] = l. 

These operators were first introduced into spin-wave theory by 
Holstein and Primakoff (1940). The operator a changes \n) into 
|n-l), so it produces the same effect as S + - only the constant 
multiplying the resulting function is different. Similarly a + produces 
the same effect as S~. 

Linear approximation. We now make an approximation, which is to 
neglect the terms (n - l)/2S and n/2S in (8.31). Thus 

St = (2S) U2 a h ST = (2S) l/2 at. (8.35) 
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This is known as the linear approximation. We shall see its significance 
in the expression it gives for the Hamiltonian. 

The linear approximation is a good one for n « S, i.e. for small spin 
deviations. In fact it is correct for S + operating on |0) and |l>, and for 
S~ operating on |0). It gets worse as n -* S and is completely wrong 
for n > 2S. The correct S~ operating on \2S) annihilates it, as it must 
do because |2S> is the state corresponding to the maximum possible 
spin deviation. But the approximate S~ converts |25) into |2S+1>, 
\2S + 1) into \2S + 2), and so on. It thus generates a non-existent set of 
eigenfunctions. 

We shall require an expression for S] . Since 

S;\n) = (S-n)\n), (8.36) 

S',=S-ata,. (8.37) 



From (8.35) 



S 2 , 



s-^srsr. 



(8.38) 



(8.37) is exact; (8.38) is approximate. 
We introduce operators b q and b q by the Fourier expansions 



ai=N- U2 lcxp(\q.l)b ll , 

4 

af=AT 1/2 Iexp(-i«./)&;, 



(8.39) 



The commutation relations for b q and b q are obtained from (8.40), 
(8.42), and (A. 18). 






[b q , b q ] = ^ [Z exp(-itf . l)a b Z exp(i<j' . l')at J 



= T7 1 exp{ifa' -«)./} = «„■ 

rv i 



(8.43) 



We now use the linear approximation to derive an expression for 
the Hamiltonian in terms of the operators b q , b q . From (8.28) 

S,.Sv = nStST+SvS7) + S z Sl. (8.44) 

There are no terms with / = /' in (8.26), and for / 5* I' any Si operator 
commutes with any Sr operator. We may therefore write 

H = -lJ(l-l')(SlST+S z S z ). (8.45) 

8" 

The sum of the //' and /'/ terms, which have the same values for 
/(/-/'), correctly gives the sum of the corresponding terms in (8.26). 
Substitute the expressions for St, ST, S* given in (8.35) and (8.37), 
and ignore terms in the 4th power of a. (This is correct for the linear 
approximation where such terms are implicitly omitted in St, ST.) 
This gives 

H = -JVS 2 j?(0)+2Sj?(0)I ata,-2S I/(/-/')ajflr, (8.46) 



where N is the number of atoms in the crystal. The sum over q runs 
over the N points in the lst'Brillouin zone, corresponding to waves 
periodic in the crystal. t The relations reciprocal to (8.39) are 

~ 1/2 Lexp(-i«.JK 



where 



£(q)=lJ(p)exp(iq-p), 



b q =N~ 
^=AT 1/2 Xexp(uf./K- 



(8.40) 



They are obtained from (8.39) and (A. 18) thus: 

AT 1/2 1 exp(-if' . l)a, = AT 1 1 exp{i(« -«') . l}b q = b< . (8.41) 

Similarly for b q . The commutation relations for a t and at are 

[a,,at] = 8 w . (8.42) 



t A crystal with N atoms has 3N normal modes for the nuclear displacements. For a 
spin wave there is no counterpart to the polarisation of a normal mode. Thus there 
are only N spin waves. 



and p = 1 — 1. 

£ p means sum over /' with I constant. From (8.39) and (A. 18) 
1 



(8.47) 
(8.48) 



. 



±Zata l = -Zlex P {i( q '-q).l)b q -b q =Zb + q b q . (8.49) 

I N 44' l 4 

Similarly 

lJ(l-l')a,at 
w 

= T7 E Z J(p) exp(iq' . p) Z exp{ifa - q') . l}b q btf 
« 44 p 1 

= lMq)b q b + q =lHq)b + q b q . 
1 4 

The last step follows from (8.43), together with the result 
Z/fa) = Z/(p)Zexp(i<rp) = 0. 



(8.50) 



(8.51) 
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Inserting (8.49) and (8.50) in (8.46) gives 

H = H° + Y.ha> q b + q b q , 



where 



H° = S 2 W(0) = S 2 N I J(p), 



(8.52) 
(8.53) 



and *«, = 2S{/(0)-/(«)}. (8-54) 

This is the required expression for the Hamiltonian. It is the sum of 
a set of terms, each one depending on a particular q. There are no 
cross-terms like b q b q ' where q^q'. The form of the Hamiltonian in 
(8.52) is identical to that in (G.31) for the nuclear displacements of a 
crystal with harmonic forces. Moreover, the commutation relations in 
(8.43) for the operators b q , b q are identical to those in (G.30) for the 
operators a s , at- All the results for a s , at that follow from the 
commutation relations and the form of the Hamiltonian (see 
Appendix E.l) therefore apply to the operators b q , b q . Thus 

[b q , H] = W* [* J. H\ = -**■*■■ 
b q (t) = b q exp(-i«,0, b q (t) = b q exp(iw,f). 
If |n) is an eigenfunction of H 9 = ho},Jb q b q , then 

b q \n) = n l/2 \n-l), b + q \n) = (n + \) U2 \n + \), 

bj>i\n) = (n + l)\n), b q b q \n) = n\n), 

H q \n) = nhai q \n). 

We see then that the Hamiltonian in (8.52) represents a set of 

independent sinusoidal waves - the spin waves. The operators b q and 

b q are the annihilation and creation operators for the wave q. The 

fact that the spin waves are independent, i.e. non-interacting, is a 

consequence of the linear approximation, just as the independence of 

the normal modes for nuclear displacements is a consequence of the 

harmonic approximation. 

Eqs. (8.39) and (8.56) give the time-varying form of the operators 
«i and at 



(8.55) 
(8.56) 

(8.57) 
(8.58) 
(8.59) 



a,(t) = N~ U2 1 exp{ifa . / - co q t)}b q , 

V 

af (?) = N~ 1/2 1 expHta . / - to q t)}b q . 



(8.60) 



Magnon dispersion relation. The term H° in (8.52) represents the 
energy of the ground state of the spin system. It is the state when all 
the atoms have M = S. The energy of the spin wave with wavevector q 
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is nhw q , where 

fta>, = 2S{jP(0)-j?fo)}. (8.61) 

This equation is the dispersion relation for spin waves. 

Consider the simple case where the exchange integral has the 
constant value / for nearest neighbours and is zero for the rest. Let 
the number of nearest neighbours be r. Then 

M0)=rJ, (8.62) 

and <?(q) = rJy q , (8.63) 



where 



1 
y q = -Iexp(i«.p). 



(8.64) 



Suppose the crystal has a simple cubic structure with cube side a. For 
qa « 1 it can be shown (Example 8.3) that 

hco q =Dq 2 , (8.65) 

where D = 2JSa 2 . (8.66) 

The form of the dispersion relation in (8.65) does not depend on a 
particular model, but is generally true at small q for a ferromagnet. 
The constant D is known as the stiffness constant. For a cubic crystal, 
D has the same value for all directions of q ; for a non-cubic crystal it 
varies with direction. These results may be contrasted with the results 
for phonons. For the latter, a> q is proportional to q at small q, and the 
constant of proportionality depends on the direction of q even for a 
cubic crystal. 



One-magnon cross -sections 

We now evaluate the matrix elements <SS(0)Sf (r)> in (7.73). From 
(8.35), (8.37), and (8.60) 

tfto-ta) I exp{i(f. /-»,/)}&„ 

V (8 - 67) 

57(0= (f-J LexpHto./- ay )}/>;, 

5f(0 = S-^Zexp[i{(«j'-«)./-(a,,-a>,M]6X. (8.68) 

Consider the matrix element <A|5S(0)Sf (r)|A>. Because the Hamil- 
tonian of the spin system has the form H = H° + 'Z q H q , (8.52), the 
state |A>, which is an eigenfunction of H, is the product of eigen- 
functions of the operators H q . By virtue of the relations in (8.57), the 
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matrix element is zero unless, for each spin wave q, there is an equal 
number of b q and b q in the operator. (The argument is identical to 
the one used for normal modes - see Appendix E.l.) Therefore 

(++) = (- -> = ( + z) = (z+> = (-z) = (z-) = 0, (8.69) 
where (a/3) stands for <A|SS(0)Sf(r)|A>. For example, the matrix 
element (++».- from (8.67) - the sum of terms like (A \b q b q \k ), and 
this is zero for all values of q, q'. The only non-zero matrix elements 
are 

(zz), < + ->, <-+>. 

We consider them in turn. 
From (8.37) 

(\\S z (0)SUt)\*) = (*\S 2 -SaZ(0)a (0)-Sai(t)a,(t)\\) (8.70) 

in the linear approximation when the term in the 4th power of a is 

neglected. From (8.60) 

(\\at(t)a,(t)\X) 

= ^Icxp[i{(q'-q).l-(<o q -w q )t}](\\b + q b q ]\) 

1 



= t7I<a!a;a,|a>, 

N , 



(8.71) 



since the only non-zero terms are those with q = q'. Thus 
{\\aj (t)a x (t)\K) is independent of / and t. From the last two equations 
and (8.58) we have 

(8.72) 



25 
(5S(0)Sf(0) = S 2 --I(n,). 



This expression is independent of / and therefore gives rise to elastic 
scattering. It is in fact the scattering we considered in Section 8.1. 
From (8.67) 



2S 
(A \St (0)Sr (OlA ) = T7 1 expHto • I ~ «V)} <A \btf |A ). 



Thus 



Similarly 



<So(0)Sr(0> = T7lexp{-ito. l-w q t)}(n q + 1). 

I\ a 



2S 

(So (0)Sf (0) = T7 1 exp{ifa . / - a> q t)}(n q ). 

IS q 



(8.73) 



(8.74) 



(8.75) 
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Expressing Si and S y in terms of 5?" and ST we have 

(s x (o)snt)) = (sUo)s y ,(t)) 

= -^- X exp{-rfa •/- *>,')}<«« + 1) + exp{ita •'" «V )><«•>• 

2/V , 

(8.76) 
(S x o (0)SUt)) = -(S y o(P)SUt)) 



\S 



= ^r7lexp{-i(fl./-w,0}<n, + l)-exp{i(9./-w,r)}(n,>. 



IN 



(8.77) 



The preceding reasoning shows that it is the terms with a, /3 = x, y 
in (7.73) which gives the inelastic scattering. They are sometimes 
called the transverse terms. The term with a=/3 = z is called the 
longitudinal term. The terms a = x, P = y, and a = y, f3=x are 
multiplied by the same factor /c x /c y . From (8.77) they sum to zero. We 
are left with the terms a = /3 = x, and a = (S = y. Now 



1-K^+l-Ky = \+K z . 



(8.78) 



From (7.73), (8.76), and (8.78), the inelastic magnetic cross-section 
for a single domain is 



dV 



1 1 



. -, = (yro) 2 T ^7^(1 + k\ %gF{K)f exp(-2 W) X exp(iK . /) 
dildE k 2irn 2 i 

xf I [expHfa.f -*»,*)}<«, + 1) 

J-oo 4 

+ exp{i(g. l-<o q t )}(n q )] exp(-iwf)df 
2 k' (2tt) 3 1 



= (yo) 



^S(l + K 2 z ){\gF(K)} 2 exp(~2W) 
v 2 



(8.79) 



x £ {S(k -q-r)S(hcj q -h<o)(n q + 1) 
+ 8(k +q -T)8(ha> q + hw)(n q )}. 
The thermal average of n q is 

(n,> = {exp(fto>, / 8)-ir 1 . (8-80) 

The cross-section in (8.79) is the sum of two terms, the first 

corresponding to the creation and the second to the annihilation of 
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spin wave q increases by unity. The two 5-function terms in the 
cross-section show that the conditions for the process are 
h 2 



2m 



(k-k u )=ha> q , 



(8.81) 



k-k' = T+q. (8.82) 

The spin wave gains energy ha) 9 and the kinetic energy of the neutron 
decreases by this amount. In addition the initial and final wavevectors 
of the neutron have to satisfy (8.82). In magnon annihilation the 
quantum number of the spin wave decreases by unity and the resul- 
ting decrease in energy is taken up by the neutron. 

Eqs. (8.81) and (8.82) are identical with the equations for scatter- 
ing with the creation of one phonon, and thus give rise to the same 
type of velocity spectrum for the scattered neutrons. With mono- 
energetic neutrons incident on a single crystal the velocity spectrum 
of the neutrons scattered in a given direction contains peaks. 
Measurement of k and k' for the peak enables the w„ q values of the 
spin wave to be calculated. In this way the magnon dispersion relation 
may be determined. 

Some results for the rare-earth metal gadolinium are shown in Fig. 
8.7. A model based on localised magnetic moments provides a good 
description of the magnetic properties of the rare-earth metals. In 
general the ions of these metals have unquenched orbital angular 
momentum, which produces anisotropy terms in the Hamiltonian. 
However, for gadolinium the orbital angular momentum is zero, and 
the Hamiltonian is well represented by the simple Heisenberg 
expression in (8.26). 

Gadolinium, like the other heavy rare-earth metals, has the hep 
(hexagonal close-packed) structure, which has two atoms per unit 
cell. Hence there is an optic as well as an acoustic branch for the 
magnon modes. The hep structure may be regarded as two inter- 
penetrating Bravais lattices. The dispersion relation in (8.61), derived 
for a single Bravais lattice, becomes, for the hep structuret 

haj 9 = 2S{J(0)-^(q)+f(0)±\f(q)\}, (8.83) 

where $(q) is the quantity defined in (8.47) with / and /' in the same 
Bravais lattice, and $\q) is the same quantity with / and /' in different 
lattices. The positive sign in (8.83) gives the optic branch and the 
negative sign the acoustic branch. 

t See Cooper (1968), p. 421. 
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For the transition metals a model based on localised magnetic 
moments would not seem appropriate. However, the Heisenberg 
Hamiltonian does appear to give a reasonable phenomenological 
description of spin waves in a transition metal, at any rate for small q. 
The question of the extent to which localised and itinerant electron 
models can account for the magnetic properties of the transition 
elements has been the source of much discussion - see Izuyama et al. 
(1963), Herring (1966), and Cooke (1976). 

We return to (8.79), the expression for the inelastic cross-section 
for a single domain. In the absence of a magnetic field, the mean spin 
direction »} varies from one domain to another. For a cubic crystal the 
value of (1 4- k 2 ,) averaged over many domains is 

(l+/^)av = 5. (8.84) 

A sufficiently strong magnetic field B causes the mean spin directions 
to become aligned. Then 

1 + k^ = 1 IotBIk, 

= 2 IoxB\\k. 



(8.85) 



Fig. 8.7 Magnon frequencies in gadolinium at 78 K along the direction TM 
and MKT (see Fig. 3.14) and FA, the hexad axis. (After Koehler et al., 
1970.) 
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Thus the application of a magnetic field causes the cross-section for 
one-magnon scattering to vary by a factor of 2. This provides a 
method of distinguishing one-magnon, magnetovibrational, and 
nuclear phonon scattering. We recall that the magnetovibrational 
cross-section contains the factor 1 - k\, and is therefore zero when 
B\\k. A magnetic field has no effect on nuclear phonon scattering. 

In the linear approximation only zero-magnon (elastic) and one- 
magnon processes occur. We have previously noted that the nuclear 
equivalent to the linear approximation is the harmonic approxima- 
tion. However, in contrast to the magnetic case, this approximation 
leads to 0, 1, 2, . . . phonon processes. 



Physical picture of a spin wave 

The expressions for the matrix elements in (8.76) and (8.77) suggest a 
physical picture of a spin wave. Consider a picture in which the spin 
vectors S of all the atoms in a domain lie on cones of equal semi- 
angle. The axes of the cones are parallel to the mean direction of the 
spin vectors, and as before we take this to be the z axis. For a spin 
wave of wavevector q, all the spin vectors of the atoms in a plane 
perpendicular to q are pointing in the same direction, but as we 
advance along q this direction precesses round the cone axis as shown 
in Fig. 8.8a. The projection of S in the xy plane is shown in Fig. 8.86. 



Fig. 8.8 (a) Physical picture of a spin wave. The z axis is the mean direction 
of the spin vector. (/>) Projection of S in the xy plane. 



(a) 
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(8.86) 



On this picture the z component of S is the same for all the atoms. 
The x and y components are 

Si = A cos(q .l-<A)t + <j>), 

Sl=Asin(q.l-(ot + 4>), 

where A is the magnitude of the component of S in the xy plane, and 

4> is a phase angle. The value of SS(0)S*(f) averaged over all values 

of 4> is 

(SS(0)S?(0>ci = ^ 2 <cos <f> cos(« .l-(ot + 4>)) 

= \A 2 cos(q.l-a)t). (8.87) 

The subscript cl denotes that the calculation is classical. (So(0)5|'(r)>ci 
has the same value. Similarly 

<SS(0)S?(0>c, = U 2 sinte./-ur). (8-88) 

The quantum values of these quantities are given by (8.76) and 
(8.77) which, for a single spin wave, may be written as 

<SS(0)S?(0> 

=J-[<«,>eo8(«,I-ft> f *)+J exp{-i(<r/-aV)}], (8-89) 

(sswsrw) 

= -£[<n,>sinfo . f-aV) + iexp{-ifo. l-(o q t)}]. (8-90) 

Ignoring the second term on the right-hand side of (8.89) and (8.90) 
we see that the classical and quantum results correspond, provided w 
the angular frequency of precession of the spin vector in the classical 
picture is equal to w, for the quantum spin wave, and 

A 2 = ™(n q ). (8.91) 

Thus the angle between 5 and the cone axis depends on (n q ) and 
increases with the spin-wave excitation. 

In the classical picture S* is independent of / and constant in time. 
The value of (S'f is given by 

9C 
(Sff = S 2 -{(Sff + (Srf] = S 2 -A 2 = S 2 ~(n q ), (8.92) 

which is equal to the quantum value given in (8.72). 

The classical picture therefore gives a good approximation to the 
quantum results for all the components of S. The main discrepancy is 
that there is no classical counterpart to the second term on the 
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right-hand side of (8.89) and (8.90). In the ground state, when 
(n„) = 0, the classical picture gives S' = S? = 0, i.e. S is along the z 
axis. This is contrary to a fundamental result in quantum mechanics 
that in general the three components of angular momentum cannot be 
known simultaneously. However, provided it is not relied upon for 
detailed numerical prediction, the physical picture of S precessing 
about the magnetisation axis is a useful one for a spin wave. 



Interactions between spin waves 

In the linear approximation there is no interaction between the spin 
waves. The effect of such interactions in a more refined theory was 
considered first by Dyson (1956). He divided the interactions into 
two kinds, called kinematic and dynamic. The kinematic interaction 
arises because the maximum value of the spin deviation n at any atom 
in the crystal is 25. The linear approximation allows further spin 
deviation. The fact that it does not occur may be regarded as due to a 

Fig. 8.9 Stiffness constant D as a function of temperature: o nickel, • iron. 
(After Stringfellow, 1968. © 1968, Institute of Physics.) 
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repulsive interaction between the spin waves, i.e. one spin wave acts 
to diminish the effect of another. The dynamic interaction comes 
from the fact that if an atom next to the atom / already has a spin 
deviation, less energy is required to produce a deviation on /. In the 
linear approximation the energy required is independent of the spin 
deviation of a neighbouring atom. This effect is equivalent to an 
attractive interaction between spin waves. 

Dyson showed that at low temperatures the kinematic interaction 
is small and that only the dynamic interaction need be considered. 
The main results of the calculations are firstly that the magnon 
energies are reduced. The stiffness constant D in (8.65) is reduced by 
a factor proportional to T 5/2 . Secondly, for a given q, the energy of 
the magnon is spread by an amount that increases with q and T. Some 
experimental results showing how D varies with temperature for iron 
and nickel are shown in Fig. 8.9. 

Examples 

8.1 The magnetic ions of an antiferromagnet have a face-centred cubic 
structure. The reciprocal lattice, with unit cell vectors ti,t 2 ,t 3 , is defined 
for the simple cubic lattice. The spins of the ions in a plane perpendic- 
ular to the third cube axis are all aligned, and are opposite to those in 
the neighbouring parallel planes. If K=t l r x + t 1 r z + hT i , what are the 
conditions on t u h, h for a magnetic Bragg reflection? 

8.2 A one-dimensional ferromagnet with Heisenberg nearest- 
neighbour interaction consists of N atoms with spin |, distance a 
apart. If <t>„ represents a state with all the spins except that of the nth 
atom pointing in the same direction, show that X„ exp(iqna)<f> n is an 
eigenf unction of the Hamiltonian, and that its energy is 

E = 2/(1- cos qa)+E , 
where / is the exchange parameter, and E = -\J(,N-1) is the 
energy of the ground state. 

8.3 A ferromagnet with a Heisenberg nearest-neighbour interaction 
has a simple cubic structure with cube side a. Show that for qa « 1 the 
magnon dispersion relation is 

ha> = Dq 2 , 
where D = 2JSa 2 , J is the exchange parameter, and S the spin of an 
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atom. Show that D is given by the same expression for a face-centred 
cubic and a body-centred cubic structure, where a is the cube side in 
each case. 



8.4 Show that, for a ferromagnetic crystal, one-magnon scattering in 
the forward direction occurs at scattering angles less than 

' = Sin (l^DJ 
where D is the stiffness constant. 



?)■ 



8.5 Show that, for a Heisenberg ferromagnet at a temperature T« 
7c (Curie temperature), the expectation value of the z component of 
spin over a single domain varies with temperature according to the 
relation 

(S z ) = S-cT V2 , 
where 5 is the spin of an atom, and c is a constant. 



Polarisation analysis 



9.1 Introduction 

So far we have considered scattering of neutrons only from one 
momentum state to another. However, experiments which determine 
the spin state as well as the momentum of the neutron give further 
information about the scattering system, and in the present chapter 
we calculate the cross-sections for these more detailed processes. We 
include a discussion of scattering due to electric forces between the 
neutron and the atoms in the scattering system. These forces are 
much smaller than the nuclear and magnetic forces, and polarisation 
experiments are necessary to detect them. 



Spin-state cross-sections 

The spin state of a neutron is defined relative to a direction known as 
the polarisation direction. The spin states of the scattered neutrons 
are normally analysed in the polarisation direction of the incident 
neutrons, and we take this common direction as the z axis. As before 
we denote the spin states of the neutron by u and v. u is the 'spin up' 
state with eigenvalue +1 for the operator cr z , and v is the 'spin 
down' state with eigenvalue -1. Any previous cross-section 
(d 2 cr/dfl d£")k-. t ' now gives rise to four cross-sections, which we call 
spin-state cross-sections. They correspond to 

u -» m, v-*v, u-*v, v -> u. 
The processes u -* u and v -* v involve no change of spin. The pro- 
cesses u -> v and v -* u involve a change of spin and are known as 
spin-flip processes. Any cross-section * -» k' for unpolarised neutrons 
is related to the corresponding spin-state cross-sections by 

= \ . . . (sum of the 4 spin-state cross-sections). (9.1) 



^dQ d£" 



' k-k' 
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The factor \ expresses the fact that the incident neutrons are in the 
states u and v with equal probability. 

If a beam of neutrons has a fraction / of neutrons in the state u we 
define the polarisation of the beam to be a vector P in the z direction 
with magnitude 

P = 2f-\. (9.2) 

For an unpolarised beam P = 0. For a completely polarised beam, 
P = 1 if all the spins are up, and P = — 1 if all the spins are down. 

Polarisation spectrometer 

An apparatus for polarisation measurements is shown schematically 
in Fig. 9.1. The polariser is a magnetic crystal that monochromates 
and polarises the incident beam by Bragg reflection; the analyser is a 
similar crystal that measures the energy and spin state of the scattered 
neutrons (see Section 9.4). A guide field is maintained along the path 
of the incident and scattered neutrons. This is a uniform magnetic 
field of a few millitesla which serves to preserve the spin state of the 
neutron. 

Between the polariser and the scattering sample is a device, known 
as a flipper, which produces a- radio-frequency field perpendicular to 
the guide field. When activated the flipper changes the spin state of 
the neutron. A second flipper is placed between the sample and the 
analyser. Suppose the polariser produces neutrons in the state u and 
the analyser reflects only neutrons in the state u. With both flippers 
off, the apparatus measures the cross-section for the spin-state tran- 
sition u •* u. With the first flipper off and the second on, it measures 
the u -> v cross-section, and so on for the other two combinations. 

The sample is mounted between the poles of an electromagnet, 
whose magnetic field determines the polarisation axis. Provision is 
made for rotating the magnet (together with guide fields 2 and 3 in 
the figure) so that the polarisation axis can be made either parallel or 
perpendicular to the scattering vector. 

9.2 Nuclear scattering 

We first calculate the spin-state cross-sections for nuclear scattering. 
Consider a set of identical nuclei of non-zero spin /. The neutron plus 
nucleus form a system with total spin t, where 

t = I+l or t = I-l (9.3) 
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Each value of t has its own value of the scattering length, denoted by 
b + for 7+1 and b~ for l-\. 



Scattering length operator 

We start by constructing an operator for the scattering length, whose 
eigenvalues are b + and b~ . If |+) and |-> are states corresponding to 
t = 7 + 2 and I-\, the required operator $ satisfies the relations 



S\+) = b + \+), $\-) = b~\-). 



(9.4) 



Fig. 9.1 Schematic arrangement of the polarisation spectrometer used by 
Moon et al., (1969) at the Oak Ridge National Laboratory. 



Flipper 

-) Electromagnet 
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Denote the spin angular momentum of the nucleus (in units of ft) 
by the operator /. The corresponding spin angular momentum of the 
neutron is \<r, where a is the Pauli spin operator. The operator for 
the spin of the nucleus-neutron system is 

t = I+W- (9.5) 

Therefore t 2 = t. t = I 2 + W + o-.I. (9.6) 

The states |+) and |-> are eigenfunctions of I 2 with the same eigen- 
values, namely /(/+ 1). They are also eigenfunctions of \tr 2 with the 
same eigenvalues, namely 2(l+l) = 4. The state |+) is an eigen- 
function of t 2 with eigenvalue 

f(f + l) = (I+i)(/+§) = / 2 + 2/+l 
The state |-> is an eigenf unction of t 2 with eigenvalue 
f(f+l)=(/-|)(/ + i) = / 2 -i 



(9.7) 



(9.8) 



(9.9) 



(9.10) 



Therefore 

cr./|+) = (r 2 -/ 2 -ior 2 )|+) = /|+) ) 

o-./|-) = (r 2 -/ 2 -V)|-) = -(/ + l)h> 
We write $ in the form 

S = A+Btr.I, 

where A and B are two constants whose values are chosen to make b 
satisfy (9.4). From (9.9) and (9.10) 

£\+) = (A + BI)\+), 
$\-) = {A-B(I + l)}\-). 
A + BI = b + , A-B(I+l) = b 
1 



Therefore 
whence 



A = 



B = 



2/ + 1 
1 



{(I + l)b + +Ib~}, 
(b + -b~). 



(9.11) 
(9.12) 
(9.13) 



(9.14) 



21+1 

Eq. (9.10), together with these values of A and B, is the required 
operator S. We shall see that for all types of interaction between the 
neutron and the scattering system, the operator corresponding to the 
scattering length has the form of (9.10); only the scalar quantities A 
and B, and the vector / are different. 
To obtain the spin-state cross-sections we go back to (2.40). 

(^fe) =^|lMA'|exp(iK.U ; )|A)| 2 5(£ A -£v + ^). (9.15) 






This must now be written 



dV \ 



fe'i 



(9.19) 



(9.20) 



bTTTF) =^I<<r'A'|£exp(i«.*,)|<rA> 8{E,-E K +ha>), 

\dildE J„ x ^y k\j I 

(9.16) 

where a and a', the initial and final spin states of the neutron, are 
either u or v. The matrix element for the /th nucleus is 

(a'\'\£j exp(iK . Rj)\o-\) = (\'\ exp(i* . *,Xo-'|£,|o-)|A). (9.17) 

We calculate {a'\Bj\a) for a specific /' and drop the subscript ;' for 
the moment. Then 

S = A+Ba.I. (9.18) 

From the relations in (F.16) 

S\u) = {A +B(aJ x +<r y I y +o-J 2 )}\u) 
= A\u) + B(I x + iI y )\v) + BI z \u). 
So {u\$\u) = A+BI I . 

Similarly (v\f>\v) = A-BI„ 

(v\6\u) = B(I x +H y ), 
(u\S\v) = B{I x -U y ). 
The expressions on the right-hand side of these equations are the 
scattering lengths for the four spin-state transitions. 



Coherent scattering 

It is necessary at this stage to distinguish between an average over the 
nuclear spin states (i.e. the 21 + 1 eigenstates of the operator I z ), and 
an average over the isotopes in the scattering system. The former will 
be denoted by ( \ p and the latter by ( ) iso . An average over both 
nuclear spin states and isotopes will be denoted by a bar over the 
quantity. 

Coherent scattering is proportional to b. Consider the spin-state 
transition it -> u. From (9.20) 

b = ((A+BI 2 \ p ) iso . (9.21) 

The quantities A and B, given in (9.13) and (9.14), depend on the 
isotope. I z depends on the nuclear spin state. We assume the nuclear 
spins are randomly oriented. Then 

(/»W = (Up = (Up = 0. (9.22) 



176 



Thus for 
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u, 


b = (A) 


v, 


b=(A) 


v, 


b = 0; 


u, 


5 = 0. 



(9.23) 



We see that coherent nuclear scattering occurs with no change of 
neutron spin. The results of (9.23) are readily shown to be consistent 
with the previous results for coherent nuclear scattering. From (9.1) 
the value of (b) 2 for unpolarised neutrons is 

(bf = l«A>f„ + (A>L) = (A)L. (9.24) 

Eq. (9.13) shows that A is the mean value of b for a single isotope - 
see (2.75). Thus (A) iso is identical to the quantity b defined in (2.76). 



Incoherent scattering 

Incoherent scattering is proportional to l?-(bf. Consider the tran- 
sition u -* u 

b* = (({A+BI z } 2 \ p ) iso 

= (A 2 ) iso +(B 2 (l\ Xp>uo + 2<A5(/ 2 ) 5 p> iso . (9.25) 

For random nuclear spins 

dl ) SP = ifl Xp = (It )s P = hl(I + 1). (9-26) 

As before (I*% P = 0. (9.27) 

Therefore 

~b*-(bf =<A 2 > iso -(A>L+5<B 2 /(/ + l)>iso. (9.28) 

The corresponding values for the other three spin state transitions are 
calculated in the same way. For the four transitions the values are 



V -* V J 



¥-(bf = (A 2 ) iso -(A)L+l{B 2 ni + l)> iso , (9.29) 
F-(£) 2 = §<B 2 /(/ + l)> iso . (9.30) 



Fig. 9.2 shows some results for the incoherent scattering from 
polycrystalline nickel. All its isotopes have 7 = 0. Thus there is no 
spin-flip scattering. Fig. 9.3 shows some results for vanadium, which 
has only one isotope. Thus 

(A 2 ) iso = (A)L (9-31) 

and according to (9.29) and (9.30) the cross-section for non spin-flip is 
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one half the cross-section for spin-flip processes. The experiments 
confirm these conclusions. 



9.3 Magnetic scattering 

To calculate the spin-state cross-sections for magnetic scattering we 
go back to (7.26). The cross-section for the transition <rA -»<r'A' is 

(;^7W) =(yrof^\(o-'\ V- QM)\ 2 8(E,-Ey + ha>). 

(9.32) 

The operator cr . Q ± has the same form as the term Ba . I in (9.18). 
The spin-state matrix elements therefore follow immediately from 
(9.20) with BI X replaced by Q ±x etc. 

<u\<r.Q L \u) = Q±*, 
<e|«r,Qj>> = -Qx„ 
(v\(r.Q ± \u) = Q±*+iQxy, 
(u\<r.Q x \v) = Q ±x -iQ ±y . 



(9.33) 



Fig. 9.2 Isotopic incoherent scattering from nickel. In this figure and in Figs. 
9.3 and 9.4 the measurements were made by rocking the analyser crystal 
through the elastic position with the scattering angle fixed. In the three 
figures the counting rates for 'flipper off' (•) and 'flipper on' (°) are pro- 
portional to the cross-sections u -» u and v -* u respectively. (After Moon et 
al, 1969.) 
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elements have the same form as (9.20). They are averaged over 
nuclear spin and isotopes as in Section 9.2, again on the assumption 
that the nuclear spins are randomly oriented. The results of (9.20) 
and (9.23) then give the following expressions for the coherent scat- 
tering length for the four spin-state transitions 



where 



(u\T,\u) = b-Cl 
(v\T l \v) = b + C z i, 
(v\T,\u) = -(Ci+iCH), 
(u\T,\v) = -(Ci-ia), 
C,=hr gF(K)KX{(S,)xA}. 



(9.50) 



(9.51) 



The cross-section for Bragg scattering for a particular spin-state 
transition a^a' is given by (3.48) with crcoJ4ir replaced by the 
square of the modulus of the corresponding scattering length in 
(9.50). 

Although the expressions in (9.50) and (9.51) relate to a Bravais 
crystal they are readily generalised to the non-Bravais case. The 
nuclear scattering length b becomes the nuclear unit-cell structure 
factor 

F N (k) = I b d exp(iK . d) exp(- W d ). (9.52) 

d 

(See Section 3.6.) The expression for C, becomes 

C, = Vo* x \l gdFdift) exp(iK . d) exp(- W^Su) x *} . (9.53) 

We now consider the cross-sections for various scattering 
geometries and types of magnetic order. 

Polarisation perpendicular to scattering vector 

Consider Bragg scattering from a ferromagnetic Bravais crystal in 
which the mean spin directions r} of all the domains are aligned by a 
magnetic field. This field defines the direction of the polarisation 
vector P, i.e. P must be parallel (or antiparallel) to rj. We take it as 
parallel. Suppose the scattering vector k is perpendicular to P (Fig. 
9.5). 

For a ferromagnet (Si) is independent of / and we drop the sub- 
script /. Then, since (S) is perpendicular to k, 

C = hrogF(K)(S). (9.54) 
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The vector (S) is in the direction of r\, i.e. of z. Therefore C has no 
component in the xy plane, and, from (9.50), the spin-flip scattering 
is zero. The cross-sections for scattering without spin-flip are 

<9S5) 

where C n = VogF^X^"}, (9.56) 

and (5") is the mean component of the spint of an atom in the 
direction *}. These results have two important applications. 



Production and analysis of polarised neutrons. Suppose it happens that 
S^hrogFiK^). (9.57) 

Then the cross-section m-»m is zero. If the incident neutrons are 
unpolarised, they may be regarded as a mixture with 50% in state u 
and 50% in state v. Since the cross-section u •* u is zero, only neu- 
trons in state v appear in the scattered beam. The spin vector of the 
scattered neutrons is in the direction of the applied magnetic field B 
(Fig. 9.5). (If the condition (9.57) holds but with a minus sign, the 
final spin vector is opposite to B.) Even if the equality in (9.57) is not 



Fig. 9.5 Geometry for non spin-flip scattering in magnetic Bragg reflection 
from a ferromagnet. The spin state for the scattered neutrons corresponds to 
B/F(k) positive. 

B 



lP,z 




Unpolarised 1 
incident v 

neutrons 



Polarised 
v scattered 
neutrons 



t For the negative electron the spin vector and the magnetic dipole vector are in 
opposite directions. Thus the magnetic held B and the magnetisation directions are 
along -ij. The quantities y, r , g, and (S") are all positive, b and F(k) may be positive 
or negative. 
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exactly satisfied the scattered beam is partly polarised. The equality 
is found to hold quite well for the (111) Bragg reflection in a 
cobalt-iron alloy (atomic composition 92% Co, 8% Fe). This is a 
commonly used method for producing polarised neutrons. Notice that 
the crystal monochromates as well as polarises the neutrons. The 
same device may be used to measure the polarisation of a beam of 
neutrons. 

Another method of polarising neutrons is to reflect them from a 
mirror. Since the effective scattering lengths for the two spin-states 
are different, so are the critical angles of reflection (see Section 6.2). 
If the glancing angle of incidence lies between the two values of the 
critical angle, the reflected beam is polarised.t 

Determination of spin densities. The magnetic form factor F(k) is 
related to the normalised density o(r) of the unpaired electrons by 



F(k) = [ <>(r) exp(i#c . r) dr. 



(9.58) 



Thus d(r)can be deduced from the values of F(k), i.e. from the values 
of C. If the measurements are made with unpolarised neutrons, the 
cross-section is proportional to 

U(b- C) 2 + (b + C) 2 } = (bf + (C) 2 . (9.59) 

C" is usually much smaller than b. Put 

C" = rb, (9.60) 

where r« 1. Then the magnetic cross-section is a fraction r of the 
total. So unpolarised neutrons provide a very insensitive method of 
measuring C. 

Now suppose the experiment is done with polarised neutrons, and 
the cross-sections u -* u and v ■* v are measured separately. The ratio 
of the cross-sections, known as the flipping ratio, is 



R = 



(b-C^fjl-rf 
(b + C v f (1 + rf 



*l-4r. 



(9.61) 



The fractional change in R due to the magnetic interaction is 4r, 
which is much larger than r 2 . Not only is the polarisation method 
more sensitive, but it provides the additional advantage of giving the 

t See Williams (1975) and Hayter (1976) for accounts of polarising methods. 
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sign of C relative to b. Since the scattering process involves no 
change in the spin state of the neutron it is not necessary to measure 
the polarisation of the scattered neutrons. Some results for the elec- 
tron spin density in nickel, obtained by this method, are shown in Fig. 
9.6. 

The term ±2bC v in the u -* u and v -» v cross-sections is known as 
the nuclear-magnetic interference term. It is only non-zero if both 
the nuclear and magnetic scattering are non-zero. For a ferromagnet 
these conditions are always satisfied at a Bragg peak, but for an 
antiferromagnet they may not be. For example, in RbMnF 3 the 
nuclear and magnetic Bragg peaks are at different points in reciprocal 
space, so nuclear-magnetic interference does not occur. In a rutile 
antiferromagnet, it occurs at some reciprocal lattice points and not at 
others (Example 9.2). 



Fig. 9.6 Magnetic moment distribution in the (001) plane for nickel. • nickel 
nucleus. The values of the contours are in units of /* B A~ 3 . (After Mook, 
1966.) 
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Polarisation parallel to scattering vector 

We now consider Bragg scattering with P parallel to #c. For a ferro- 
magnet this arrangement is not in general useful, because, as we have 
seen, the mean spin direction i\ must be parallel to P. So the 
arrangement would correspond to .»} parallel to #c, which would give 
zero value for C. (But see 'Non-collinear spins' below.) However for 
an antiferromagnet the spin directions ±*} need not be parallel to P, 
and this scattering geometry gives useful information. 

From (9.51) Q is perpendicular to k. Therefore, if k is parallel to 
P, the z component of Q is zero, and the magnetic scattering is 
entirely spin-flip. This is a general result for P parallel to k, and is 
independent of the type of scattering (e.g. elastic or inelastic), the 
nature of the scattering system, and of the model used to describe it. 

Suppose the scattering system is an antiferromagnet, and that the 
spin directions are perpendicular to k, thereby maximising the 
magnetic scattering (Fig. 9.7). As mentioned above, in some antifer- 
romagnets nuclear and magnetic peaks occur at the same value of k. 
However, the former correspond to non spin-flip, and the latter to 
spin-flip processes. Thus by measuring the cross-sections for non 
spin-flip and spin-flip separately, the nuclear and magnetic scattering 
may be distinguished. 



Non-collinear spins 

So far we have considered polarisation experiments for ferromagnets 
and antiferromagnets, i.e. for collinear spin arrangements. We now 

Fig. 9.7 Geometry for spin-flip scattering in magnetic Bragg reflection from 
an antiferromagnet. 
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consider the spin-flip scattering for a helical arrangement of spins. 
Suppose we scatter polarised neutrons from the alloy Au 2 Mn (see 
Section 8.1) with the polarisation P and the scattering vector k both 
parallel to the tetrad axis. As usual we take the z axis in the direction 
of P. Since k is perpendicular to the xy plane, we have, from (8.22) 
and (9.54), 

Ct = C cos«? . /), CJ = C sin((? . /), (9.62) 

where C = iyr gF(K)<S>. (9.63) 

From (9.50) 

(^) ^ «I (Cf.-iC?<)(C?+iC?)exp{iK. (/-*')} 

= C 2 1 exp{i(#c + <?).(/-/')} 



:JVC 2 ^-E% + (?-T). 

Vq T 



(9.64) 



Similarly 



(i£) ocJVC^XSdc-Q-r). (9.65) 

\dll/t,-. u Vo t 



Thus scattering occurs when 



K = T — Q, U-*V, 

K = T + Q, V-*U. 



(9.66) 



We therefore conclude that with polarised incident neutrons and 
the above geometry only one of the two magnetic satellite reflections 
occurs. If the incident neutrons are unpolarised, both reflections 
occur, and the scattered neutrons are polarised in opposite directions 
in the two reflections. The results in (9.66) are for a right-hand helix. 
For a left-hand helix the conditions are reversed. So in order to 
observe the polarisation effects it would be necessary to have a crystal 
consisting of a single domain with only one type of helix. 

We return now to ferromagnetic and antiferromagnetic crystals. 
The discussion on pp. 181-6 was based on the expression (9.48) for 
a localised model. Consider the more general expression 

yr 



m(?i = ~*x(MWxif} 

2flB 



(9.67) 
for the case of a ferromagnet. M(k) is the Fourier transform of the 
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magnetisation operator M (r). As before we put 

(M(k)) = [ (M(r)> exp(iK . r) dr = ^(k) I <exp(iic . R,)), (9.68) 

where ^(k)= f <M(r)> exp(iK . r) dr. (9.69) 

Jcell 

If <A#(r)> is along the magnetisation direction -i\ for all values of r, 
then &{k ) is along -») for all k, and (yr Q±) is correctly represented 
by the thermal average of an expression such as (9.48) containing the 
scalar form factor F(k). However, although by definition the mean 
value of (M(r)) (i.e. Li <M(r)> dr) is along -r}, it is possible for the 
direction of (M(r)) to vary over the unit cell. In which case the 
direction of &{k ) varies with k. This possibility was first pointed out 
by Blume (1963). 

Evidence for non-collinear magnetisation in ferromagnets and 
antiferromagnets may be obtained by polarisation experiments. On 
pp. 182-3 we deduced that for P Ik the scattering is entirely non 
spin-flip. This followed because, for a localised model, the vector C 
has no component perpendicular to rj, and hence to P. Departure 
from collinearity would give components in the plane perpendicular 
to P, which would give rise to spin-flip scattering. 

Another method for investigating non-collinear effects is to 
arrange the scattering geometry so that P, k, and n are parallel to 
each other. Since P is parallel to k, the magnetic scattering is entirely 
spin-flip. The magnetic scattering depends on the component of &{k ) 
perpendicular to k. Therefore, since k is parallel to rj, any spin-flip 
scattering at a Bragg peak is due to non-collinear components of the 
spin. Moon and Koehler (1969) used this method to search for 
non-collinear spin density in hexagonal cobalt. They found none 
outside the limits of experimental error, and concluded that any 
contribution of non-collinear effects to form factors calculated from a 
collinear model would be considerably less than the experimental 
errors quoted for these quantities, t 

The polarisation effects described so far in the present chapter are 
summarised in Table 9.1. 

9.5 Scattering by the atomic electric field 

The expression for the electromagnetic potential between the neu- 
tron and the scattering system, based on the expression for -/*„ . B in 
f Blume ( 1 970) has pointed out that with the particular experimental arrangement used by 
Moon and Koehler a null result is to be expected on symmetry grounds. 
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Table 9.1 Summary of polarisation effects 







Fraction of 




Polarisa- 






scattering 






tion 
dependent 




Non 
spin-flip 


Spin 


■flip 


Nuclear 
coherent 
incoherent 


7 = 
single 
isotope 


1 
1 

i 

3 





2 
3 




no 
no 

no 


Magnetic 
paramagnet 




k{\-z\) 


5(1 + 


*i) 


no 



Bragg scattering (magnetic + nuclear) from crystals with magnetic 
order 



Ik 

c-ferromagnet r\ \\P 

n -f erromagnet r\ || P 


1 
<1 



>0 


II JC 







yes 

yes 



The nuclear scattering no 



c-f erromagnet t|||P 
n-f erromagnet ^||F is non slip-flip. The ves 

t - magnetic scattering is 

spin-flip. For a c- 
f erromagnet IjlF ferromagnet the spin- no 

helical spins IF flip scattering is zero. yes 



The nuclear spins are assumed to be randomly oriented, 
c = collinear, n = non-collinear. 
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(7.10), is not exact, but is the leading term in an expansion in powers 
of mjm, the ratio of the masses of the electron and neutron. The 
next term in the expansion, which arises from the electric field E due 
to the electrons and nuclei, is 

V E (r)=V S o(r)+V F (r), (9.70) 



where 



and 



Vso(r) = m i<r.(Exp), 
mc 

V F (r) = ^divi? 
2mc 



(9.71) 



(9.72) 



(see Foldy, 1958). p is the momentum operator for the neutron, and 
the other symbols are denned in Section 7.1. 

The first term in (9.70) is known as the spin-orbit interaction. 
When the neutron moves through an electric field E with velocity v 
then, in the rest frame of the neutron, there is a magnetic field 



B = ^Exv. 



(9.73) 



Since the neutron has magnetic moment 

Mn = -ypno; (9.74) 

this gives the potential (9.71), which we note depends on the spin and 
velocity of the neutron. 

The existence of the second term in (9.70) was first pointed out by 
Foldy and is known by his name. The neutron may be regarded as 
dissociated for part of the time into a proton and a if meson. Thus 
there is a separation of charge, which has an electrostatic interaction 
with the electrons and nuclei of the scattering system. The potential 
due to this effect is proportional to the magnetic moment (i a (which 
arises from the dissociation), but is independent of the spin and 
velocity of the neutron. 

To evaluate the cross-sections for these interactions we require - 
see (2.13) - the matrix element 

-2^5 f exp(-i*' . r) V E (r) exp(i* . r) dr, 

where r is the neutron coordinate. We consider first the matrix 
element for the spin-orbit interaction. Denote the charge density at r 
by n(r). This charge arises from the nuclei and all the electrons - 
paired and unpaired - in the scattering system. The Fourier transform 

of n(r) is r 

n(K)=j n(r)exp(-iK.r)dr, (9.75) 



9.5 Scattering by the atomic electric field 
with the inverse relation 

n(r) = ——3 n(#f)exp(iic.r)dK. 
(2tt) J 

Note that since the scattering system is electrically neutral 

n(K = 0)= [n(r)dr = 0. 
The electrostatic potential is given by 

47T60 J \ r ~ r I 

The electric field satisfies 

E = -grad <f>. 



From (B. 11) 



Thus 



t7re 
We also have the result 



f exp(i«c .r) J , 4tt , 

— i T\ — dr = — exp(iic .r). 

J \r-r\ k 

<t>(r) = - — -j -^n(K')exp(i#c'.r)d#c'. 

47T£o 27T J K 
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(9.76) 
(9.77) 

(9.78) 

(9.79) 
(9.80) 

(9.81) 



p exp(iifc .r) = T grad{exp(i& . r)} = hk exp(iit . r). (9.82) 

Note that the operator (E x/») in (9.71) should have been written as 
k{(Exp)-(p xE)}. However 

pxE = -(Exp)+-cm\E, (9.83) 

and curl E = 0, since E is due to a charge distribution. 
From (9.79), (9.81), and (9.82) 

exp(-i&' . r)(E xp) exp(iifc . r) dr 

= --. z— 2 exp(ii< . r) dr grad r | — w~ exp(i#c' . r) 6k' \ x k. 

4ireo 2ir J l J k J 

(9.84) 
This is evaluated from the relations 

grad r {exp(iK ( . r)} = ik' exp(iK' . r ), (9.85) 

[ exp(i#c . r) exp(i« ' . r) dr = (2tt) 3 S(k + k'). (9.86) 
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Further, since the scattering is elastic - the neutron does not have 
sufficient energy to change the spatial wavefunctions of the charges - 

we have 

K=2fesink (9-87) 



and 



Kxk k'xk !„ i 

*- = j— =-2» COt 2ft 



(9.88) 



where 6 is the angle between k and it', and n is a unit vector in the 
direction of (*' x k). Using these relations with (9.71) and (9.84) we 
obtain the result 



-^ f exp(-ifc' . r) Vso(r) exp(ifc . r) dr 
lirh J 

= _i^2^N„ ( _ K)ico t(^)o-.n. 
4n h 



We may put 



where 



Ml) 


?mn_ 


y P 


477 


h 


2e' 


H 


_ Mo 

47T 


2 
e 

m p 



(9.89) 

(9.90) 
(9.91) 



is the proton analogue of r , the classical radius of the electron (see 

p. 133). 
The matrix element for the Foldy interaction is evaluated directly 

from the relation 

(9.92) 



di\E= — n(r). 



From (9.72) and (9.75) 

-£, f exp(-it'.r)K F (r)exp(iifc.r)dr = 5»(-'')- < 9 - 93 ) 
The matrix element for the combined potential V E (r) is therefore 

-^5 f exp(-i*' . r)V E (r) exp(ifc . r) dr 

2?rn J 

= ^n(-icKl-icot(^)o-.n}. (9.94) 

2e 

The quantity jyr p is the equivalent of the scattering length for the 

spin-orbit and Foldy interactions. The values of the atomic constants 

give 

\yr p = 1.468 xl(T 18 m. (9.95) 
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r p is related to r by 

^ = — . (9.96) 

r m p 

Thus the cross-sections for electric interactions are less than those for 
magnetic interactions by a factor of the order of (1/1836) . 

If the nuclei in the crystal are taken as fixed at their equilibrium 
positions, the matrix element <A|n(— #c)|A> for a Bravais crystal is 
given by 

<A|n(-*)|A.> = e{Z-/(K)}Iexp(iK. /), (9.97) 



where 



/(k)= j p(r')exp(iK.r')dr'. 



(9.98) 



Z is the charge on the nucleus, and p(r') is the density of all the 
electrons - paired and unpaired - in the atom at the position r' 
relative to the nucleus at the origin. The form factor f{i<) is the one 
encountered in X-ray scattering. Notice that since n(— k) is zero for 
k = - see (9.77) - there is no electric scattering in the forward 
direction. 

We now consider Bragg scattering due to the nuclear and electric 
interactions. From (9.18), (9.94), and (9.97) the scattering length 
operator is 

b+F E (K)+o-.{BI-icot(y)F E (K)n}, (9.99) 

where F E (K) = !yr p {Z -/(*)}. (9-100) 

For randomly oriented nuclei, the results of (9.20) give the following 
scattering lengths for the 4 spin-state transitions: 

b uu = b+F B (K)-\cot{\6)F B (K)n z , 
b vv = b+F E (K)+icot^e)F E (K)n z , 
b m = -i cot(20)F E (ic)(n x + in y ), 
b vu = -i cot$0)F E (K)(n x -in y ). 
From these results we may derive an expression for the coherent 
elastic cross-section for a non-Bravais crystal. The nuclear scattering 
length b is replaced by 

F N («) = Ifiiexp(iK.rf), (9.102) 



(9.101) 



and F e (k) becomes 

F e (k ) = hyr P Z {Z d -f d (*)} exp(iic . d). 



(9.103) 
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Further, since the scattering is elastic - the neutron does not have 
sufficient energy to change the spatial wavefunctions of the charges - 
we have 

*=2fcsink (9.87) 

KXk k'xk 



and 



-\n cot \0, 



(9.88) 



where 6 is the angle between * and *', and A is a unit vector in the 
direction of (ft'x *). Using these relations with (9.71) and (9.84) we 
obtain the result 



We may put 



where 



^2 f exp(-i*' . r) V S o(r) exp(i* . r) dr 



= _mo m< ni _ K)icot( x 0)o . A 

4ir n 



Mo YMn _ yr P 
4w h 2e ' 

2 

Mo e 



(9.89) 



(9.90) 



(9.91) 



p Air m p 

is the proton analogue of r , the classical radius of the electron (see 
p. 133). 

The matrix element for the Foldy interaction is evaluated directly 
from the relation 



div£' = — n(r). 

eo 



(9.92) 



From (9.72) and (9.75) 

-^ f exp(-iifc'.r)V F (r)exp(it.r)dr = ? E n(-K). (9.93) 
The matrix element for the combined potential V E (r) is therefore 

-~5 | exp(-i*' . r)V E (r) exp(ifc . r) dr 

2-rrn J 

v*. 



= ^n(-#f){l-icot(^)«T.n}. 
2e 



(9.94) 



The quantity jyr p is the equivalent of the scattering length for the 
spin-orbit and Foldy interactions. The values of the atomic constants 
give 

|yr p = 1.468 xl(T 18 m. (9.95) 
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r p is related to r by 

^ = ^. (9.96) 

r m p 

Thus the cross-sections for electric interactions are less than those for 
magnetic interactions by a factor of the order of (1/1836) 2 . 

If the nuclei in the crystal are taken as fixed at their equilibrium 
positions, the matrix element (A|«(-k)|A) for a Bravais crystal is 
given by 

<A|n(-K)|A,>'=e{Z-/(K)}Iexp(iic. /), (9.97) 



where 



/(*) = J p(r') exp(i#c . r') dr'. 



(9.98) 



Z is the charge on the nucleus, and p(r') is the density of all the 
electrons - paired and unpaired - in the atom at the position r' 
relative to the nucleus at the origin. The form factor /(k) is the one 
encountered in X-ray scattering. Notice that since n(-K) is zero for 
k = - see (9.77) - there is no electric scattering in the forward 
direction. 

We now consider Bragg scattering due to the nuclear and electric 
interactions. From (9.18), (9.94), and (9.97) the scattering length 
operator is 

6 +F e (k) + a .{BI-i cot(l6)F E (K)n}, (9.99) 

where F B (K)=§yrp{Z -/(«)}. (9.100) 

For randomly oriented nuclei, the results of (9.20) give the following 
scattering lengths for the 4 spin-state transitions: 

b uu = b+F E (K)-icot&)F E (K)n 2 , 

b vv = b+F E (K)+i cot(ld)F E (K)n z , 

b uv = -i cot(hd)F E (K)(n x + \n y ), 

b vu = -> cot(20)F E (#* )(n x - in y ). 
From these results we may derive an expression for the coherent 
elastic cross-section for a non-Bravais crystal. The nuclear scattering 
length b is replaced by 

F n (k) = I b d exp(i* . d\ (9.102) 



(9.101) 



and F e (k ) becomes 

F e (k) = \yr p I {Z d -fA*)) exp(i* . d). 



(9.103) 
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Suppose the incident neutron beam is polarised with a fraction / in 
the state u. Then the coherent elastic cross-section is proportional to 



f{\b u 
These results give 

V dfl/ coh el 

r (27T) 3 



! + |6u„| 2 }+(l-/){|U 2 + l^| 2 }- 



(9.104) 



= N- 



I S(k -t)[|F n (k)| 2 + |F E (#c)| 2 + cot 2 (|0)|F E (ic)| 2 



+2Re{FN(«c)F|(K)}-2cot(^)i».ii Im{F N (K)Fl(K)}], (9.105) 

where the polarisation P is related to / by (9.2). The first three terms 
in the square brackets correspond to nuclear, Foldy, and spin-orbit 
scattering respectively. The fourth term represents interference 
between the nuclear and Foldy scattering. The fifth term represents 
interference between the nuclear and spin-orbit scattering. It is the 
only polarisation-dependent term in the cross-section. 

The polarisation-dependent term has been detected by Shull 
(1963) who measured the flipping ratio for the (110) reflection in 
vanadium for scattering to the left and to the right of the incident 
beam. The directions of ri are opposed in the two cases. He found, in 
accordance with the form of (9.105), that the flipping ratio was 1 + 5 
for one direction of A and 1 - S for the other, the value of S being 
0.003±0.001. 



Examples 

9.1 Show that, for neutrons whose wavelength is large compared to 
the distance between the protons of a hydrogen molecule, the total 
scattering cross-sections for ortho- and parahydrogen are 

o- ort , = ^{(3b + + b-) 2 + 2(b + -b-)X 

0-para = -^-(36 + + £~) » 

where b + and b~ are the triplet and singlet scattering lengths respec- 
tively for the proton. (The two proton spins are parallel in ortho- 
hydrogen, and antiparallel in parahydrogen. Hint: Use the operator 
form of the scattering length.) 



Examples 
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9.2 MnF2 has a body-centred tetragonal lattice with unit cell dimen- 
sions a, a, c. The atoms occupy the following positions (in units of a, 
a, c) 

Mn (0,0,0), &£,£>■ 

F (u, u,0),(l-w, 1-u,0),(i + uA-uA),(j-uA+uA). u = 0.31. 
In the magnetically ordered phase, the spins of the Mn ions at (0, 0, 0) 
and (1, 2. I) are in opposite directions. At which reciprocal lattice 
points does nuclear-magnetic interference occur in this phase? 
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The Dirac delta function 



A.1 Definition and basic properties 

The Dirac delta function 8{x) is a function defined to have the 
following properties: 

8(x) = x#0, 

8(x) = <x> x = 0, (A.l) 

[ 8(x)dx = l. 

8(x)is not a proper mathematical function but is nevertheless a very 
useful tool in mathematical physics. Note that the function gives a 
meaningful result only after the integration process. 
From the definition we have 



f(x)8(a-x)dx=f(a), 



8(cx) = -8(x), 
c 



where c is a positive constant, 

8(x) = 8(-x). 



(A.2) 
(A.3) 

(A.4) 



A.2 Representation in terms of an infinite integral 

There are several ways of representing the delta function as the limit 
of a proper mathematical function. The most useful one for our 
purposes is in terms of an infinite integral. Consider the function 



C k ° 1 

/(*)= exp(ifcc)dfc = — {exp(ifc *)-exp(-ifco*)} 
J-fco xx 



= — sin k x. 
x 
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(A.5) 



The Dirac delta function 
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f(x) is shown for a particular value of fc in Fig. A.l. The total area 
under the curve is 



1"°° 1 f sin y 

2 - sin k x dx = 2 dy = 2tt. 

J-oo x J-oo V 



(A.6) 



Now consider the function f(x) as k increases. The height of the 
peak at x = increases, and the first zero occurs at smaller and 
smaller values of x. But the value of ^ f(x)dx remains constant. So, 
as k -*°° the function f(x)/2v becomes more and more like a 8 
function, i.e. 



S(x) = — exp(ifcc)dfc. 

27T J-oo 

Similarly 8 (k ) = — exp(ifcx ) dx, 

2 77 J-oo 
1 1 f°° 

8(hw) = T 8((o) = ——\ exp(iwf)df, 
n 27rn J_oo 

Fig. A.l Plot of the function (2/x) sin k x. 



(2/jc) sin k x 



(A.7) 
(A.8) 
(A.9) 




*i 
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8(E, - E k - + ha>) = ^-r f exp{i(Ev - E K )t/h} exp(-iarf) dt, 

(A. 10) 
where E k and E K ' are constants. 

A.3 Three-dimensional delta function 

If r is a vector with components x, y, z, we define the three-dimen- 
sional 5-function by 

8(r) = 8{x)8(y)8(z). (AM) 

8(r) has the following properties: 

5 ( r ) = r*0, 

g(r)=oo r = 0, 



f S(r)dr=l, 

J all 
space 

f /(r)S(r-r )dr=/(r ), 

J all 



(A. 12) 



where dr is an element of volume. The three-dimensional form of 
(A.7) is 

5(r) = — -jf exp(iK.r)dK, 

ylTT) Jallrecip 
space 

where die is an element of volume in reciprocal space. 



(A.13) 



A.4 Lattice integrals and sums 

Consider a crystal with unit-cell vectors a u a 2 , a 3 and dimensions 
Nidi, N 2 ci2, N 3 a 3 . The number of unit cells in the crystal is 

N = NiN 2 N 3 . (A. 14) 

The integers N u N 2 , N 3 are assumed to be large. Denote the unit-cell 
vectors in the reciprocal lattice by n, t 2 , t 3 . Let / and t be lattice 
points in the crystal lattice and reciprocal lattice respectively. Let q 
be a wavevector in the first Brillouin zone of a wave that is periodic in 
the crystal. We prove the following results: 



Jcel 



exp{i(r - t') . r} dr = v S„' , 



(A.15) 



Jcel 
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exp{iK . (f - /')} d#c = ^-8 ir , (A. 16) 

Vo 

Xexp(iK.I) = — IS("-t), (A.17) 

/ Do t 

Sexp{i(«-fl')./} = ^V- (A-18) 



vo is the volume of the unit cell in the crystal lattice, and }„„ means 
integrate over the unit cell of the crystal or reciprocal lattice. 
To prove (A.15) put t' = and let 

T = fiTi + f 2 T2 + f3T3, (A. 19) 

r = riai + r 2 a 2 + r 3 a 3 , (A.20) 

where t\, t 2 , t 3 are integers. Then 



4el 



exp(iT . r) dr = 0, 



(A.21) 



unless t = 0. This is readily seen by considering a one-dimensional 
component of the integral along one side of the unit cell. If f, (i = 
1, 2, 3) is an integer other than zero, 



1 

exp(27rif,7i) dr ; = — ^-{exp(27rif,)- 1} = 0. 

27Tlf, 



If t = 0, 



exp( 

-tell 



it. r)dr = v Q , 



(A.22) 
(A.23) 



and (A.15) follows immediately. 

The volume of the unit cell in the reciprocal lattice is (2v) /v . The 
result in (A. 16) then follows from the previous reasoning - only the 
notation is different. 

To prove (A.17) put 

S = Iexp(iK./), (A.24) 

i 

I = /iai + l 2 a 2 + ha 3 , (A.25) 

K = KiTi + K 2 T 2 + K 3 T 3 . (A.26) 

The sum over / in (A.24) is over all values of the integers h, l 2 , l 3 . 
Then 

S= I exp^TrKKi/n + ^k + KsWHSASs, ( A - 27 ) 

w-vn sm{NiiTKi) 
where S, = X exp(2iri/C(/() = — — r-. (A.28) 

(,— (Nl-U/2 Sin(7TK,) 

For large values of N, the function sin(Ni7TK ( )/sin(7rK() is highly 
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peaked as *; varies, and is effectively zero unless 

K i = n i , (A.29) 

where n, is an integer. Thus S is effectively zero unless k\, k 2 , k 3 are 
simultaneously integers, i.e. unless k is a vector in the reciprocal 
lattice. Thus 

5=Iexp(iK./)=cl5(#f-T). (A.30) 

I T 

To determine the constant c we integrate both sides of (A.30) over a 
unit cell in the reciprocal lattice. The integral on the right-hand side is 
equal to c. From (A. 16) the integral on the left-hand side is equal to 
(2ir) 3 /v , which gives the required result. 

Similar reasoning gives (A. 18). Since q represents a wave periodic 
in the crystal, 

q = q\Ti + q 2 T 2 + q3T 3 , 



where 



* = 



TV' 



with rii an integer (|n,|<Nj/2). Put 

5 = Iexp(i?./) = 5 1 5 2 S 3 , 



where 
Thus 



S t = X exp(277-uj,/,) = 

ll— <Ni-i)/2 



and £ exp(i<jf . /) = 

= N 
which is equivalent to (A. 18). 



sin^jTr/TVj)' 
for n, * 0, 
for Hi = 0, 
for q*0, 
for q = 0, 



(A.31) 
(A.32) 

(A.33) 
(A.34) 
(A.35) 

(A.36) 
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Fourier transforms 



B.l Definitions 

Let f(x) be a function defined by 



/(*)=[ g(k)exp(ikx)dk. 

J— 00 



(B.l) 



Then g(k) is said to be the Fourier transform of f(x). g(k) is given 
explicitly by 

g(k) = ^-\ f(x)exp(-ikx)dx. (B.2) 

LIT J_co 

This relation is proved as follows. 

1 f°° 
— f(x)exp(-ikx)dx 

2 IT J-oo 

= ^ — g(k)exp{\(k-k')x}dkdx 

2v J-oo J-oo 

-f g(k)S(k-k')dk = g(k'). (B.3) 

J-00 

A three-dimensional function /(r) has a Fourier transform g(k). 
The two functions are related by 

/(r)= f g(k)cxp(ik.r)dk, (B.4) 

J all* 
space 

*(*) = 7T^\ f(r)expHk.r)dr. (B.5) 

(2n) Jaii 



space 

201 



202 



Appendix B 



Fourier transforms 



203 



(B.9) 
(B.10) 
(B.H) 



B.2 Fourier transforms of some functions 

The following relations are used in the text: 

f exp(-x 2 /2<r 2 ) exp(ifcx) dx = (2iro- 2 f n exp(-A:V/2), (B.6) 
( exp(-r 2 /2o- 2 ) exp(i* . r) dr = (2tto- 2 ) 3/2 exp(-/cV/2), (B.7) 

fexp(-KV/2)exp(-iic.r)dic = (27r/ - 2 ) 3/2 exp(-r 2 /2o- 2 ) ) (B.8) 
— i exp(i#c . R) dR = 4ir\ — , 
j — exp(iq.R)dq= — , 

r l 47r 

J -exp(iK.*)dH=^ T> 

CUrl ( £ |^) = 2^I 4><(sX4)eXp(i *' lf)d *- (B-12) 

The three-dimensional integrals are over all space. We outline the 
proof of these relations. 

(B.6) j exp(-x 2 /2o- 2 )exp(ifct)d* 

= exp(-feV/2)[ expj-^-ifco-) } dx 

= (2tto- 2 ) 1/2 exp(-fc V/2). 

(B.7) The integral may be written as the product of 
^ ao exp(-x 2 /2o- 2 )exp(iic x x)dx and two similar integrals for y and z. 
Each of these integrals is given by (B.6), and the result follows. 

(B.8) The relation follows from (B.4) and (B.7). 

(B.9) Take the polar axis in the direction of k. In the integration 
with respect to the azimuthal angle </>, only the component of R in the 
direction of k contributes. Thus 

[-2exp(i#f.*)dR = 27rif [ dR j cos 6 exp(i*cR cos 0)d(cos 6) 

J .it f°° /siny cos y\ k 

= 4tti- \—t- dy = 47ri-. 



(B.10) Take the polar axis in the direction of R. 

-j exp(iq .R) dq = 2tt\ dq\ exp(iqR cos 6) d(cos 0) 
J q h J-i 

= 47rf 

Jo qR 



sin(qR) 2ir 

-d^ — 



(B.ll) The relation follows from (B.5) and (B.10). 
(B.12) From the definitions of grad and curl we have the following 
equations. 

J? 1 

■^2 = -grad— , grad{exp(ifl . R)} = iq exp(iq . R), (B.13) 

curl{(s x q) exp(iq . R)} = i?x(jx ? ) exp(iq . R). (B.14) 

The grad and curl operators operate only on R. Now 

curl (^£) = -curl [s x grad —J 

= j | — curl[s x grad{exp(ig . R)}] dq (from (B.10) 

2ir J q 

= ^-lf 4x(sxq)exp(iq.R)dq. 

2nr ) 

B.3 Fourier representation of a periodic function 

If f(r) is a function periodic in the unit cell of a crystal it may be 
expressed as 



/(r) = -Ig(T)exp(-iT.r), 

Vo T 



(B.15) 



where v is the volume of the unit cell in the crystal, and t is a vector 
in the reciprocal lattice. To obtain g(r), multiply by exp(ir' . r), 
integrate over the unit cell of the crystal, and use (A. 15). 

[ /(r) exp(ir' . r) dr 

•'cell 

= — Ig(r)f exp{i(T'-T).r}dr = g(r'). (B.16) 

Vo t Jcell 

Note that g(r) is the Fourier transform of the function that is equal to 
/(r) within the / = unit cell of the crystal and is zero outside this cell. 
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Some results for linear operators and matrix elements 



We derive here some results, relevant to the present work, for linear 
operators and matrix elements in quantum mechanics. Let u s and Uk 
be members of a finite family of functions of generalisedt position r. 
We assume firstly that they are complete, i.e. that any function of 
physical interest can be expressed as a linear combination of the «s, 
and secondly that they are orthonormal, i.e. that they satisfy the 
relation 



(C.l) 



ufu k dr = 1, j = k, 
= 0, / * k. 

The asterisk denotes the complex conjugate. Let A, B, C. . . be linear 
operators, which in general do not commute with each other. 

(i) The Hermitian conjugate of A is denoted by A + and defined by 
u*Au k dr= (A + Uj)*u k dr 



= {jiiM + «/dr} . (C.l) 



In Dirac notation (C.2) is written 

</|A|fe> = <fc|A + |y>*. 
It follows from the definition that 

(A + ) + = A 



(C3) 
(C.4) 



t The variable r stands for all the position and spin variables of the physical system 
under discussion. The notation J dr in the present section stands for the integration 
over all space with respect to the position variables, and the sum over all the spin 
variables. A fuller discussion of the topics in Appendices C to F will be found in a 
number of textbooks on quantum mechanics. See for example Merzbacher (1970). 
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If f(x) is a real function, the Hermitian conjugate of the operator 
f(A) is 

U(A)] + =f(A + ). (C.5) 

If /(*) is a complex function, it can be written as 

f(x)=u(x)+iv(x), (C.6) 

where u(x) and v(x) are real functions. Then 

[f(A)] + = [u(A) + iv(A)] + = u(A + )-iv(A + ). (C.l) 

If A=A + , the operator is said to be Hermitian. All operators 
corresponding to physical quantities, e.g. position, momentum, 
energy, etc., are Hermitian. Examples of non-Hermitian operators in 
the present book are the annihilation and creation operators a and 
a + , and the raising and lowering operators S + and S~. Each one is the 
Hermitian conjugate of its partner. 

(ii) From (C.2) 

f ufABu k dr = J (A + u i )*Bu k dr = f (B + A + Ui )*u k dr, (C.8) 



i.e. 

Similarly 
and so on. 

(iii) For any pair of operators 



(ABf = B + A + . 
(ABC) + = C + B + A + , 



(C.9) 
(CIO) 



I ([ ufAui dr^ Jm,* JJii t dr) = J ufABu k dr, (Gil) 



or, in Dirac notation, 

Z(i\A\j)(j\B\k) = (i\AB\k). 
i 



(C.12) 



The sum is over all the functions in the family «,-. This result is known 
as the closure relation. 
To prove (C.ll) we first express Bu k in terms of the us themselves, 

i.e. we put 

Bu k =£c ik Uj. (C.13) 

i 

To find the coefficients c jk , multiply by a particular u* and integrate 
over all space. Since the w, form an orthonormal set 



u*Bu k dr = Y,Cjk ufiijdr 



= c A . 



(C.14) 
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Now 
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Bu fe =l(j ufBu k drju h 

Z(j«M M ,dr)(j M fBM k dr) 

= jiiMl(j«*flKfcdr)«/dr 

= j ufABu k dr. 
The last line follows from (C.15). 

(iv) l(k\AB\k) = l(k\BA\k). 

k k 

This result follows from (C.12). 

Z(k\AB\k) = ZZ<k\A\jHj\B\k). 

k k i 

Z(k\BA\k) = ZZ(k\B\j)(i\A\k). 



(C.15) 



(C.16) 

(C.17) 

(C.18) 
(C.19) 



The two right-hand sides are equal, since they differ only in the /, k 
labelling. 

(v) The thermal average of the operator AB is defined in (2.58) to 
be 

(AB) = Zp,(\\AB\\). (C.20) 



From (C.3) and (C.9) 

(AB)* = lp k (\\B + A + \\) = (B + A + ). 



(C21) 
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Heisenberg operators 



D.l The Schrodinger and Heisenberg pictures of quantum 
mechanics 

Quantum mechanics may be formulated in two equivalent ways, 
known as the Schrodinger and Heisenberg pictures. In most intro- 
ductions to the subject the Schrodinger picture is used. Here the 
operator A corresponding to a physical quantity si is constant in 
time, and so therefore are its eigenf unctions. The function <f>(t) 
representing the state of the physical system under consideration 
varies with time according to the equation 



dt ift 



(D.l) 



where H is the Hamiltonian operator of the system. 

In the Heisenberg picture the state function <j> remains fixed in 
time. The Heisenberg operator A(t) corresponding to the 
Schrodinger operator A is 

A(t)=T + AT, (D.2) 

where T = exp(-iHt/h). (D.3) 

An operator of the form exp(aH), where a is a number, is defined by 
expanding the exponential, i.e. 



exp(aH) = 1 + aH + — H 2 + 



(DA) 



The expectation value of si is given by 

(4>(t)\A\<f>(t)) on the Schrodinger picture, 
(<f> | A (t)\ 4> ) on the Heisenberg picture . 
It can be shown from (D.l) and (D.2) that the two expressions are 
equal, as they must be, since the expectation value of an observable is 
a physically measured quantity and cannot depend on the picture 
used. 
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Eq. (D.l) does not apply in the Heisenberg picture. Instead we 
have an equation giving the time variation of the operator A(t). From 
(D.2) and (D.3) 

±A(t) = i-HA(,)~A(t)H+T +d -£T. (D.5) 

dt n n ot 

If A does not vary explicitly with time 

^A(»)-ktf,A<*)]. (°- 6 ) 

df n 

D.2 Properties of Heisenberg operators 

(i) If A commutes with H, the Heisenberg and Schrodinger opera- 
tors are the same at all times. For 

A{t)=T + AT = AT + T = A. (D.l) 

(ii) The Hermitian conjugate of the Heisenberg operator cor- 
responding to A is the Heisenberg operator corresponding to A + . 
This follows from (CIO) and (D.2). 

[A(t)] + = (T + AT) + = T + A + T = A + (t). (D.8) 

It follows that if A is Hermitian, so is A(t). 

(Hi) [Mt)f = T + ATT + AT = T + A 2 T, (D.9) 

and in general [A(t)] n = T + A n T. (D.10) 

2 

Thus exp{aA(t)} = l + aA(t) + ^[A(t)) 2 + . . . 

= r + (l + aA+^-A 2 +...)r 

= T + exp(aA)T. (D.ll) 

(iv) If A(fi) and S(f 2 ) are two Heisenberg operators, the value of 
(A|y4(f 1 )B(f 2 )|A) depends not on h and f 2 separately, but only on the 
difference t 2 ~h. To see this we note that for any operator C 

<A| exp(itff/ft)C|A> = exp(iE*f/ft)<A|C|A>, (D.12) 

where E K is the eigenvalue of H for the state A. Then 
(A|A(lj)B(fe)|A> 

= <A| exp(iHh/h)A exp(-iHh/h)exp(iHt 2 /h)B exp(-iHf 2 /ft|A) 

= exp(i£ A fi*XA |A exp{iH(t 2 - h)/h}B exp(-iHh/h)\\ > 

= (A | A exp{iH(f 2 - h)/h)B exp{-itf(f 2 - h)/h}\\ > 

= <A|A(0)5(r 2 -r 1 )|A>. (D.13) 
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(v) (A(0)B(t)) = (B(t)A(ihB)). (D.14) 

In this equation ( ) denotes the thermal average at temperature T 
(see p. 20) and B = l/k^T. To prove the result we have 
(A(0)B(t)) 

= |rXexp(-£ Aj 8)<A|A(0)fl(0|A> 



= ^I<A|Ar + flTexp(-//0)|A> 
= ^I(X\T + BT exp(-HB)A\X) 

£ A 



(from C.17) 



£ exp(-£ A /?)<A | exp(H3)T + BT exp(-HB)A\\) 



= (B(t-ihB)A(O)) = (B(t)A(ihB)). 
The last step follows from (D.13). 



(D.15) 
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The harmonic oscillator in quantum mechanics 



E.1 Annihilation and creation operators 

Consider a particle of mass M undergoing simple harmonic motion in 
one dimension. Let the force on it when it is displaced a distance Q 
from its equilibrium position be -kQ, where fc is a constant. The 
angular frequency of oscillation o> is given by 

M 

The energy is 



1 



E = lM P+W > 



(E.2) 



where P is the momentum of the particle. Thus the Hamiltonian is 

H = ^ 7 (P 2 +M 2 <o 2 Q 2 ). (E.3) 

lm 

If P and O are taken to be the quantum mechanical operators 
corresponding to momentum and position respectively, (E.3) gives 
the operator form of the Hamiltonian. 
The operator for momentum is 



p =- ift do- 



Thus [P, O] = -ift. 

We define operators a and a + by 

a = (2Mha))- 1,2 (M<oQ + iP), a + = (2Mh<oT U2 (MwQ-iP) 



(E.4) 
(E.5) 



(E.6) 



From (E.3), (E.5), and (E.6) the following results may be deduced 

x H 1 



0) 



+ H 1 

aa = — + -, 

h<o 2 



hui 2' 



(E.7) 
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[a,a + ] = l. (E.8) 

(ii) [H,a] = -htoa, [H,a + ] = hwa + . (E.9) 

(iii) The eigenvalues of H have the form 

E n = (n + \)ha), n=0,l,2,... (E.10) 

(iv) If \lt n is a normalised eigenfunction of H corresponding to the 
eigenvalue E n , then 



a + il/ n = (n + l) U2 ipn + u a<p n = n U2 if/ n - 1 . 



(E.ll) 



We can arrange the eigenfunctions of the Hamiltonian on a ladder 
(Fig. E.l), the position on the ladder being proportional to the 
eigenvalue, i.e. the energy. The operators a and a + are known as 
ladder operators. Eq. (E.ll) shows that a + converts the function i/f„ 
into the function one rung up the ladder. It is known as a creation 
operator, as it creates a quantum of energy. Similarly, the operator a, 
which knocks the eigenfunction one rung down the ladder, is known 
as an annihilation operator. Note that at/f = 0, expressing the fact 
that the state ip is on the bottom rung of the ladder. 



Fig. E.l Ladder arrangement of the eigenfunctions for the 
harmonic oscillator.. 



-- f„^=a*irj(n+\) i 



Eltw 



n — J fn-\=uirjn i 



\ — 



k--t* 
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(v) From (E. 11) 

aa + ip„ = (n + l)ip n , a + ai)/ n = nil> n . (E.12) 

Thus {n\aa + \n) = n + 1, {n\a + a\n) = n. (E.13) 

If the operator A is a product of the as and a + s in some arbitrary 
order, then 

(n\A\n) = 0, (E.14) 

unless the numbers of as and a + s in the product are equal. For if this 
condition is not satisfied, A<li n is an eigenfunction other than i(i n , and 
the orthogonal property of the eigenfunctions makes the matrix 
element zero. Furthermore, if the physical system is equivalent to a 
number of independent harmonic oscillators, e.g. a crystal with 
harmonic interatomic forces, then an eigenfunction |A ) of the Hamil- 
tonian of the overall system is a product of eigenfunctions of the 
Hamiltonians of the individual oscillators. If A is a product of the as 
and a + s for the individual oscillators, then 

<A|A|A> = 0, (E.15) 

unless the numbers of as and a + s are equal for each of the oscillators 
separately. This is a very useful property of the annihilation and 
creation operators, and is used to evaluate expressions such as 
(A|C/ 2 |A) in (3.55) and (\\UV\\) in (3.105). 

(vi) The Heisenberg operator a (t) is 

a(t) = exp(iHt/h)a exp(-iHt/h). (E.16) 

From (D.6) and (E.9) 

d 



df 



a(t) = -i(»a(t). 



Thus 
Similarly 



a (t ) = a (0) exp(-iwr) = a exp(-iwr). 
a + (t)=a + exp(itof). 



(E.17) 

(E.18) 
(E.19) 



E.2 Probability function for a harmonic oscillator 

We prove the result for the probability function /(<?) given in (3.19) 
and (3.20). t From (E.6) 

Q = (ft/2Mo) 1/2 (a + a + ), (E.20) 

d 



d(? - = ^ = (M w /2ft) 1/2 (a-a + ). 



t The proof here follows that of Landau and Lifshitz (1958). 



(E.21) 
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From (3.15) and (3.16) 

/ = ^Iexp(-E ni 8)^, 

where E n = (n + \ )hco. Therefore 



df 2 dd/„ 
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(E.22) 



(E.23) 



From (E.ll) and (E.21) 

*» ik*" = (Ma>/2h) 1/2 {n 1/2 iA„^-i -(« + 1) 1/2 ^>„ +1 }. 

d0 (E.24) 

In the summation over n in (E.23) a specific ^ n ^ n +i term occurs 
twice, once multiplied by exp(-£' n j8), and once multiplied by 

exp(-.E n+ i0) = exp(-M3)exp(-.E n /3). (E.25) 



Therefore 

where 

Similarly 

Therefore 

where 



-££= -(2Ma)/h) U2 {l -exp(-ha>p)}S, 

S = jl exp(-E n /3)(n + l)V%Ww+i. 

Qf= {h/2M<o) V2 {\ +exp(-ha>P)}S. 
df/dQ 2M<o 1 - exp(-ftw/3 ) 



Of h l + exp(-ftw|3) 

cr 2 = ^jcoth(ift Wj 8). 



1 

— 5. 



(E.26) 

(E.27) 
(E.28) 
(E.29) 



(E.30) 
(E.31) 



The solution of (E.29) is 

/=Cexp(-Q 2 /2o- 2 ), 
where C is a constant. Its value, obtained from (3.17) and (1. 11), is 
C = (2wY 1/2 . (E.32) 

From (E.31), (E.32), and (1.12), the thermal average of Q 2 is 

<(? 2 > = J Q 2 f(Q)dO = o- 2 , (E.33) 

and the thermal average of exp Q is 

(exp Q) = c\ exp Q exp(-Q 2 /2o- 2 ) dO 

= Cexp(|«r 2 )j"expj-i(^-cr) 2 }dO 

= exp(k 2 ). (E.34) 
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<exp(?> = exp{|<Q 2 >}. 



E.3 Value of (n) 

From (3.15) and (E.10) 

00 / oo 

(n) = !p n n= I we "*/ £ e , 
where x = ftw/3. 

Now I • ""*- 1/(1-0. 

Differentiating this expression with respect to x gives 

I nc- nx =e-"/(l-e~ x f. 

Thus <«) = l/(e )t -l), 

<» + l> = e7(e*-l), 
and <2n + l> = (e* + l)/(e x -l) = coth|x. 

1 x x 3 
Forx«l, coth *=- + -- — +... 

x 3 45 






(£.35) 



(E.36) 
(E.37) 
(E.38) 

(E.39) 

(E.40) 
(E.41) 
(E.42) 

(E.43) 
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Angular momentum in quantum mechanics 



F.l Raising and lowering operators 

Let S x , S y , S z be the operators corresponding to the x, y, z 
components of angular momentum in units of h. The angular 
momentum may be of any kind - spin, orbital, or the resultant 
angular momentum of a system of particles. The operator 

S 2 = Sl+S 2 y +Sl (F.l) 

corresponds to the square of the magnitude of the angular 
momentum. 

It is a fundamental result in quantum mechanics that S x , S y , and S z 
commute with S 2 , but not with each other. The commutations rela- 
tions are 

[S 2 ,S*] = [S 2 ,S y ] = [S 2 ,S z ] = 0, (F.2) 

[S x ,S y ] = iS z ,etc. (F.3) 

We define operators 

S + = S x + iS y , S~ = S X - iSy. (FA) 

The following results may be deduced from the commutation rela- 
tions 

S + S~ = S 2 -S 2 +S Z , (F.5) 

S~S + = S 2 -S 2 Z -S Z , (F.6) 

[S z , S + ] = S + , [S„ S~] = -S~. (F.7) 

Since S 2 and 5 Z commute we can find functions which are eigen- 

functions of both operators. The following results may be deduced 

from (F.5) to (F.7): 

(i) The eigenvalues of S 2 have the form S(5+l), where 5 = 
0,i 1,1,2,... 

(ii) There are (25+1) eigenf unctions of S 2 corresponding to the 
eigenvalue S(S + 1). They are eigenfunctions of S z with eigenvalues 
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(F.9) 



M, where 

M = S,S-1,...,S. (F.8) 

(iii) If \S,M) is a normalised eigenfunction of S 2 and 5 r with 
respective eigenvalues 5(5 + 1) and M, then 

5 + |5,M) = {(5-M)(5 + M + l)} 1/2 |5,M + l> 
5"|5,M> = {(5 + M)(5-M + 1)} 1/2 |5,M-1>. 
For a fixed value of 5, the set of eigenfunctions \S,M) may be 
regarded as arranged on a ladder with 25+1 rungs. The operator 5 + 
converts the function |5, M ) into the function one rung up the ladder, 
while the operator 5" converts it into the function one rung down. 
From (F.9) 

5 + |5,5) = 5 - |5,-5> = 0, (F.10) 

which is consistent with the fact that the ladder is bounded at M = 
±5. Like a and a + for the harmonic oscillator, the operators 5 + and 
5~ are known as ladder operators. 5 + is referred to as the raising 
operator, and 5~ as the lowering operator. 



From (F.13) and (F.15) 

a x u = v, 



o-yU = w, o- z u = u, 
<x y i> = — iu, o- z v = —v. 



(F.16) 



F.2 Pauli spin operators 

For 5 = 5 there, are only 2 eigenfunctions for 5 Z . Denote them by u 
and v, i.e. 

|U>*«, &,-*-»• (F-ll) 

Colloquially u and v are referred to as the 'spin up' and 'spin down' 
states respectively. The states are normalised and orthogonal, i.e. 

(u\u) = {v\v)= 1 
(u\v) = {v\u) = 0. 




(F.12) 



From (F.9) 



S u = v, 
S~v = 0. 



(F.13) 



5 + m=0, 
S + v = u, 
The Pauli spin operators are defined by 

o- x = 25 x ,etc. (F.14) 

They are used only for the case 5 = =; . From (F.4) and (F.14) 

<7, = (5 + + 5-), a y = -i(5 + -51. (F.15) 
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Normal modes of crystals 



A theoretical treatment of normal modes of vibration for atoms in a 
crystal may be found in a number of textbooks (see for example 
Ghatak and Kothari, 1972). We give here an outline of the theory, 
showing first how the modes arise in classical mechanics and then how 
they are quantised. 

G.l One-dimensional crystal 

Several of the basic properties of normal modes can be obtained from 
a simple one-dimensional crystal. Consider a line of identical 
particles of mass M, distance a apart. Suppose the particles can move 
only at right angles to the line. Let the displacement of the nth 
particle be u n (Fig. G.l). Assume that the forces are harmonic, i.e. 
the force on the nth particle has the form 



F„ = a »n + ai(u„-i + w„+i) + a 2 (u„- 2 + u n+2 )+ 



(G.l) 



where a , a it a 2 , ■ ■ ■ are constants known as force constants. 
Although in principle the forces may extend to a large number of 
neighbours, it is usually assumed that the force constants become 
small for distant neighbours. 

Fig. G.l Transverse displacements of the atoms in a one-dimensional crystal. 



F 



The equation of motion for the nth atom is 

F n =Mu n , (G.l) 

and it can be shown that a solution of this equation has the form 

u n (t) = A q exp{i(qna - <ot)}. (G.3) 

Eq. (G.3) represents a sinusoidal wave of wavenumber q = 
27r/wavelength, angular frequency o>, and amplitude A q , running 
through the lattice. It is known as a normal mode. 

For a given M and a set of a values, to may be calculated as a 
function of q; the relation is known as the dispersion relation. It is 
shown in Example 3.1 that the dispersion relation in the present case 
is 



= TjLa„sm 2 ( 2 -i>qa), 



(G.4) 






where a„ is the force constant for the rth neighbour. An example of 
the relation is shown in Fig. G.2. It can be seen from (G.4) that w is a 
periodic function of q, i.e. 

2i 



>(q) = <o(q+-p). 



(G.5) 



Fig. G.2 Dispersion relation for a one-dimensional crystal with one atom per 
unit cell. 



218 




220 



Appendix G 



This must be the case because the normal modes are physically 
denned only by their displacements at the lattice points, and the 
waves with wavenumbers q and q + (2ir/a) have the same displace- 
ments at the lattice points. This is shown in Fig. G.3. We may 
therefore restrict our attention to those modes whose q values lie in a 
range 27r/a, and it is physically reasonable to select the range with the 
smallest values of q, namely \q\ =s it/ a. This range is known as the 1st 
Brillouin zone for a one-dimensional lattice. 

If the crystal is finite with N atoms, we further restrict the qs to 
waves that have an integral number of wavelengths in the length 
L = Na, i.e. 






„ 2tt 4tt 



N2tt_ 
''2 L' 



(G.6) 



Thus the q values form a one-dimensional lattice with N points in the 
1st Brillouin zone. 

Any linear combination of equations like (G.3) is a solution of the 

equations of motion. We may also have normal modes of the form 

h„ (0 = B q exp{i(qna + <ot)}, (G.7) 

which is a wave travelling in the direction opposite to the wave in 

(G.3). So the most general solution can be written as 



«„(0 = AT 1/2 1 exp(iqna )Q q (t), 



(G.8) 



where Q, (0 = K exp(-i«uf ) -I- B q exp(i&>f). (G.9) 

The quantities A q and B q may be complex. But u„(t) is a physical 
quantity and must be real. Therefore 

Q_,(f)»Q*(r), < G1 °) 

i.e. 0- q (t) = Atexp(itot)+B*exp(-i<ot). (G.ll) 

Fig. G.3 Diagram showing how waves with wavenumbers q and q + lir/a 
give the same displacements of the atoms. 
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The right-hand side of (G.8) contains 2N arbitrary parameters. To 
see this we note that there are N/2 positive values of q. Each of these 
has two complex quantities, A q and B q , representing 4 parameters. 
The negative values of q give no more parameters since A- q and S_„ 
are fixed by (G.ll). Thus there is a total of 2N parameters, which is 
the correct number to specify the position and velocity of each of thQ 
S particles. That is to say, given the position and velocity of each 
particle in the crystal at time zero we can calculate the values of all 
the A q and B q . Provided the forces are harmonic, the expression in 
(G.8) will then correctly give the position and velocity of each of the 
particles at any later time. 

It may be shown (see Example 3.1) that the kinetic energy T and 
potential energy V of the system are given by 

T = \MZul = i 2MZ,Q q Q- q = 1 2Ml\0 q \ 2 , (G.12) 

" i i 

V=\Z a n \u n -u n+n f = \MY.6) q Q q Q- q = \Mi:o> 1 q \Q q \ 2 . 

nn q q 

(G.13) 

G.2 Three-dimensional crystal 

For a three-dimensional crystal the normal modes are plane waves. 
Each mode has a wavevector q whose magnitude is 27r divided by the 
wavelength. The atoms in a plane perpendicular to q have the same 
displacement, which varies sinusoidally in the direction of q. For a 
Bravais crystal there are three normal modes corresponding to each 
q. They are characterised by the polarisation index j = 1, 2, 3. Each 
mode has its own frequency &>„ and polarisation vector e„. The latter 
is a unit vector specifying the direction of the displacement of the 
atoms. The three e qi corresponding to the same q are orthogonal. 
They are not simply related to the direction of q except in conditions 
of high symmetry. For example, in a cubic crystal, if q is along a [100] 
or [111] axis, e^ is either in the direction of q (longitudinal mode) or 
perpendicular to q (transverse mode). 

As for the one-dimensional crystal we specify that the normal 
modes should be periodic in the crystal. This causes the permitted qs 
to form a lattice in reciprocal space with unit cell of volume (27r) 3 / V, 
where V is the volume of the crystal. Two waves whose wavevectors 
differ by a vector in the reciprocal lattice give identical displacements 
at the lattice points in the crystal. It is therefore sufficient to consider 
only those q points that lie in the 1st Brillouin zone. This is the 
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volume enclosed by planes that perpendicularly bisect the lines from 
the origin in reciprocal space to the neighbouring reciprocal lattice 
points. The 1st Brillouin zone contains TV q points, where N is the 
number of unit cells or atoms in the crystal. Thus there are 37V 
normal modes, which is the correct number to represent in three 
dimensions the positions and velocities of the TV atoms. 

The displacement of the atoms at the lattice site / may be written as 
the sum of displacements due to the normal modes, thus 

«,(r) = Ar 1/2 Xexp(i 9 . l)e s Q s (t), (G.14) 

where s stands for the double index q, j. The quantity Q s (t) has the 
same form as Q„(t) in (G.9), and 

Q s (t)=Q*s(t), (G.15) 

where -s stands for -q, j. The expressions for the kinetic energy T 
and potential energy V of the crystal are 

T = kMlQ s O- s , (G.16) 



Note that 



V = \Ml 1 Q s Q- i (o 2 s . 



(o s = (0- s , and e s = e- 



(G.17) 
(G.18) 



G.3 Non-Bravais crystal 

For a three-dimensional crystal with r atoms per unit cell, there are 3r 
normal modes corresponding to each q. Each mode has its own 
frequency and polarisation vector. The latter has 3r components, r 
trios which give the directions of the displacements of the r atoms. 
The components may be complex, indicating that the atoms do not 
vibrate in phase. As q -> 0, the frequencies of three of the modes tend 
to zero, while the frequencies of the other 3r - 3 tend to finite values. 
The former are known as acoustic modes and correspond to motions 
in which (for small q) the atoms in the unit cell vibrate in phase. The 
latter, known as optic modes, correspond to vibrations with phase 
differences between the atoms in the cell. An example of the dis- 
persion relations of a crystal with two atoms per unit cell is given in 
Fig. 3.14. 

The reciprocal lattice, and hence the 1st Brillouin zone, are defined 
by the unit cell in the crystal — its contents are irrelevant. The number 



of unit cells in the crystal is TV. For waves periodic in the crystals there 
are TV q points in the 1st Brillouin zone, and hence a total of 3WV 
normal modes. 

The displacement n( t\ of atom d (=1, 2, . . . , r) in unit cell / 

may be written as 

"C ') = ( M " iV )" 1/2 ? ex P^ ■ '** &('). (G-19) 

where M d is the mass of atom d. The tilde in (5,0) is to distinguish 
this quantity (of dimension LM 1/2 ) from Q s (t) (of dimension L) in 
(G.14). e ds is that part of the polarisation vector that gives the 
displacement and relative phase of atom d for the mode s. Since the 

displacements u( n are real, we have the relations 

Os(t)=d* s (t), e a ds = (e a d - s )*, (G.20) 

where e ds is the component of e ds along the a axis (a = x, y, z). The 
components of the polarisation vectors corresponding to the same q 
are orthonormal, i.e. 

XX(e2J*eS«/. = S // '. (G-21) 

d a 

The kinetic and potential energies of the crystal are given by 

T = kZ6s6-s, (G.22) 



V = kZd s d-s<ol 



(G.23) 



G.4 Quantisation of the normal modes 

We consider first a Bravais crystal. From (G.16) and (G.17) the 
Lagrangian of the crystal is 

L = t- V = \M I (0,0-, - Q S QW,). 



Then the momentum P, conjugate to Q s is 

The Hamiltonian of the crystal may now be written as 
H = T + V = X ^rP,P-s + \MQ s Q-#>], 



(G.24) 



(G.25) 



(G.26) 
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which is a function of a set of displacements and their conjugate 
momenta. We may therefore replace these quantities by their usual 
quantum mechanical operators to obtain the operator form of the 
Hamiltonian. The operators corresponding to Q s and P s obey the 
commutation relations 



[Qs,Q s ] = [P„P s ] = 0, 

The annihilation and creation operators for the mode s are denned by 
a s = (2Mha) s )~ U2 (Ma) s Q s + iP- s ), 
at =(2Mh<o s )' 1/2 (M(o s Q- s -iPs). 
Note that 

Qt = Q-s, and Pi =P-,. 
Eqs. (G.27) and (G.28) give 

[a s ,at] = S ss . 
From (G.26), (G.27), and (G.28) we have 



(G.27) 



(G.28) 

(G.29) 
(G.30) 
(G.31) 



Comparing (G.31) with (E.7) we see that the Hamiltonian of the 
crystal is the sum of the Hamiltonians for the harmonic oscillators 
that represent the normal modes. This is an important result and is a 
direct consequence of the independence of the normal modes, which 
in turn is a consequence of harmonic forces. Because the overall 
Hamiltonian has the form of (G.31), its eigenf unctions are products 
of the eigenfunctions of the individual Hamiltonians. The quantum of 
energy h<o s is known as a phonon. 

We require an expression for «(/) in terms of the operators a s and 
at. From (G.28) 

Q s = (h/2Ma>,) U2 (a s + at s ). (G.32) 

Inserting this in (G.14) we have 

«, = (h/2MN) U2 1 e&: m (a, + at s ) exp(i« . I). (G.33) 

Now 

I ejW 7 1/2 a- s exp(ifl. /) = Ic^7 1/2 a: exp(-i«. I). (G.34) 

This follows from the fact that the s values range over the 1st 
Brillouin zone, so that for every q, j term there is a corresponding 
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term -q,j. From (G.33) and (G.34) . 

u, = (h/2MN) 1/2 X e,fi>7 l/2 {a, exp(i« . l)+a? exp(-iq . /)}. 

(G.35) 
For a non-Bravais crystal we define the annihilation and creation 
operators by 

a s = (2h<o s y U2 (<o s s +iP-,), 
at =(2h(o s T 1/2 (o) s d- s -iPs), 



where 



s 3<5s 



(G.36) 
(G.37) 
(G.38) 



Then & = (h/2(o s ) 1/2 (a s + a_ s ). 

Eqs. (G.19) and (G.38) give 

uQ = (h/2M d N) V2 X a7 1/2 {e*ti. exp(i« . f)+«W exp(-iq . /)}. 

(G.39) 
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The proofs of two results for magnetic scattering 



H.1 Relation between Q n . and the Fourier transform of the 
orbital magnetisation 

We provet the result 

<? J . L = r-Iexp(i»c.r,)(p,Xi{)=--— kx{M l (k)xk}. (H.l) 

flK i 2(lB 

We need the following results from vector calculus. If <f>(r) is any 
scalar field that vanishes at infinity, and M (r) is any vector field that 
vanishes at infinity, then 

| {grad <j>{r)} exp(i« . r) dr = -ik I c/>(r) exp(i#c . r) dr, (H.2) 

[ {curl M(r)} exp(iic . r) dr = -i#c x j M(r) exp(iic . r) dr. (H.3) 

The integrals are taken over all space. Eq. (H.2) follows from the 
relations 

grad{<£(r)exp(iic.r)} 

= <(>(r) grad{exp(i* . r)} + exp(i* . r) grad <f>(r) 

= i*c</>(r) exp(i« . r)+ exp(i*c . r) grad <j>(r), (H.4) 

| grad{<£(r) exp(iK . r)} dr = 0. (H.5) 

Eq. (H.3) follows from the relations 
curl{A# (r) exp(i#c . r)} 

= {curl AT(r)}exp(iK . r)+[grad{exp(iK . r)}xM (r)], (H.6) 

f curl{M(r) exp(i#c . r)} dr = 0. (H.7) 

t The proof here follows that of Steinsvoll et al. (1967). 
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Since exp(i#t . r,) and p, do not commute, we put 



— Lexp(iK.r,)(p,XK) 

flK i 

= ^ [l {exp(i* . r,)p, +p, exp(i#c . r,)}l x k. (H.8) 



Now 



where 



- |^I exp(i* . ri)pi +pi exp(iK . r ( )}J 

= j } I {*(»" - r .)P. +PiHr ~ r,)} exp(iK . r) dr 

= -— J j(r) exp(i*. r) dr, (H.9) 



/(r)= - r I{«(f-/l)«+^(r-4 (H.10) 



/(r) is the operator corresponding to the orbital current density. It 
can be expressed in the form 



/(r) = curl M L (r)+ grad 0(r). 



(H.ll) 



Then 



](r) exp(i#c . r) dr 

= {curl Miir) + grad <£(r)}exp(i#c. r)dr 

= -i I #c x I 3f L (r) exp(i* . r) dr j -i* I <j>{r) exp(i* . r) dr, 



(H.12) 



from (H.2) and (H.3). When the last expression is substituted into 
(H.8), the second term gives zero, since k x k = 0. Thus 

~£ exp(i#c . rKPi xk) = --^-k x{M l (k)x«}, (H.13) 
where M L (#c) = [ M L (r ) exp(iic . r) dr. (H. 14) 



» 
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H.2 Spin-only scattering for a localised model 

We prove the result 

<A'| exp(i« . Rid) I exp(ii< . r„)s„|A } 

= F d (K){\'\ exp(iK. R u )Su\\). (H.15) 

Put 

/„ = exp(iic. r„), (H.16) 

g ld = exp(i« . Ru). (H. 17) 
Then the left-hand side of (H.15) is 

(A'|g w I/^|A) = IZ<A'|/,|A"XA'W,|A> (H.18) 

v A" v 

= I<A'|MA"><A"|g w 5>„|A>. (H.19) 

A" " 

Eq. (H.18) comes from the closure relation (C.12). The step from 
(H.18) to (H.19) is justified by the fact that, since the electron space 
states are symmetric or antisymmetric, the matrix element <A'|/-|A") 
is independent of v (see Example 7.1). 

Now the states |A'> and |A"> differ from |A), and hence from each 
other, only in the functions giving the orientations of the electron 
spins and the positions of the nuclei. The operator /„ depends only on 
the space variables of the electrons. Therefore, since the electron spin 
states and the nuclear position states are orthogonal, the matrix 
element (A'|/„|A"> is zero unless A"= A'. We then have 

<a'|/„|a'> = <a|/„|a> 

= L d (r)exp(iK.r)dr=F d (if). (H.20) 

where o d (r) is the normalised spin density of the unpaired electrons. 
Finally 

Zs„ = S ld . (H.21) 

Inserting these results in (H.19) gives (H.15). 
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Some mathematical results 



Theorem on operators 

If A and B are two operators such that 

AB-BA=c, (LI) 

where c is a number (i.e. not an operator), then 

exp A expB = exp(A + B)exp(|c). (1.2) 

To prove this result we first prove by induction that 

AB n -B"A = cnB n -\ (1.3) 

Suppose (1.3) is true for a particular value of n. Multiply by B on the 
right 



AB' 



B"AB = cnB r 



From (1.1) 
Therefore 



B n AB = cB n +B n+1 A. 

AB n+i -B n+1 A = c(n + l)B n . 



(1.4) 
(1.5) 
(1.6) 



So if (1.3) is true for n, it is also true for n + 1. It is clearly true for 
= 1. Hence it is true for all n. 
If A is a number 

Aexp(AS)-exp(AS)A= I —(AB n -B"A) 
n=o n\ 



■\c I 



(AB)"" 1 



„t,(n-l)! 
= \c exp(AB). 

In the middle line we have used (1.3). Define a function 
/(A ) = exp(AA) exp(A5) exp{-A (A +B)}. 
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(1.7) 



(1.8) 
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Then 



-j£ = exp(AA)A exp(AB) exp{-A (A + B)} 
dA 



+ exp(AA) exp(A£)B exp{-A (A + B)} 
- exp(AA) exp(Afl)(A +B) exp{-A (A + B)} 
= \cf. (1.9) 

The last line follows from (1.7). The solution of (1.9) is 

/(A) = exp^cA 2 ). (1. 10) 

Equating the right-hand sides of (1.8) and (1. 10), and putting A = 1, 
gives the result (1.2). 



1.2 Values of integrals 

[ exp(-x 2 /2cr 2 ) dx = (2tt) 1/2 o- 

[ ^ 2 exp(-x 2 /2c7- 2 )dx = (27r) 1/ V 
f jc 4 exp(-x 2 /2o- 2 ) dx = 3(2 tt) 17 V 

J— oo 



f 00 !ii 

J-oo y 



■dx = w. 



(Ill) 

(1.12) 
(1.13) 
(1.14) 



SOLUTIONS TO EXAMPLES 



3.1 (a) The equation of motion for atom n is 

Mii n = a u„ + ai(u„+i + u„-i) + a 2 (u n+2 + u„- 2 )+ . . . . 

If all the atoms are given equal displacements the force is zero. 

Therefore . . 

ao + 2ai + 2a 2 + . . . = 0. 

Take a single q term in (G.8), substitute in the equation of motion, 
and use the relation q = -<o 2 Q q . 

u) M = -Xa 1 /{exp(i^a)+exp(-ii^qa)-2} = 4X«^ sin^wja). 
(b) Use (G.8) and (A. 18). 

T = \M I ul = \M I -J- 1 exp{ita + q'WOA' 

=hMiO q O- q , 

4 

vM XX «„(«„+, -«„) 2 

= 2 X X ovTfX exp{i(q + q>a}{expOqa)- 1} 

x{exp(iM?'a)- 1)0,0,. 
= 2 X X 4a, %in 2 {hvqa)Q q Q- q = \M X a> 2 q Q q Q- q . 



(c) Use (G.9). 



where 



\O q \ 2 = co 2 q {\A q \ 2 + \B q \ 2 -C q (t)}, 
u> 2 \Q q \ 2 = <o 2 q {\A q \ 2 + \B q \ 2 + C q (t)}, 
C q (t) = 2 Re{AjB, exp(2iay)}. 
231 



232 



Solutions to examples 



The average of C q (t) over one cycle is zero. Therefore 

T=V = Wl(\A<,\ 2 + \B q \ 2 )<o 2 q . 

3.2 As hu>p-*0, <r 2 ->l/Ma) 2 p in (3.20). Classically we have a 
particle moving in a potential V = \Mu> 2 Q 2 . The probability of the 
particle having a displacement O to Q + dQ is given by the Boltz- 
mann distribution 



/(Q)ocf exp(-£/3)d£, 

Jv 



where £ is the energy of the particle. The integral is evaluated at 
constant Q. Put E = V + x. Then 

/(0)ocexp(-V/3) | exp(-*/3)dx. 

Jo 

The integral is independent of Q. Therefore 

/(Q)ocexp(-§Mw 2 /3Q 2 ), 
which is a Gaussian with the same a as above. 
3.3 Consider (3.66). For ho m p»\, coth(iftw|3)=l for most of the 
range of integration. Therefore 

2Woc\ Z(w)dw/<o. 

Jo 

For ftco m 0« 1, coth(ifco>|3) = 2/M3. Therefore 



2Woz\ Z(w)da)/w. 
Jo 



3.4 For a Debye frequency spectrum Z(w) = 3w 2 /w m , h<o m -k B 0D- 
Use (3.67) and the results of the last example. 

9ft p- , 9 ft 2 1 

' "4M fc B D ' 

9ft 2 r 



2Mw„ 
9 



a) da> = 

doi 



For T«0 D , <m 2 > = 

For T»0 D , (" 2 ) = ^ ft) 3 mJo - M fc B ^ 
3.5 (a) Use the results of the last example. 

T/K <« 2 ) 1/2 /A 2W exp(-2W0 

20 0.07 0.016 0.984 

1000 0.26 0.202 0.817 

(b) The intensity of the peak is proportional to exp(-2W). 
0.817/0.984 = 0.831. 
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3.6 For coherent elastic scattering the amplitude of the neutron wave 
is proportional to 

£ exp(i#f . Ri) 

= Iexp(i#f . /)exp[|iK. A{exp(iq . /) + exp(-i^./)}] 

«Xexp(i#f . 1) + vk- A exp{i(#c+flr). 1} + ^k.A exp{i(ic-fl). /}. 

The first term in the last expression gives scattering when k = t, the 
second when K = r-q, and the third when k = t + q. 

Let the velocities of the incident and scattered neutrons in the 
laboratory frame be v and v'. If the velocity of the crystal in the 
laboratory frame is c then, for elastic scattering in the crystal frame, 
|p-c| = |t)'-c|; whence v 2 - v' 2 = 2(v - v') . c. Thus 

■£-(k 2 -lc' 2 ) = '?-(v 2 -v' 2 )=m(v-v').c=hK.c 

2m 2 

= ±hq . c (from the result of the first part with t = 0) 
= ±h<o s . 

.7 From Fig. S. la 

uy=\{E-E , )^^-(k 2 -k' 2 )=-^{,q 2 + 2kqcos<t>), 
n zm zm 

where q is taken positive. P is a point on the scattering surface if 
a) = ±w, = ±cq. (The upper sign corresponds to phonon emission, and 
the lower sign to phonon absorption.) Thus 

ft 2 

=Fcfl=- — (o +2kq cos<j>). 



Fig. S.l Diagram for the solution of Example 3.7. The scattering surface near 
the origin is shown in (b) for c < v and in (c) for c> v. 




q = 2j2- (c-v) I Scattering 
surface 



M 
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q = is always a solution of this equation. If q * 0, 
hq 

=FC = Hi) COS</>, 

2m 
where v = fcfc/m is the velocity of the incident neutron. 

If c < v, the scattering surface for small q is a pair of cones with 
apex at the origin, axis along k, and semi-angle <£ = cos" (c/v), see 
Fig. SAb. lic>v, there is no solution for small q. The point on the 
scattering surface nearest the origin has q = (2m/h)(c-v), and cor- 
responds to phonon absorption (Fig. S.lc). These results are demon- 
strated in the scattering. surfaces shown in Fig. 3.12ft. The velocity of 
the incident neutrons lies between the maximum sound velocities of 
the highest and middle frequency polarisation branches. Thus the 
scattering surfaces of the two lowest frequencies emerge from the 
origin; that of the highest frequency does not. 

3.8 Consider the expression for the coherent one-phonon absorption 
cross-section given in (3.113). As fc->0 (with k' constant), K^-k', 
and everything in the expression tends to a constant except the term 
1/fc. 

The physical interpretation of this result is that the probability of 
the neutron being scattered into a fixed element of k' space is the 
product of two terms. One is the probability of the neutron being 
scattered per unit time, which is given by the constant part of the 
cross-section. The other is the time the neutron spends in the crystal, 
which is proportional to 1/fc. 

4.1 For a perfect gas G?(r, t) is spherically symmetric. If an atom is 
at the origin at time t = 0, the probability of its being between r and 
r + dr from the origin at time t is 47rr 2 drGs'(r, t). This is equal to 
P(v) dv, the probability of the atom having velocity of magnitude v to 
v+dv, where v = r/t. P(v) is given by the Maxwellian distribution 

P(t;)=M 2 exp(-5Mi> 2 /3), 
where hi is a normalising constant. Therefore 

Airr 2 dr Gf (r, t) = ^r 2 dr exp(-^Mr 2 /3/r 2 ), 

Gf (r, = h 2 exp{-r 2 /2o- 2 1 (f )}, where o- 2 , (t ) = t 2 /M(3. 
The normalising constant h 2 is obtained from 
4tt C r'd? (r, t) dr = 1, together with (1.12). 

4.2 (a) From (3.126) and (4.9) 

7 s (k, t) = exp(C/ 2 > exp{UV ), 



where U = -\k . u (0), V = i* . u {t). 

For a single harmonic oscillator (3.129) and (3.134) give 

hK 1 



(U') + (UV )-- 



2Mu) 



{coth(2fto>/3)(l -cos o)t)-'i sin cot}. 



The expression for G s (r, t) follows from (4.10) and (B.8). 

(b) From (4.43) d 2 (t) = a 2 (t + |i/i/3). Substitute in the expression 
for o- 2 {t), and use the formulae for cos(wf + be) and sin(wf + ix), where 

(c) The classical form of a 2 (t) is obtained by allowing 2hco(i-*0. 
For small x, coth x -* x' 1 , which gives the required result. 

(d) (r 2 . (0) = 4tt Jo°° Gf (r, t)r A dr = 3o- 2 , (t) from (1. 13). 

4.3 <exp(i#c . R,))= exp(i#< . /)(exp(i*c . «,)) 

= exp(iK . /)(exp U) 

= exp(iic . /) exp&t/ 2 )} from (3.32). 
Thus 

X <exp(-i#< . #f r ))(exp(iK . Ri)) 
w 

= exp(U 2 ) X exp(-i#c . /') exp(i#c . /) 

»' 

= iVexp(f/ 2 )Iexp(iif./) 

/ 

r (27T)" 



= N- 



exp(-2WOE<5(K-T) from (3.49) and (A.17). 




4.4 (a) From (4.30) and (A. 13) 

p( r ) = X s{r-I -«(/)} = (2 v ) _3 I f exp[i«.{i— /-«(/)}] die, 

<p(r)> = (2tt)" 3 I f exp{iic . (r - J)Kexp(i* . «)> die, 

<exp(i* . «)) = exp{-i((K . n) 2 )} from (3.32) 

= exp{- 6K 2 (u 2 )} for a cubic crystal 
= exp(-4* c )• 
These relations together with (B.8) give the required result. 

(b) G s (r, oo) may be obtained from (4.122) with the expressions for 
(S(r'-R t )) and <5(r' + r-J»/)) given in (a). However a quicker 
method is to use the inverse relation of (4.123) 

G s (r, oo) = (2tt)" 3 [ exp(-2 W) exp(-iif . r) die. 
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Put 2 W = \k 2 {u 2 ) = Wcr 2 , and use (B.8). 

(c) (rH = J r 2 G s (r, oo) dr 

= 4tt(2 wT 3/2 f " '* exp(-r 2 /2<r 2 ) dr 
Jo 

= 3<r 2 (from (1.13)) = 2<w 2 >. 

Alternatively, if «i and u 2 are the displacements of the atom at times 

and t. Then for large t 

(r 2 ) = ((u 1 -u 2 f) = (u 2 ) + (u 2 2 )-2(u 1 .u 2 ) 

= 2(u 2 ), since <Mi. b 2 ) = 0. 
4.5 For incoherent one-phonon scattering we have, from (3.136) and 
(4.13) 2 

Si(K, *>) = £- cx P (-2W)- L - L {coM\h<ol3)± 1}. 
4M w 

For hop « 1, coth(iftu/3)± 1 « 2//iw/8. 

6.1 The neutron flux /„ is obtained from the wavef unction </f„ by the 
formula /„ = (ft/2iw)(i/r* grad <p v - i/t v grad if* )■ Insert i/v from (6.41) 
and use the relation grad{exp(ijfe„ . r)} = \k v exp(ifc„ . r). This gives 

j v = -\A v \ 2 {k v + \a v \ 2 (k v -r) + B}, 
m 
where B = Re{t v a* exp(ir. #■) + (*„ -t)<*„ exp(-ir. r)}. 

The average of exp(±ir . r) over the unit cell is zero (see A.21). 

6.2 Inserting the values given in (6.47) in (6.41) leads to |&,| 2 = 
Jlexp(iifc„.r) : Fexp{i(Jfc„-T).r}f = |(l=FcosT.r). Thus |^„| 2 has a 
minimum or a maximum at the atomic sites depending on whether we 
take the negative or positive sign. The negative sign here corresponds 
to the positive sign in (6.46), which corresponds to the larger value of 
k v , since G T has the same sign as b and is therefore positive. Note that 
ip v is made up of two waves travelling in the directions of fc„ and 
fc„-T, while |e/»„| 2 is a standing wave with planes of equal amplitude 
perpendicular to t. 

7.1 <*|/(r,)|*> 

= 1 1 {Mri)Mr2)±MrMr 2 T 

x{^.(n)^b(rs)± 0b(ri)^.(ri)}/(ri) d^ dr 2 
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= l}{|<Aa(r 1 )| 2 + |«Ab(r 1 )| 2 }/(ri) 



dr, 



This follows from the orthonormal properties of i/f a and </r b , i.e. 

| <A* (r 2 ».(r 2 ) dr 2 = 1, J" if,* (r 2 )tfr b (r 2 ) dr 2 = 0. 

(</>|/(r 2 )|<£> has the same final form except that r 2 is the variable 
instead of r x . The two integrals are therefore equal. 

7.2 (a) When a magnetic field acts we have the following results: 

For all /, (S X SJ) = (Sffi) = (S y Sl) = 0. 

For/#0, {S x o S x ) = {S y o SJ) = 0, (5 Sf) = (5 z > 2 . 

For/ = 0, ((S x of) = ((Sl) 2 ) = 1 2{S(S+l)-((S z ) 2 )}, ((S Z ) 2 ) = ((S Z ) 2 ). 

Inserting these values in (7.88) gives (7.95). 

The magnetic quantum number M for the z direction takes values 
S, S- 1, . . . , -S. The energy for the state M is -MgfA B B; thus the 
probability of the atom being in this state, given by the Boltzmann 
factor, is proportional to exp(Mw) where u = g/A B B/3. 

Z = X exp(M« ) b- 



<(ST> = 



=-s sinh(iM) 

Z_ s M exp(M« ) _ dZ/du 
Z Z ' 

l! s M 2 exp(Mu) d 2 Z/du' 



(S z ) = 



Z z 

Evaluate dZ/du and d^Z/du* from the expression for Z and substi- 
tute. 

(b) As «-»oo, coth{(5 + j)«}-»l and coth(|«)->l. For «=oo, all 
the atoms are in the state M = S. So (S*) = S, and ((S Z ) 2 ) = S 2 . As 
x-+0, cothjc-»j: -1 +3X. 

8.1 In units of the side of the cube in the simple cubic lattice, the 
atoms at the corners of the primitive unit cell of the face-centred 
cubic lattice have coordinates (000), (111), (£§0), (sh), (Oii), (III), 
(i0 2 ), ( 2 1 2 ). The spins of the first four atoms point in one direction, 
and those of the second four point in the opposite direction. The 
magnetic structure factor is therefore proportional to 

1 + exp{7ri(f i + 1 2 )} ~ exp{7ri(r 2 + f 3 )} - exp{7ri(f 3 + f i)}, 
which is zero for integral values of t\, f 2 , t 3 unless, either fi and t 2 are 
even with t 3 odd, or fi and f 2 are odd with f 3 even. 

8.2 The Hamiltonian is H = -J A, where A = £„ (StSJ + S Z S Z ). The 
sum is taken over all nearest-neighbour pairs, with i, / + 1 and i + 1, i 
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counted separately. We have 

4>n = |«1«2 • • • Un-lVnUn + l ■ ■ ■ "n), 

Stut = 0, Sjui = vi, S'ui=jUi, 

stvi = Ui, sr»(=o, Sf«i=-i« ( . 

ThuS A<f>n=<l>n-l + 4>n + l-24>n+2(H-l)$n. 

Let <A = I„ c„</> n be an eigenfunction of H with energy E. Then 
H(A = E £ c>„ = -/ 1 c„A<£„. 

Equating the coefficients of </>„ gives 

Ec„ = ~J{c n+1 + c n - 1 -2c n +i(N- l)c„}. 
Put c„ = exp(iqna). Then 

E = 2/(1 -cos tta)-fr(N-l). 

The ground state \g) consists of all us. Thus 

H\g) = -\J(N-l)\g), 
i.e. the energy of the ground state is -|/(Af- 1). 
8.3 From (8.61) to (8.64) 

ha> = 2r/sj 1 — I exp(itf • P )} • 
For 4 . p « 1 

l--lcxp(iq.p)~l--Z{l + iq.p- 1 2(q.p) 2 } 



Thus 



= T -I(«.P) 2 - 
2r p 

ha>=JSl(q.pf = irJSd 2 q : 



for a cubic lattice (simple, face-centred, or body-centred), where d is 
the distance to the nearest neighbour. For a simple cubic lattice r = 6, 
d = a ; for a face-centred cubic lattice r = 12, d = a/<J2; for a body- 
centred cubic lattice r = 8, d = V3(a/2). For all three lattices, £> = 
ySd 2 = 2JSa 2 . 

8.4 For scattering in the forward direction, t = 0. From (8.65), 
(8.81), and (8.82) 

h 2 



k 2 + k' 2 -2kk'cos6 = q , 



2m 



{k 2 -k' 2 )=±Dq' 
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These equations lead to a quadratic equation for k', whose solution is 



k' 



= {cos 0±(a 2 -sin 2 0) 1/2 }/(l±a), where a=h 2 /2mD. 



Scattering occurs only for real values of k', i.e. for < o = sin - a. 

It may be noted that this result is independent of the wavelength of 
the incident neutrons. The experimental values of D for iron and 
nickel (Fig. 8.9) give 6 *s 1°. 

8.5 From (8.37), (8.58); (8.71), and (8.80) 



1 



Vo 



= ^Z {exp(*«^)- 1}" 1 = (^5 } (exptW)- 1} -1 dq. 

tie integral is taken over the Brillouin zone. For small T (large /8) 
the integrand is small except when w, is small. Therefore we may use 
the quadratic dispersion relation ha> q = Dq with dg = Atrq dq. 
Further, since the integrand is small at the zone boundary the upper 
limit of integration may be extended to infinity. Put x = D@q . Then 



S-(S*) = 



Vo 



1 



dx 



(Dpy 



i 



The integral is a pure number. Thus 

S-(S z )oC|8" 3/2 ocr 3/2 . 

9.1 From (9.10), (9.13), and (9.14) the scattering length operator for 
the proton is 

6 = A + B<r.I, A = U + + 4b~, B = h(b + -b-\ 
where / is the spin of the proton. If the wavelength of the neutron is 
large compared to the distance between the two protons in the 
molecule, the two scattered neutron waves are in phase, and the 
scattering length for the molecule is £ mo i = 2 A +Ba . J ', where J is 
the spin of the molecule. $ = 1 for the ortho-molecule, and 3 = for 
the para-molecule. 

We require the value of ijo 2 mo \) where ( ) stands for the average 
over the spin directions of the incident neutrons. Since the latter are 
unpolarised (<r . J) = 0, and we have 

<£L.> = 4A 2 + B 2 <(<r../) 2 >, 
((a . Jf) = ((cr x 3 x + * y f y + *J X f) 

= (f 2 X +J 2 y+S 2 ) = f(3 + l). 
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(We have used the results (cr x o- y ) = and o~l = cr y = a z - 1). Thus 
(B 2 mol ) = l(3b + + b-) 2 + L 2 (b + -b-f ortho, 
<£L.) = i(36 + + n 2 para. 

The above scattering lengths are for bound protons. The scattering 
length for a proton in a hydrogen molecule is (from 2.36) 5 times the 
bound scattering length. Thus the total cross-section is 

- 167r /£ 2 \ 

Ctot — — ^T~ \0mol/. 

9.2 Nuclear-magnetic interference occurs at reciprocal lattice points 
at which the nuclear and magnetic structure factors are both non- 
zero. At the reciprocal lattice point r = t 1 T 1 + t 2 T 2 + t 3 r 3 the nuclear 
structure factor is 

F N (t) = ^MngMn + b F gF, 

where g Mn = 1 + exp{iri(f i + h + h)}, 

g F = exp{27riw (h + 1 2 )} + exp{2iri(l - u )(h + 1 2 )} 
+exp[2wi{(\ + u)h + ^-u)t 2 + h3}] 
+exp[2Tr\{( 2 —u)t 1 + ( 2 - + u)t 2 + \h}l 
Thus 

F n (t) = 2b M „ + 46 F cos(27TMfi) cos(27ruf 2 ) if h + t 2 + 1 3 is even, 
= ~4b F sin(2mtti) sin(2irut 2 ) if h + h+ h is odd. 

The magnetic structure factor F m (t) is proportional to 

1 - exp{rr\(t i + t 2 + 1 3 )} = if h + 1 2 + h is even, 

= 2 if h + h + 1 3 is odd. 

The required condition is therefore h + h + t 3 odd, with fi and h both 
non-zero. 
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GLOSSARY OF SYMBOLS 



The numbers in square brackets are the page numbers where the 
symbol is first defined or reintroduced. 

A = {(I + l)b + + Ib-}/(2I + l) [174] 

«!, a 2 , a 3 unit-cell vectors of crystal lattice [25] 

a, a + annihilation and creation operators [27, 157, Appendix E] 

a T coefficient in Bloch function [117] 

B = (b + -b-)/(2I+\) [174] 

b scattering length [8] 

b + , b~ scattering lengths for nucleus-neutron system with spins 

I+i l~\ [23, 173] 
bq, bq operators in the Fourier representation of a h at [158] 
B scattering length operator [173] 
b coherent scattering length [21] 

C, = ;WF(k)kx{<S/>X"} [182] 
c velocity of sound [60, 233] 
c velocity of light [83, 190] 

D diffusion constant [103, Chapter 5] 

D stiffness constant for spin waves [161, Chapter 8] 

dfl element of solid angle [6] 

d 2 cr/dfl dfT partial differential cross-section [6] 

do/dO differential cross-section [6] 

d equilibrium position of atom d within unit cell [36] 

E, E' initial and final energies of neutron [5, 6] 
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i H 



I "' o 



m 

■ m 



I 

I ! 



II 



E A , £ A . initial and final energies of scattering system [14] 

E„ energy of particle in quantum state n [27] 

E r = h 2 K 2 /2M recoil energy [71,74] 

e elementary charge 

e s polarisation vector of normal mode 5 [27] 

e ds polarisation vector of normal mode 5 for atom d [37, 223] 

F h (k) nuclear unit-cell structure factor [37] 

F t = F n (t) [117] 

F d (K) magnetic form factor [138] 

F m (k) magnetic unit-cell structure factor [150] 

F e (k) electrostatic unit-cell structure factor [193] 

&?(k) magnetic unit-cell vector structure factor [149] 

f(0) probability function [28, 213] 

G(r, t) time-dependent pair-correlation function [61] 

G s (r, t) self time-dependent pair-correlation function [62] 

G c \r, t) classical form of G(r, t) [64] 

G(r, t) Fourier transform in space of I(k, t) [67] 

G t = 4ttF t /v [117] 

g s = (h/2MN<o s ) 1/2 K . e s [29] 

g(r) static pair-distribution function [65] 

g Lande splitting factor [139] 



H Hamiltonian of scattering system 

ft = Planck constant/27r 

h s = (h/2MNa) s ) 1/2 K . e s exp{ifa . I - <o s t)} 



[29] 



J spin quantum number of nucleus [8] 

I(k, () intermediate function [61] 

I s (k, t) self intermediate function [62] 

!(K,t) = I(K,t+bhp) [67] 

/ spin angular momentum of nucleus [174] 

J (I - /') exchange integral in Heisenberg Hamiltonian 

J?(9) = 2V(p)exp(i?.p) [159] 

;' polarisation index [27, 37, Appendix G] 

k B Boltzmann constant 

k, k' initial and final wavevectors of neutron [10] 



[156] 



fc wavevector of incident neutrons outside 

crystal [117, Chapter 6] 
fc,, k 2 wavevectors of neutrons near incident direction inside 

crystal [120, Chapter 6] 

I vector in crystal lattice [25] 

/,, l 2 , l 3 trio of integers, I = hai + l 2 a 2 + l 3 a 3 [25] 

M mass of atom [27] 

M d mass of atom in position d of unit cell [37] 

M s (k) Fourier transform of spin magnetisation M s (r) [134] 

M l (k) Fourier transform of orbital magnetisation M L (r) [134] 

M(k) = M s (ic) + M l (k) [134] 

M quantum number for z component of angular 

momentum [156] 
m mass of neutron 
m e mass of electron 
m p mass of proton 

N number of unit cells in crystal [Chapter 3, Appendix G] 

N number of nuclei in scattering system [Chapters 4 and 5] 

N m number of magnetic unit cells in crystal [150] 

A/i, N 2 , N 3 numbers of atoms along sides of crystal [198] 

n, quantum number of normal mode s [30] 

n number of particles in subsystem of liquid [88] 

n neutron refractive index [110, Chapter 6] 

n spin deviation [157] 

n q quantum number of spin wave q [162] 

n(r) charge density in atom [190] 

A unit vector in direction of k'x k [192] 



P number of neutrons scattered per second in Bragg peak 

P polarisation vector of beam of neutrons [172] 

P momentum variable and operator [210, Appendix E] 

p K probability of scattering system being in state A [19] 

p(a>) velocity frequency function [99] 

p momentum of electron [130, Appendix H.l] 

p„ probability that neutron is in spin state a [136] 

p momentum of neutron [190, Section 9.5] 



[40] 
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Q position variable and operator [27, 210, Appendix E] 

<?±=Lexp(iK.r,XKX(s,x#<)+i(pjX *c)/n*} [132] 

Q xs spin part of Q ± [133] 

<? XL orbital part of Q ± [134] 

Q s defined by Q ±s = * x «?s x «) [133] 

(? L defined by <? XL = kx«? l xk) [134] 

<?=(?s+<?l [135] 

(? helix vector [154] 

0,(0 magnitude of displacement of normal mode s [222] 

(5 f (0 = Afi /2 O.(0 [223] 

q wavevector of normal mode [27, 221] 

q variable in reciprocal space [130] 

Rj position of >th nucleus [10] 

R, d position of atom d in unit cell / [36] 

R position relative to electron [130, Chapter 7] 

R flipping ratio [184] 

r position of neutron [10, 131] 

r number of atoms in unit cell [37, 222] 

r space variable in scattering system [61, Chapter 4] 

(r 2 (t)) mean-square distance between positions of an atom at 

interval t [98] 
r, position of ith electron [131, Chapter 7] 
r = IJLo e 2 /4'irm e classical radius of electron [132] 
r p = Moe 2 /4?rm p [192] 

S(k, w) scattering function [61] 

S,(k, cj) incoherent scattering function [62] 

S„(k) nth moment of scattering function [73] 

S(k)=S (k) structure factor [88] 

S(k, a>) Fourier transform in time of I(k, t) [67] 

$(k, w) = exp(-|nw/3)Si(/<, a>) [96] 

S quantum number for spin angular momentum [137] 

S, d spin angular momentum of atom l,d [138] 

S? d /3 component of 5 W [138] 

(S^) mean value of component of spin in direction tj [147] 

St, SJ raising and lowering spin operators for atom / [157, 215] 

s label for normal mode q, j [27, 222] 

s spin angular momentum of electron [129] 



<>d(r) normalised density of unpaired electrons in 
atom d [138, 229] 

T absolute temperature 

T = exp(-i//r/n) [Appendix D] 

Ti = A, + <r. {BiIt-\yr a gF{ft)ii = (S, x *)} [181] 

/ time variable 

Ij, t 2 , h trio of integers t= fiT 1 + f 2 T2 + f3T 3 [150] 

t quantum number for spin of nucleus-neutron system [174] 

t spin angular momentum of nucleus-neutron system [174] 

C/ = -iK.« (0) [29] 

ui displacement of nucleus / [26] 

u(d) displacement of atom d in unit cell / [36] 

u, v spin up, spin down states of neutron [136, 171] 

V nuclear potential of neutron and scattering system [10] 
Vj(r-Rj) nuclear potential of neutron and /'th nucleus [14] 

V = \K.u,(t) [29] 

V volume of crystal [40] 
Vo = iK.« o (0 [54] 

V m magnetic potential of neutron and scattering system [131] 

V E (r) electrostatic potential of neutron and atom [190] 

V so (r) spin-orbit potential [190] 

V F (r) Foldy potential [190] 

v velocity of neutron [3] 

d volume of unit-cell in crystal lattice [25] 

v(t) velocity of atom at time t [98] 

(«(0) . v(t)) velocity autocorrelation function [98] 

«om volume of magnetic unit-cell in crystal [150] 

W = 5<(k . uf). The quantity exp(-2 W) is the Debye-Waller 

factor [32, 34] 
W d =\{{K.u( d )} 2 ) [37] 

x i = r-R, [14] 
x = hw/E [91] 

V volume of normalisation box [12] 
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Z = I A exp(- E A /3 ), partition function [19] 
Z(o>) phonon density of states [35] 

a u a 2 values of aj a for wavevectors k t and fc 2 [120] 

/3 = l/fc B r [19] 

•y frictional force constant [108] 

y c critical glancing angle [114] 

y = 1.913; magnetic moment of neutron = -yii^v [129] 

A Pendellosung length [125] 

8(x) Dirac delta function [Appendix A] 

By Kronecker delta 

e permittivity of a vacuum [191] 

■q unit vector in mean spin direction [147] 

6 scattering angle [6] 

D Debye temperature [59] 

k = k - k! scattering vector [15] 

k value of k for elastic scattering [79] 

k t isothermal compressibility [90] 

A wavelength of neutron [3] 

A, A' initial and final states of scattering system [10] 

H„ magnetic dipole moment of neutron [129] 

/i. N nuclear magneton [129] 

fj. B Bohr magneton [129] 

fi c magnetic dipole moment of electron [129] 

/oto = 47rXlO" 7 Hm" 1 ; permeability of a vacuum [130, 192] 

f wavevector of nucleus [70] 
f extinction distance [126] 

p = k-r [38] 

p(r, t) particle density operator [65] 
p K (t) Fourier transform of p(r, t) [65] 
p mean number density [87, 110] 



Glossary of symbols 
p s (r) electron vector spin density [133] 

p = /-r, [159] 

cr tot total scattering cross-section [6] 

<r coh = 477(j0 2 [22] 

a inc = 47r{b 2 -(bf} [22] 

a standard deviation of Gaussian function [28] 

a Pauli spin operator for neutron [129] 

a spin state of neutron [131] 

Ti, t 2 , t 3 unit-cell vectors of reciprocal lattice [25] 

t vector in reciprocal lattice [32] 

T m vector in magnetic reciprocal lattice [150] 
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* incident neutron flux [6] 

<f>(v) velocity distribution of incident neutron flux [2] 

ifo, i/r fc . initial and final wavef unctions of neutron [10] 
i/'n eigenfunction of Hamiltonian [27, Appendix E] 
i/f angle between k and t [38] 
i/f Bloch function [117] 

<x) denned by ha> = E-E' [18] 

<w s angular frequency of normal mode s [27] 

<o, angular frequency of spin wave q [160] 

General symbols 

(A) thermal average of operator A [20] 

R unit vector in the direction of vector R [130] 

( ) sp average over spin states of nucleus [175] 

( )iso average over isotopes in scattering system [175] 
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acoustic mode 222 

aluminium, scattering surface 47, 49, 

234 
analysis of polarised neutrons 183-4 
angular frequency of normal mode 27, 

219 
angular momentum operator 157, 

215-17 
angular momentum in quantum 

mechanics 215-17 
angular width of Bragg peak 126-8 
anharmonic forces in crystal 52-3 
annihilation operator 27, 157, 210-12, 

224-5 
antiferromagnet, elastic scattering 149- 

52 
approximation methods for multiphonon 

cross-sections 57-9 
argon, liquid, see liquid argon 
atomic constants, values 2 
Au 2 Mn 
neutron diffraction 152-5 
scattering of polarised neutrons 187 



Biot-Savart law 130 

Bloch function 117 

Bloch theorem for harmonic 

oscillator 28, 212-13 
Boltzmann distribution 19, 232 
Born approximation 16, 83 
Borrmann fan 122-3 
bound scattering length 16 
box normalisation 12, 70-1 
Bragg geometry 127 
Bragg peak, angular width 126-8 



Bragg scattering 
dynamical theory 116-28 
magnetic: in antiferromagnet 
149-52; ferromagnet 146-9, 
182-5, 187-9; helimagnet 152- 
5, 187; paramagnet 144 
methods of distinguishing nuclear and 
magnetic: in antiferromagnet 186; 
ferromagnet 147-8 
methods of measuring 37-43 
nuclear: in Bravais 32-5; non- 

Bravais crystal 36-7 
nuclear and electric 193-4 
nuclear and magnetic 181-9 
polarisation effects 181-9, 193-4 
Bragg's law 32-4 
Bravais crystal 25 
Brillouin zone, first 27, 220-2 
Brillouin zone boundary 119 
Brockhouse, method of constant 4 

50-1 
Brownian motion 108-9 

classical forms of time-dependent pair- 
correlation functions 64, 70, 72 

closure relation 19, 205-6 

c-number 29 

cobalt, search for non-collinear 
spins 188 

coherent, incoherent scattering 21-4 

coherent scattering 

elastic, see Bragg scattering 
in liquids 88-96 
multiphonon 31, 53-4 
one-phonon 31, 43-53, 60 
spin-state matrix elements 175-6 
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coherent scattering length 24 
of hydrogen 115 
of silicon 125 
cold source 5 

compressibility, isothermal 90 
computer simulation of liquid 

properties 94-6 
conservation of energy 12, 14 
conservation of momentum 45, 71 
correlation functions 
in magnetic scattering 139-42, 

161-3, 167" 
in nuclear scattering 61-84 
creation operator 27, 157, 210-12, 

224-5 
cross-section, scattering 
differential 6 
partial differential 6 
spin-state 171-2 
total 6 

de Broglie wavelength of neutron 3-5 
Debye-Scherrer cone 42-3 
Debye-Waller factor 34-7, 59, 143 

relation to G,(r, oo) 78 
delta function 196-8 
density fluctuations 88-90 
density of states, phonon 35 
determination from incoherent 
scattering 55-6 
detailed balance, principle of 68-70, 

73 
differential scattering cross-section 6 
diffusion constant 103-9 

relation to frictional coefficient 108 
relation to velocity autocorrelation 
function 104 
dipole approximation 139 
Dirac delta function 196-8 
dispersion relations 
magnon 160-1 
phonon 46-52, 59, 219-20 
dispersion surface 119-22 
distribution, Boltzmann 19, 232 
dynamical theory of scattering 
for neutrons 116-28 
for X-rays 116 

elastic scattering 

absence of in liquids 87-8 
coherent nuclear 31-43, see also 
Bragg scattering 



Index 



elastic scattering — cont. 

incoherent nuclear 54 

magnetic 141, 146-55, see also 
Bragg scattering 

relation to 7(k, oo) and G(r, oo) 75-8 
electron spin density 138-9, 184-5, 
228 

vector operator 133, 143 
energy, conservation of 12, 14 
energy of crystal in terms of normal 

mode coordinates 59, 221, 223 
exchange integral 156 
extinction 

primary 125-8 

secondary 128 
extinction distance 126-7 

Fermi pseudopotential 15-16 
Fermi's golden rule 11-12, 16 
ferromagnet, elastic magnetic 
scattering 146-9, 182-9 
Fick's law of diffusion 103-4 
first Brillouin zone 27, 220-2 
flipper 172 
flipping ratio 184 
Foldy interaction 190, 192-4 
forces, interatomic in crystal 
anharmonic 52-3 
harmonic 26 
form factor 
magnetic 138-9, 147, 184, 228 
X-ray 193 
Fourier representation of periodic 

function 203 
Fourier transforms 201-3 
free scattering length 17 
Fresnel zone 112 

gadolinium, magnon dispersion 

relations 164-5 
Gaussian approximation 101-3, 106-7 
geometry, Laue and Bragg 127 
ghosts 46 

golden rule, Fermi's 11-12, 16 
guide field 172 
guide tube 115 

hard-sphere potential 94-5 

harmonic forces 26 

harmonic oscillator 
correlation functions 84 
probability function 27-8, 212-14 
in quantum mechanics 210-14 
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Heisenberg Hamiltonian 156 

in linear spin-wave theory 159-60 
Heisenberg operator 20, 207-9 
Heitler-London model 137 
helical spin ordering 152-5, 187 
Hermitian conjugate 204-5 
Hermitian operator 205 
Holstein and Primakoff operators 157 
hot source 5 

hydrogen, coherent scattering 
length 115 

incoherent approximation 57-9 
incoherent scattering 22 

elastic 54 

in liquid argon 96-7, 101-7 

in liquids 96-109 

one-phonon 55-6 

spin-state matrix elements 176-8 
incoherent scattering function 62-3, 
72-5, 85 

for liquids 96-7, 102-6 
integral representation of S function for 

energy 18 
integrals, values of 230 
interactions between spin waves 168-9 
interference, nuclear and magnetic 185 
interferometer, neutron 110 
intermediate function 61-2, 66-8, 
75-8 

self 62: for liquids 101-7; single 
free nucleus' 71-2 
isothermal compressibility 90 

KMnF 3 , magnetic Bragg 
scattering 150-2 

ladder operators 211, 216 
Lagrangian of crystal 223 
Lande splitting factor 139 
lattice, reciprocal 25 
lattice integrals 198-9 
lattice sums 198-200 
Laue geometry 127 
Laue method of measuring Bragg 

scattering 39-40 
Lennard-Jones potential 94-5 
linear approximation in spin-wave 

theory 157-8 
linear operators in quantum 

mechanics 204-6 



linear spin-wave theory 156-61 

liquid argon 

coherent scattering 92-4 
incoherent scattering 96-7, 101-7 
static pair-distribution function 93-4 
structure factor 92-3 
velocity frequency function 103, 109 

liquid binary alloys 96 

liquids 86-109 
coherent scattering 88-96 
incoherent scattering 96-109 

longitudinal terms in spin-correlation 
function 163 

LS coupling 137, 139 



magnesium, phonon frequencies 50-1 
magnetic dipole moment of neutron 2, 

129 
magnetic field, affect on magnetic cross- 
sections 148, 165-6 
magnetic form factor 138-9, 147, 184, 

228 
magnetic potential for neutron 129-31 
magnetic scattering 
elastic 141, 146-55, see also Bragg 

scattering 
inelastic 142, 155-70 
by ion with only spin angular 

momentum 137-8 
by ion with spin and orbital angular 

momentum 139 
by MnF 2 180 

by paramagnet 143-5, 179-81 
spin-state matrix elements 177 
magnetic unit-cell 149-51 
magnetovibrational scattering 141-2, 

166 
magnon 156 

dispersion relations 160-1 
mass, reduced 16-17 
mass expansion 58-9 
Maxwellian velocity spectrum for 

flux 2-4 
MnF 2 
magnetic scattering 180 
nuclear and magnetic scattering 152, 
' 195,240 

nuclear-magnetic interference 195 
moderating source 4-5 
moments of scattering function 73-5 
momentum, conservation of 45, 71 
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multiphonon cross-sections, 

approximation methods 57-9 

multiphonon scattering, coherent 31, 
53-4 



neutron 
basic properties 1-2 
currents in crystal 122-3, 128 
density in crystal 123, 128 
guide tube 115 
interferometer 110 
reflection 114-15 
nickel 
incoherent scattering 176-7 
spin density 185 
values of n, y c 113-14 
non-Bravais crystal 36 
coherent scattering 36-7, 46 
incoherent scattering 56 
magnetic scattering 137-8 
normal modes 37, 222-3 
nuclear and electric scattering 193^* 
non-collinear spins 186-9 
normal modes of crystal 26-7,218-25 
acoustic, optic 222 
dispersion relations 46-52, 59, 

219-20 
in non-Bravais crystal 37, 222-3 
quantisation of 223-5 
normalisation, box 12, 70-1 
nuclear-magnetic interference 185, 

195 
nuclear scattering, see Bragg scattering, 
coherent scattering, incoherent 
scattering, spin-state matrix 
elements 
nuclear unit-cell 149 
nuclear unit-cell structure factor 37, 
116-17, 182 

one-dimensional crystal, normal 

modes 218-21 
one-magnon scattering 161-6, 170 
one-phonon scattering 

coherent 31, 43-53, 60 

incoherent 55-6 
operator 

annihilation, creation 27, 157, 
210-12, 224-5 

Heisenberg 20, 207-9 

ladder 211, 216 

Pauli spin 129, 216-17 



operator — cont. 
raising, lowering 215-16 
scattering length 173-5, 181-2 
Schrodinger, Heisenberg 207 
thermal average of 20, 28, 206 
optic mode 222 

optical phenomena with neutrons 110 
orbital magnetisation 134, 226-7 
ortho- and parahydrogen, total cross- 
sections 194 
orthonormal functions 204 

pair-correlation function, time- 
dependent, see time-dependent 
pair-correlation function 
pair-distribution function, static 65, 
82, 88 
in liquid argon 93-4 
paramagnetic scattering 143-5, 
179-81 
separation from other diffuse 
scattering 180-1 
partial differential scattering cross- 
section 6 
particle density operator 65-6, 77-8, 

85 
partition function 19 
Patterson function 77 
Pauli spin operator 129, 216-17 
Pendellosung phenomenon 123-5 

length 125 
perfect gas, forms of G(r, t), I(k, t), 

S(k,<o) 72 
perturbation theory, first order 16 
phonon 224 
absorption, emission 43-53 
density of states 35; determination 
from incoherent scattering 55-6 
dispersion relations 46-52, 59, 

219-20 
expansion 30-1 
Placzek 
corrections 90-3 
mass expansion 58-9 
moments of scattering function 74-5 
polarisation 172 
parallel to scattering vector 186 
perpendicular to scattering 
vector 182-5 
polarisation index of normal mode 27, 

221 
polarisation spectrometer 172-3 
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polarisation vector of normal 

mode 27, 221 
determination of 52 
polarised neutrons, production and 

analysis 183-4 
potential, interatomic 94-6- 
potential, magnetic 129-31 
potential, nuclear 15-17 
powder method in Bragg 

scattering 42-3 
primary extinction 125-8 
principle of detailed balance 68-70 
probability function 27-8 

of harmonic oscillator 27-8, 212-14 
production of polarised neutrons 183- 

4 
pseudopotential, Fermi 15-16 



RbMnF 3 , magnetic Bragg 

scattering 152, 185 
reciprocal lattice 25 
recoil energy 74 
reduced mass 16-17 
reflection of neutrons 114-15 
refractive index for neutrons 110-14, 

118 
rocking curve 41 
rotation of crystal in Bragg 

scattering 41-2 



scattering, coherent, incoherent 21-4 
scattering function 62-3, 66-70, 82-3 

incoherent 62-3, 72-5, 85 

moments of 73-5 

for single free nucleus 71-3 
scattering length 8 

bound, free 16-17 

coherent 24: of hydrogen 115; of 
silicon 125 

operator 173-5, 181-2 

sign 16 

values 9 
scattering surface 47, 49, 60 
scattering vector 15 
Schofield's prescription for G(r, t) 70, 

73, 102 
Schrodinger operator 207 
secondary extinction 128 
self intermediate function 62, 71-2, 
101-7 



self time-dependent pair-correlation 
function 62-5, 72, 78, 84-5 
classical form 64, 72, 84 
silicon 
Pendellosung fringes 123-5 
scattering length 125 
single fixed nucleus, scattering from 

7-9 
single free nucleus, scattering 

from 70-3 
spectrometer 
polarisation 172-3 
triple-axis 50-1 
spin angular momentum operator of 

electron 129-30 
spin density of electrons 138-9, 
184-5, 228 
determination of 184-5 
vector operator 133, 143 
spin deviation 156-7 
spin-flip process 171, 176-80, 186-8 
spin magnetisation 134 
spin of neutron, precession through 

lit 110 
spin-only scattering 137-8 
spin-orbit interaction (neutron- 
atom) 190-4 
spin-state cross-section 171-2 
spin-state matrix elements 
magnetic interaction 177 
nuclear and electric inter- 
actions 193 
nuclear interaction 175-6 
nuclear and magnetic 
interactions 182 
spin states of neutron 136, 171, 

216-17 
spin states of nucleus-neutron 

system 23, 172-4 
spin waves 
interactions between 168-9 
linear theory 156-61 
physical picture 166-8 
scattering by 155-70 
stiffness constant 161, 168-70 
square-well potential 16-17 
staggered spin in antiferromagnet 149, 

152 
standard velocity for thermal 

neutrons 3 
static approximation 78-83 
condition for validity 81-2 
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static pair-distribution function 65, 82, 
88 
in liquid argon 93-4 
stiffness constant for spin waves 161, 

168-70 
structure factor 88-96 

limiting values 88-90 
structure factor, nuclear unit-cell 37, 

116-17, 182 
sum rules 75 
sums, lattice 198-200 
S-wave scattering 7 

thermal average of operator 20, 28, 

206 
time-dependent operator 20, 207-9 
time-dependent pair-correlation 
function 62-8,75-83 
classical form 64, 70, 72, 84 
for harmonic oscillator 84 
self 62-5, 72, 78*. 84-5 
for single free nucleus (perfect 
gas) 71-2 
time-of-flight apparatus 46 

spectrum 50 
total scattering cross-section 6 

of ortho- and parahydrogen 194 
transverse terms in spin-correlation 

function 163 
triple-axis spectrometer 50-1 



unit-cell, magnetic, nuclear 149 
unit-cell, nuclear structure factor 37, 

116-17, 182 
unit-cell vectors 25 



vanadium 

flipping ratio in Bragg scattering 1 
incoherent scattering 176-8 
phonon density of states 56 
velocity autocorrelation function 

98-100, 104, 108-9 
velocity frequency function 99-103, 

108-9 
velocity spectrum for flux 2-4 



wavelength of neutron 3 
wavevector of neutron 3 
wavevector of normal mode 27, 221 



X-ray scattering 
dynamical theory 116 
form factor 193 
from liquids 96 
static approximation 83 
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Neutron optics 



Many of the phenomena in optics have been demonstrated with 
neutrons. These include total reflection, refraction by a prism, 
diffraction by a slit, and diffraction by a ruled grating. In addition 
neutron interferometers have been built, t An interesting application 
of the latter is a demonstration that when the spin of the neutron 
precesses through an angle of 2ir in a magnetic field the wavefunction 
of the neutron changes sign in accordance with the fermion nature of 
the neutron (Rauch etal., 1975, Werner era/., 1975). 

The discussion in the previous chapters has been concerned with 
interference between the neutron waves scattered by the nuclei in the 
scattering system. Optical phenomena arise from interference 
between the scattered waves and the waves of the incident beam, and 
we consider this in the present chapter. 

6.1 Refractive index 

When the scattered wave is small compared to the incident wave, the 
interference effects can be described in terms of a refractive index of 
the scattering system for thermal neutrons. We first prove that the 
refractive index n is given by 



1 ,- 
n = \-—p\ 2 b, 

ITT 



(6.1) 



where p is the number of nuclei per unit volume, A the wavelength of 
the incident neutrons, and b the mean value of the scattering length 
of the nuclei. 

t For descriptions and references see Bauspeiss et al. (1974) and Bonse and Graeff 
(1977). The former paper gives references to some of the other optical neutron 
experiments. 
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Consider a thin slab of the scattering material of thickness t, 
perpendicular to the direction of the incident beam (Fig. 6.1). If the 
incident beam is represented by exp(ifcz), each scattered wave is 
represented on average by ~(b/r) exp(ifcr), where r is measured from 
the scattering nucleus. We first calculate the resultant amplitude of all 
the scattered waves at a point P at a distance d (»r) from the slab. 
This is a standard problem of Fresnel diffraction in optics. 

Let O be the foot of the perpendicular from P to the slab. Consider 
two waves arriving at P, one scattered at O and one at X, where 
OX = x (« d). The wave from X has to travel farther than the one 
from O by an amount 



(d 2 + x 2 ) 1/2 -d~ 



2 d 



(6.2) 



The phase difference between the waves at P is thus proportional to 
x 2 . The number of nuclei in the slab in the disc of radius x is also 
proportional to a: 2 . So the phase-amplitude diagram is one for which 

change of direction oc length along the curve. 

The curve with this property is the circle. However, we have not taken 
account of the fact that as x increases the amplitudes of the individual 
waves at P decrease slightly. This causes the phase-amplitude curve 



Fig. 6.1 Geometry for scattering in the forward direction. 
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doctoral thesis, the prelude to her receipt of the 1903 Nobel Prize. Curie discusses 
establishing atomic character of radioactivity found in compounds of uranium and 
thorium; extraction from pitchblende of polonium and radium; isolation of pure radi- 
um chloride; determination of atomic weight of radium; plus electric, photographic, 
luminous, heat, color effects of radioactivity. ii+94pp. 5% x 81 42550-9 

CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 
128pp. 5% x 81 67628-5 

THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemists and their discoveries. 209 illustrations. 14 tables. 
Bibliographies. Indices. Appendices. 851pp. 5% x 81 64235-6 

CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks. 
Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous solution, 
carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 5% x 81 

65460-5 



ELEMENTS OF CHEMISTRY, Antoine Lavoisier. Monumental classic by founder 
of modern chemistry in remarkable reprint of rare 1790 Kerr translation. A must for 
every student of chemistry or the history of science. 539pp. 5% x 81 64624-6 

THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 
Evolution of ideas, not individual biography. Concentrates on formulation of a coher- 
ent set of chemical laws. 260pp. 5% x 81 61053-5 

A SHORT HISTORY OF CHEMISTRY, J. R. Partington. Classic exposition 
explores origins of chemistry, alchemy, early medical chemistry, nature of atmos- 
phere, theory of valency, laws and structure of atomic theory, much more. 428pp. 
5^x81 (Available in U.S. only.) 65977-1 

GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, statis- 
tical mechanics, thermodynamics correlated with descriptive chemistry. Problems. 
992pp. 5% x 81 65622-5 

FROM ALCHEMY TO CHEMISTRY, John Read. Broad, humanistic treatment 
focuses on great figures of chemistry and ideas that revolutionized the science. 50 
illustrations. 240pp. 5% x 81 28690-8 
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Engineering 

DE RE METALLICA, Georgius Agricola. The famous Hoover translation of great- 
est treatise on technological chemistry, engineering, geology, mining of early mod- 
ern times (1556). All 289 original woodcuts. 638pp. 6% x 11. 60006-8 

FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, exer- 
cises. Numerous illustrations. 455pp. 5\ x 816. 60061-0 

DYNAMICS OF FLUIDS IN POROUS MEDIA, Jacob Bear. For advanced stu- 
dents of ground water hydrology, soil mechanics and physics, drainage and irrigation 
engineering, and more. 335 illustrations. Exercises, with answers. 784pp. 6% x 91 

65675-6 

THEORY OF VISCOELASTICITY (Second Edition), Richard M. Christensen. 
Complete, consistent description of the linear theory of the viscoelastic behavior of 
materials. Problem-solving techniques discussed. 1982 edition. 29 figures. 
xiv+364pp. 6% x 9 1 /.. 42880-X 

MECHANICS, J. P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5% x St 60754-2 

MECHANICAL VIBRATIONS, J. P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations to a variety of 
practical industrial engineering problems. Numerous figures. 233 problems, solu- 
tions. Appendix. Index. Preface. 436pp. 5% x 8'/,. 64785-4 

STRENGTH OF MATERIALS, J. P. Den Hartog. Full, clear treatment of basic 
material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% x 8%. 60755-0 

A HISTORY OF MECHANICS, Rene Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Contributions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671pp. 5% x 814. 65632-2 

STABILITY THEORY AND ITS APPLICATIONS TO STRUCTURAL 
MECHANICS, Clive L. Dym. Self-contained text focuses on Koiter postbuckling 
analyses, with mathematical notions of stability of motion. Basing minimum energy 
principles for static stability upon dynamic concepts of stability of motion, it devel- 
ops asymptotic buckling and postbuckling analyses from potential energy considera- 
tions, with applications to columns, plates, and arches. 1974 ed. 208pp. 5% x 814. 

METAL FATIGUE, N. E. Frost, K. J. Marsh, and L. P. Pook. Definitive, clearly writ- 
ten, and well-illustrated volume addresses all aspects of the subject, from the histori- 
cal development of understanding metal fatigue to vital concepts of the cyclic stress 
that causes a crack to grow. Includes 7 appendixes. 544pp. 5% x 81 40927-9 
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ROCKETS, Robert Goddard. Two of the most significant publications in the history 
of rocketry and jet propulsion: "A Method of Reaching Extreme Altitudes" (1919) 
and "Liquid Propellant Rocket Development" (1936). 128pp. 5% x 814. 42537-1 

STATISTICAL MECHANICS: Principles and Applications, Terrell L. Hill. 
Standard text covers fundamentals of statistical mechanics, applications to fluctuation 
theory, imperfect gases, distribution functions, more. 448pp. 5% x 814. 65390-0 

ENGINEERING AND TECHNOLOGY 1650-1750: Illustrations and Texts from 
Original Sources, Martin Jensen. Highly readable text with more than 200 contem- 
porary drawings and detailed engravings of engineering projects dealing with survey- 
ing, leveling, materials, hand tools, lifting equipment, transport and erection, piling, 
bailing, water supply, hydraulic engineering, and more. Among the specific projects 
outlined-transporting a 50-ton stone to the Louvre, erecting an obelisk, building tim- 
ber locks, and dredging canals. 207pp. 8% x 1114. 42232-1 

THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos. 
Graduate level coverage of calculus of variations, equations of motion, relativistic 
mechanics, more. First inexpensive paperbound edition of classic treatise. Index. 
Bibliography. 418pp. 5% x 814. 65067-7 

PROTECTION OF ELECTRONIC CIRCUITS FROM OVERVOLTAGES, 
Ronald B. Standler. Five-part treatment presents practical rules and strategies for cir- 
cuits designed to protect electronic systems from damage by transient overvoltages. 
1989 ed. xxiv+434pp. 6% x 914. 42552-5 

ROTARY WING AERODYNAMICS, W. Z. Stepniewski. Clear, concise text cov- 
ers aerodynamic phenomena of the rotor and offers guidelines for helicopter perfor- 
mance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6% x 914. 

64647-5 



INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com- 
prehensive, classic introduction to space-flight engineering for advanced undergrad- 
uate and graduate students. Includes vector algebra, kinematics, transformation of 
coordinates. Bibliography. Index. 352pp. 5% x 814. 65113-4 

HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excellent 
historical survey of the strength of materials with many references to the theories of 
elasticity and structure. 245 figures. 452pp. 5% x 814. 61187-6 

ANALYTICAL FRACTURE MECHANICS, David J. Unger. Self-contained text 
supplements standard fracture mechanics texts by focusing on analytical methods for 
determining crack-tip stress and strain fields. 336pp. 6% x 914. 41737-9 

STATISTICAL MECHANICS OF ELASTICITY, J. H. Weiner. Advanced, self-con- 
tained treatment illustrates general principles and elastic behavior of solids. Part 1, 
based on classical mechanics, studies thermoelastic behavior of crystalline and poly- 
meric solids. Part 2, based on quantum mechanics, focuses on interatomic force laws, 
behavior of solids, and thermally activated processes. For students of physics and 
chemistry and for polymer physicists. 1983 ed. 96 figures. 496pp. 5% x 8'L 42260-7 
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Mathematics 

FUNCTIONAL ANALYSIS (Second Corrected Edition), George Bachman and 
Lawrence Narici. Excellent treatment of subject geared toward students with back- 
ground in linear algebra, advanced calculus, physics, and engineering. Text covers 
introduction to inner-product spaces, normed, metric spaces, and topological spaces; 
complete orthonormal sets, the Hahn-Banach Theorem and its consequences, and 
many other related subjects. 1966 ed. 544pp. 6% x 91 40251-7 

ASYMPTOTIC EXPANSIONS OF INTEGRALS, Norman Bleistein & Richard A. 
Handelsman. Best introduction to important field with applications in a variety of sci- 
entific disciplines. New preface. Problems. Diagrams. Tables. Bibliography. Index. 
448pp. 5* x 8'/,. 65082-0 

VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko 
and I. E. Tarapov. Concise introduction. Worked-out problems, solutions, exercises. 
257pp. 5% x 814. 63833-2 

THE ABSOLUTE DIFFERENTIAL CALCULUS (CALCULUS OF TENSORS), 
Tullio Levi-Civita. Great 20th-century mathematician's classic work on material nec- 
essary for mathematical grasp of theory of relativity. 452pp. 5% x 854. 63401-9 

AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 81 65942-9 

FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% x 816. 65973-9 

COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of recur- 
rent functions. New preface and appendix. 288pp. 5% x 816. 61471-9 

ASYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. An inexpensive, com- 
prehensive guide to asymptotic methods-the pioneering work that teaches by 
explaining worked examples in detail. Index. 224pp. 5% x 8 'A 64221-6 

APPLIED COMPLEX VARIABLES, John W. Dettman. Step-by-step coverage of 
fundamentals of analytic function theory-plus lucid exposition of five important 
applications: Potential Theory; Ordinary Differential Equations; Fourier Transforms; 
Laplace Transforms; Asymptotic Expansions. 66 figures. Exercises at chapter ends. 
512pp. 5% x 81 6467 °- X 

INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 
Undergraduate level. 416pp. 5% x 81. 65191-6 
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CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing. 
Applications-oriented introduction to variational theory develops insight and pro- 
motes understanding of specialized books, research papers. Suitable for advanced 
undergraduate/graduate students as primary, supplementary text. 352pp. 5% x 81 

64856-7 

COMPLEX VARIABLES, FrancisJ. Flanigan. Unusual approach, delaying complex 
algebra till harmonic functions have been analyzed from real variable viewpoint. 
Includes problems with answers. 364pp. 5% x 81 61388-7 

AN INTRODUCTION TO THE CALCULUS OF VARIATIONS, Charles Fox. 
Graduate-level text covers variations of an integral, isoperimetrical problems, least 
action, special relativity, approximations, more. References. 279pp. 5% x 816. 

65499-0 

COUNTEREXAMPLES IN ANALYSIS, Bernard R. Gelbaum and John M. H. 
Olmsted. These counterexamples deal mostly with the part of analysis known as 
"real variables." The first half covers the real number system, and the second half 
encompasses higher dimensions. 1962 edition. xxiv+ 198pp. 5% x 81 42875-3 

CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert 
Gilmore. Advanced-level treatment describes mathematics of theory grounded in the 
work of Poincare, R. Thorn, other mathematicians. Also important applications to 
problems in mathematics, physics, chemistry, and engineering. 1981 edition. 
References. 28 tables. 397 black-and-white illustrations. xvii+666pp. 614 x 914. 

67539-4 

INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep- 
tionally clear exposition of important discipline with applications to sociology, psy- 
chology, economics. Many illustrative examples; over 250 problems. 260pp. 5% x 81 

65084-7 

NUMERICAL METHODS FOR SCIENTISTS AND ENGINEERS, Richard 
Hamming. Classic text stresses frequency approach in coverage of algorithms, poly- 
nomial approximation, Fourier approximation, exponential approximation, other 
topics. Revised and enlarged 2nd edition. 721pp. 5% x 816. 65241-6 

INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F. B. Hilde- 
brand. Classic, fundamental treatment covers computation, approximation, inter- 
polation, numerical differentiation and integration, other topics. 150 new problems. 
669pp. 5% x 81 65363-3 

THREE PEARLS OF NUMBER THEORY, A. Y. IChinchin. Three compelling 
puzzles require proof of a basic law governing the world of numbers. Challenges con- 
cern van der Waerden's theorem, the Landau-Schnirelmann hypothesis and Mann's 
theorem, and a solution to Waring's problem. Solutions included. 64pp. 5% x 81 

40026-3 



THE PHILOSOPHY OF MATHEMATICS: An Introductory Essay, Stephan 
Korner. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning proposi- 
tions and theories of applied and pure mathematics. Introduction. Two appendices. 
Index. 198pp. 5% x 81 25048-2 
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INTRODUCTORY REAL ANALYSIS, A.N. Kolmogorov, S. V. Fomin. Translated 
by Richard A. Silverman. Self-contained, evenly paced introduction to real and func- 
tional analysis. Some 350 problems. 403pp. 5% x 81 61226-0 

APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of 
finite processes for approximating solution of analytical problems. Algebraic equations, 
matrices, harmonic analysis, quadrature methods, more. 559pp. 5% x 8'/;. 65656-X 

AN INTRODUCTION TO ALGEBRAIC STRUCTURESJoseph Landin. Superb 
self-contained text covers "abstract algebra": sets and numbers, theory of groups, the- 
ory of rings, much more. Numerous well-chosen examples, exercises. 247pp. 5* x 81 

QUALITATIVE THEORY OF DIFFERENTIAL EQUATIONS, V. V. Nemytskii 
and V.V. Stepanov. Classic graduate-level text by two prominent Soviet mathemati- 
cians covers classical differential equations as well as topological dynamics and 
ergodic theory. Bibliographies. 523pp. 5% x 81 65954-2 

THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, nonsingu- 
larity and inverses in connection with the development of canonical matrices under 
the relation of equivalence, and without the intervention of determinants. Includes 
exercises. 237pp. 51 x 8'1 66810-X 

INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, accessi- 
ble coverage of set theory, real number system, metric spaces, continuous functions, 
Riemann integration, multiple integrals, more. Wide range of problems. Under- 
graduate level. Bibliography. 254pp. 5% x 81 65038-3 

MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. "... a welcome contribution 
to the existing literature "-Math Reviews. 490pp. 5% x 81 64232-1 

MATRICES AND LINEAR ALGEBRA, Hans Schneider and George Phillip 
Barker. Basic textbook covers theory of matrices and its applications to systems of lin- 
ear equations and related topics such as determinants, eigenvalues, and differential 
equations. Numerous exercises. 432pp. 5% x 81 66014-1 

MATHEMATICS APPLIED TO CONTINUUM MECHANICS, Lee A. Segel. 
Analyzes models of fluid flow and solid deformation. For upper-level math, science, 
and engineering students. 608pp. 5% x 81 65369-2 

ELEMENTS OF REAL ANALYSIS, David A. Sprecher. Classic text covers funda- 
mental concepts, real number system, point sets, functions of a real variable, Fourier 
series, much more. Over 500 exercises. 352pp. 5'h x 8'/;. 65385-4 

SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified theory 
of mathematical concepts. Set theory and logic seen as tools for conceptual under- 
standing of real number system. 496pp. 5% x 8'/i. 63829-4 
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TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text 
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 
spaces, etc. 324pp. 5% x 8%. 63612-7 

ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 
mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 
Bibliography. Index. 818pp. 5% x 81 64940-7 

INTEGRAL EQUATIONS, F. G. Tricomi. Authoritative, well-written treatment of 
extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Advanced undergraduate to graduate level. 
Exercises. Bibliography. 238pp. 5% x 81 64828-1 

FOURIER SERIES, Georgi P. Tolstov. Translated by Richard A. Silverman. A valu- 
able addition to the literature on the subject, moving clearly from subject to subject 
and theorem to theorem. 107 problems, answers. 336pp. 5% x 81 63317-9 

INTRODUCTION TO MATHEMATICAL THINKING, Friedrich Waismann. 
Examinations of arithmetic, geometry, and theory of integers; rational and natural num- 
bers; complete induction; limit and point of accumulation; remarkable curves; complex 
and hypercomplex numbers, more. 1959 ed. 27 figures. xii+260pp. 5% x 81 42804-4 

POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted logi- 
cian's lucid treatment of historical developments, set theory, model theory, recursion 
theory and constructivism, proof theory, more. 3 appendixes. Bibliography. 1981 ed. 
ix+283pp. 5% x 81 67632-3 

CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering 
isoperimetric problems, theory of elasticity, quantum mechanics, electrostatics, etc. 
Exercises throughout. 326pp. 5% x 81 63069-2 

THE CONTINUUM: A Critical Examination of the Foundation of Analysis, 
Hermann Weyl. Classic of 20th-century foundational research deals with the con- 
ceptual problem posed by the continuum. 156pp. 5% x 81 67982-9 

CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 
SOLUTIONS, A. M. Yaglom and I. M. Yaglom. Over 170 challenging problems on 
probability theory, combinatorial analysis, points and fines, topology, convex poly- 
gons, many other topics. Solutions. Total of 445pp. 5% x 81 Two-vol. set. 

Vol. I: 65536-9 Vol. II: 65537-7 

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH 
APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial dif- 
ferential equations applied to common problems in engineering and the physical sci- 
ences. Problems and answers. 416pp. 5% x 81 65251-3 

THE THEORY OF GROUPS, Hans J. Zassenhaus. Well-written graduate-level text 
acquaints reader with group-theoretic methods and demonstrates their usefulness in 
mathematics. Axioms, the calculus of complexes, homomorphic mapping, />-group 
theory, more. 276pp. 5% x 81 40922-8 
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Math-Decision Theory, Statistics, Probability 

ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. 
Moses. Clear introduction to statistics and statistical theory covers data process- 
ing, probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x &'L 65218-1 

STATISTICS MANUAL, Edwin L. Crow et al. Comprehensive, practical collection 
of classical and modern methods prepared by U.S. Naval Ordnance Test Station. 
Stress on use. Basics of statistics assumed. 288pp. 5% x 8V4. 60599-X 

SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory, and design of sampling techniques for social scientists, industrial 
managers, and others who find statistics important at work. 61 tables. 90 figures, xvii 
+602pp. 5% x 814. 64684-X 

LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare eco- 
nomics, Leontief input-output, more. 525pp. 5% x 8'^. 65491-5 

PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x S'L 65252-1 

GAMES AND DECISIONS: Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, decision- 
making, much more. Bibliography. 509pp. 5% x 8'^. 65943-7 

INTRODUCTION TO THE THEORY OF GAMES, J. C. C. McKinsey. This com- 
prehensive overview of the mathematical theory of games illustrates applications to 
situations involving conflicts of interest, including economic, social, political, and 
military contexts. Appropriate for advanced undergraduate and graduate courses; 
advanced calculus a prerequisite. 1952 ed. x+372pp. 5% x 814. 42811-7 

FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, 
Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary 
and advanced aspects of probability. Detailed solutions. 88pp. 5% x SM. 65355-2 

PROBABILITY THEORY: A Concise Course, Y. A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. 148pp. 5% x 8V*. 63544-9 

STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses of 
statistical control to achieve quality control in industry, agriculture, other areas. 
192pp. 5% x 8'/i. 65232-7 
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Math-Geometry and Topology 

ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, intu- 
itive approach to topology from set-theoretic topology to Betti groups; how concepts 
of topology are useful in math and physics. 25 figures. 57pp. 514 x 814. 60747-X 

COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga- 
nized, three-part text begins by dealing with certain classic problems without using 
the formal techniques of homology theory and advances to the central concept, the 
Betti groups. Numerous detailed examples. 654pp. 5% x 814. 40179-0 

EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one 
of the byways of mathematics. Klein botdes, Moebius strips, projective planes, map 
coloring, problem of the Koenigsberg bridges, much more, described with clarity 
and wit. 43 figures. 210pp. 5% x 81 25933-1 

CONFORMAL MAPPING ON RIEMANN SURFACES, Harvey Cohn. Lucid, 
insightful book presents ideal coverage of subject. 334 exercises make book perfect 
for self-study. 55 figures. 352pp. 5% x 814. 64025-6 

THE GEOMETRY OF RENE DESCARTES, Rene Descartes. The great work 
founded analytical geometry. Original French text, Descartes's own diagrams, 
together with definitive Smith-Latham translation. 244pp. 5% x 814. 60068-8 

PRACTICAL CONIC SECTIONS: The Geometric Properties of Ellipses, 
Parabolas and Hyperbolas, J. W Downs. This text shows how to create ellipses, 
parabolas, and hyperbolas. It also presents historical background on their ancient 
origins and describes the reflective properties and roles of curves in design applica- 
tions. 1993 ed. 98 figures. xii+ 100pp. 6'/i x 9'A. 42876-1 

THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, translated with introduc- 
tion and commentary by Thomas L. Heath. Definitive edition. Textual and linguistic 
notes, mathematical analysis. 2,500 years of critical commentary. Unabridged. 1,414pp. 
5% x S'L Three-vol. set. Vol. I: 60088-2 Vol. II: 60089-0 Vol. Ill: 60090-4 



GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. muminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% x 814. 63830-8 

DIFFERENTIAL GEOMETRY, Heinrich W Guggenheimer. Local differential 
geometry as an application of advanced calculus and linear algebra. Curvature, trans- 
formation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x 814. 63433-7 

CURVATURE AND HOMOLOGY: Enlarged Edition, Samuel I. Goldberg. 
Revised edition examines topology of differentiable manifolds; curvature, homology 
of Riemannian manifolds; compact Lie groups; complex manifolds; curvature, 
homology of Kaehler manifolds. New Preface. Four new appendixes. 416pp. 5% x 814. 

40207-X 
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History of Math 

THE WORKS OF ARCHIMEDES, Archimedes (T. L. Heath, ed.). Topics include 
the famous problems of the ratio of the areas of a cylinder and an inscribed sphere; 
the measurement of a circle; the properties of conoids, spheroids, and spirals; and the 
quadrature of the parabola. Informative introduction. clxxxvi+326pp; supplement, 
52pp. 5% x 8'/, 42084-1 

A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W. W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoenicians 
through 19th-century figures such as Grassman, Galois, Riemann. Fourth edition. 
522pp. 5* x8U. 



20630-0 



THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 
MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of Newton, 
Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 8'^. 60509-4 

THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas N. H. 
Bunt, Phillip S.Jones, and Jack D. Bedient. Fundamental underpinnings of modern 
arithmetic, algebra, geometry, and number systems derived from ancient civiliza- 
tions. 320pp. 5\ x 814. 25563-8 

A HISTORY OF MATHEMATICAL NOTATIONS, Florian Cajori. This classic 
study notes the first appearance of a mathematical symbol and its origin, the com- 
petition it encountered, its spread among writers in different countries, its rise to pop- 
ularity, its eventual decline or ultimate survival. Original 1929 two-volume edition 
presented here in one volume. xxviii+820pp. 51 x 814. 67766-4 

GAMES, GODS & GAMBLING: A History of Probability and Statistical Ideas, F. N. 
David. Episodes from the lives of Galileo, Fermat, Pascal, and others illustrate this 
fascinating account of the roots of mathematics. Features thought-provoking refer- 
ences to classics, archaeology, biography, poetry. 1962 edition. 304pp. 5* x 814. 
(Available in U.S. only.) 40023-9 

OF MEN AND NUMBERS: The Story of the Great Mathematicians, Jane Muir. 
Fascinating accounts of the lives and accomplishments of history's greatest mathe- 
matical minds-Pythagoras, Descartes, Euler, Pascal, Cantor, many more. Anecdotal, 
illuminating. 30 diagrams. Bibliography. 256pp. 5% x 814. 28973-7 

HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 8'/,. Two-vol. set. Vol. I: 20429-4 Vol. II: 20430-8 



A CONCISE HISTORY OF MATHEMATICS, Dirk J. Struik. The best brief his- 
tory of mathematics. Stresses origins and covers every major figure from ancient 
Near East to 19th century. 41 illustrations. 195pp. 5% x 814. 
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OPTICAL RESONANCE AND TWO-LEVEL ATOMS, L. Allen and J. H. Eberly. 
Clear, comprehensive introduction to basic principles behind all quantum optical 
resonance phenomena. 53 illustrations. Preface. Index. 256pp. 5% x 814. 65533-4 

QUANTUM THEORY, David Bohm. This advanced undergraduate-level text pre- 
sents the quantum theory in terms of qualitative and imaginative concepts, followed 
by specific applications worked out in mathematical detail. Preface. Index. 655pp. 
5% x 8'/4. 65969-0 

ATOMIC PHYSICS: 8th edition, Max Born. Nobel laureate's lucid treatment of 
kinetic theory of gases, elementary particles, nuclear atom, wave-corpuscles, atomic 
structure and spectral lines, much more. Over 40 appendices, bibliography. 495pp. 
5% x 8!4. 65984-4 



A SOPHISTICATED PRIMER OF RELATIVITY, P. W. Bridgman. Geared 
toward readers already acquainted with special relativity, this book transcends the 
view of theory as a working tool to answer natural questions: What is a frame of ref- 
erence? What is a "law of nature"? What is the role of the "observer"? Extensive 
treatment, written in terms accessible to those without a scientific background. 1983 
ed. xlviii+ 172pp. 5% x m. 42549-5 

AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 
Problems with detailed solutions. 1970 edition. xv+360pp. 5% x 814. 67597-1 

PRIMER OF QUANTUM MECHANICS, Marvin Chester. Introductory text 
examines the classical quantum bead on a track: its state and representations; opera- 
tor eigenvalues; harmonic oscillator and bound bead in a symmetric force field; and 
bead in a spherical shell. Other topics include spin, matrices, and the structure of 
quantum mechanics; the simplest atom; indistinguishable particles; and stationary- 
state perturbation theory. 1992 ed. xiv+314pp. 6% x 91 42878-8 

LECTURES ON QUANTUM MECHANICS, Paul A. M. Dirac. Four concise, bril- 
liant lectures on mathematical methods in quantum mechanics from Nobel 
Prize-winning quantum pioneer build on idea of visualizing quantum theory through 
the use of classical mechanics. 96pp. 5% x 814. 41713-1 

THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac's anti-particles, Bohr's model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% x 814. 24895-X 

ELECTRONIC STRUCTURE AND THE PROPERTIES OF SOLIDS: The Physics 
of the Chemical Bond, Walter A. Harrison. Innovative text offers basic understanding 
of the electronic structure of covalent and ionic solids, simple metals, transition metals 
and their compounds. Problems. 1980 edition. 582pp. 614 x 9'/i. 66021-4 
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HYDRODYNAMIC AND HYDROMAGNETIC STABILITY, S. Chandrasekhar. 
Lucid examination of the Rayleigh-Benard problem; clear coverage of the theory of 
instabilities causing convection. 704pp. 5% x 81 64071-X 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, 
Albert Einstein. Five papers (1905-8) investigating dynamics of Brownian motion 
and evolving elementary theory. Notes by R. Fiirth. 122pp. 5% x 81 60304-0 

THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique 
overview of classical wave theory. Acoustics, optics, electromagnetic radiation, more. 
Ideal as classroom text or for self-study. Problems. 477pp. 5% x 81 64926-1 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. 
Nobel Laureate discusses quantum theory, uncertainty, wave mechanics, work of 
Dirac, Schroedinger, Compton, Wilson, Einstein, etc. 184pp. 5'k x 81 60113-7 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, Gerhard Herzberg. One of 
best introductions; especially for specialist in other fields. Treatment is physical 
rather than mathematical. 80 illustrations. 257pp. 5% x 81 60115-3 

AN INTRODUCTION TO STATISTICAL THERMODYNAMICS, Terrell L. Hill. 
Excellent basic text offers wide-ranging coverage of quantum statistical mechanics, 
systems of interacting molecules, quantum statistics, more. 523pp. 5% x 81 65242-4 

THEORETICAL PHYSICS, Georg Joos, with Ira M. Freeman. Classic overview 
covers essential math, mechanics, electromagnetic theory, thermodynamics, quan- 
tum mechanics, nuclear physics, other topics. xxiii+885pp. 5% x 81 65227-0 

PROBLEMS AND SOLUTIONS IN QUANTUM CHEMISTRY AND 
PHYSICS, Charles S. Johnson, Jr. and Lee G. Pedersen. Unusually varied problems, 
detailed solutions in coverage of quantum mechanics, wave mechanics, angular 
momentum, molecular spectroscopy, more. 280 problems, 139 supplementary exer- 
cises. 430pp. 6'h x 91 65236-X 

THEORETICAL SOLID STATE PHYSICS, Vol. I: Perfect Lattices in 
Equilibrium; Vol. II: Non-Equilibrium and Disorder, William Jones and Norman H. 
March. Monumental reference work covers fundamental theory of equilibrium 
properties of perfect crystalline solids, non-equilibrium properties, defects and dis- 
ordered systems. Total of 1,301pp. 5% x 81 Vol. I: 65015-4 Vol. II: 65016-2 

WHAT IS RELATIVITY? L. D. Landau and G. B. Rumer. Written by a Nobel Prize 
physicist and his distinguished colleague, this compelling book explains the special 
theory of relativity to readers with no scientific background, using such familiar 
objects as trains, rulers, and clocks. 1960 ed. vi+72pp. 23 b/w illustrations. 5% x 81 

42806-0 $6.95 

A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. 
Important foundation work of modern physics. Brings to final form Maxwell's theo- 
ry of electromagnetism and rigorously derives his general equations of field theory. 
1,084pp. 5% x 81 Two-vol. set. Vol. I: 60636-8 Vol. II: 60637-6 
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QUANTUM MECHANICS: Principles and Formalism, Roy McWeeny. Graduate 
student-oriented volume develops subject as fundamental discipline, opening with 
review of origins of Schrodinger's equations and vector spaces. Focusing on main 
principles of quantum mechanics and their immediate consequences, it concludes 
with final generalizations covering alternative "languages" or representations. 1972 
ed. 15 figures. xi+ 155pp. 5% x 81 42829-X 

INTRODUCTION TO QUANTUM MECHANICS WITH APPLICATIONS TO 
CHEMISTRY, Linus Pauling & E. Bright Wilson, Jr. Classic undergraduate text by 
Nobel Prize winner applies quantum mechanics to chemical and physical problems. 
Numerous tables and figures enhance the text. Chapter bibliographies. Appendices. 
Index. 468pp. 5% x 81 64871-0 

METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses 
on physical technique of thermodynamics, typical problem areas of understanding, 
and significance and use of thermodynamic potential. 1965 edition. 238pp. 5% x 81 

69445-3 

TENSOR ANALYSIS FOR PHYSICISTS, J. A. Schouten. Concise exposition of 
the mathematical basis of tensor analysis, integrated with well-chosen physical exam- 
ples of the theory. Exercises. Index. Bibliography. 289pp. 5% x 814. 65582-2 

THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under- 
graduate text covers basics of electric and magnetic fields, builds up to electromag- 
netic theory. Also related topics, including relativity. Over 900 problems. 768pp. 
5% x 81 65660-8 

GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
Einstein, Morris H. Shamos (ed.). 25 crucial discoveries: Newton's laws of motion, 
Chadwick's study of the neutron, Hertz on electromagnetic waves, more. Original 
accounts clearly annotated. 370pp. 5% x 81 25346-5 

RELATIVITY, THERMODYNAMICS AND COSMOLOGY, Richard C. 
Tolman. Landmark study extends thermodynamics to special, general relativity; also 
applications of relativistic mechanics, thermodynamics to cosmological models. 
501pp. 5% x 81 65383-8 

STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermody- 
namics, statistical mechanics, and kinetic theory in one unified presentation of ther- 
mal physics. Problems with solutions. Bibliography. 532pp. 5% x 81 65401-X 
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